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1. Introduction

In the lecture we first derive differential relations between
Dunkl spherical and solid means of functions. Next we use the
relations to give short proof of an analogue of the Beckenbach-
Reade theorem stating that equality of spherical and solid
means of a continuous function implies its harmonicity. Tak-
ing a full advantage of the relations we also give inductive
proofs of the Dunkl solid and spherical mean-value properties
for the Dunkl polyharmonic functions and their converses in
arbitrary dimension.



2. Preliminaries

Recall that for a nonzero vector @ € R™ \ {0} the reflection
with respect to the orthogonal to a hyperplane H, is given

by
2
oo(T) =1 — <a’g§> a, r € R",
lex]
where (, ) is the euclidian scalar product on R" and || - || the

associated norm. A finite set R of nonzero vectors is called a
root system if R NRa = {+a} and 0,R = R for all « € R.
The reflections o, with « in a given root system R generate a
finite group W C O(n), called the reflection group associated
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with R. For a fixed 8 € R" \ J,.p Ha one can decompose
R=R,UR_where Ry ={a € R: +(a,3) > 0}; vectors
in R, are called positive roots.

A function x : R — R is called a multiplicity function if it is

invariant under the action of the associated reflection group
W . Its index -y is defined by

V= Z K(Q).

acRy

Throughout the paper we shall assume that kK > 0 and v > 0.



The Dunkl operators T3, 7 = 1,...,n, assoclated with a

root system R and a multiplicity function xk were introduced
by C. Dunkl [6]

SR (L

ozx}

Tif(x) =

ax] acRy
for fe CYR").

Clearly, T} is well defined for f € CHQ) where Q is a W-
invariant open subset of R" and it reduces to % f it f is
J

W -invariant.



The Dunkl Laplacian A, is defined as a sum of squares of
the operators 75, 7 = 1,...,n, ie.,

2
Acf =) TIf for feC*).
j=1

A simple computation leads to

Anf() = Af(a)
f@.0) o Fl@) — floue)
+ 2 n ( oy Ty )

acRy

Here A and V denote the usual Laplacian and gradient, resp.
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The Dunkl intertwining operator V, acting on polynomials
was defined in [7] by

Y}V,{f:Vm%jf for 7=1,...,n and V.1=1.

The operator V, extends to a topological isomorphism of C*°(R")
onto itself [19]. In general there is no explicite description of
Vi, but M. Rosler has shown [15, Th. 1.2, Cor. 5.3| that for
any x € R" there exists a unique probability measure u, such
that

Vif(x) = . f(y)dp.(y). (1)



Moreover, the support of u, is contained in ch(Wzx) — the
convex hull of the set {gz : g € W}, po(U) = p,(r~1U)
and pig(U) = py(g7tU) for r > 0, g € W and a Borel set
U C R". Note that by (1), V,; can be extended to continuous
functions and |V, (f)(z)] < supyecnva [f(y)]; the extension
is a topological isomorphism of C'(R").

The Dunkl translation operators 7., x € R", are defined on

C'(R™) by
T f(y) = (Vﬁ>x(vﬁ>y[vm_lf<x + y)} for yeR" (2)

A more suggestive notation f(x *, y) = 7, f(y) will be also
used. Note that 7of = f and 7,f(z) = 7. f(y) for x,y € R™.
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3. Mean value property

The Poisson kernel for the Dunkl Laplacian A, is defined in
8] for ||z]] < 1 and ||y|| < 1 by!

1~
=20 + e Y )

The kernel P,(x,y) is non-negative, bounded by 1 and it has
the reproducing property for Dunkl harmonic functions on the
unit ball. Furthermore it is used as a tool to solve the Dirich-
let problem for the Dunkl Laplacian. Namely it holds

1P (z,y) = P(h2;y,x) where P(h%;-,-) is defined in [8, page 190].

Pz, y) =V
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THEOREM A [12, Theorem A, Prop. 2.1]. Let u be a con-
tinuous function on the unit sphere S(0,1). For ||z|| < 1

set

Poful(x) = di /S L B edas). @

Then Pilu] is Ax-harmonic on B(0,1), extends continu-
ously to B(0,1) and P.lu] = u on S(0,1). Furthermore,
P.|u] is the unique A,-harmonic function on B(0,1) which
extends continuously to u on S(0,1).

Here and in the sequel  wy(y) = ] cr, (@, y)

‘2/4@.
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Since P (0,y) =1 for |ly|| <1 for a function u continuous
on B(0, 1) and Dunkl harmonic in B(0, 1) we get
1

w0 = [ weise.  ©

More generally, if a function u is continuous on B(0,1) and
A,-harmonic in B(0, 1), then for any z € B(0,1) and 0 <
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R < 1 —||z|| the mean value formula holds [12, Theorem C]

1
)= g [ A s () ©

1
— T /s(o,R) Tou(2) we(2)dS(2). (7)

The converse statement was also stated [12, Theorem C| under
the assumption that u is a C? function. However its proof uses
a formula from [14, Corollary 4.18] valid only for C* functions.
We conjecture that it holds under the assumption of continuity
of u.
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Conjecture 1 Let u be a function conlinuous in the ball
B(0,1). If for any x € B(0,1) there is a sequence r; > 0,
7 € N, converging to zero such that

1
)= g [ ) )ise) ®
1
= e [, FESE) 0

for every 7 € N, then u is Ag-harmonic in B(0,1).
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However 1t holds

Weil’s Lemma for Dunkl laplacian. [13, Theorem
2.1 If u € L2(R™) and Ay (weu) = 0 in D'(R™), then there

loc
exists a Dunkl harmonic function v such that u = v a.e.

i R™.
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3. Relations between spherical and solid means

Let u be a smooth function on €2 C R". For any z € ()
and 0 < R < Dist(z,09) we denote by NP(u; x, R) the
Dunkl integral mean of u over the Dunkl sphere S”(z, R) =
7:5(0, R),

NP(u: 3, R) = diﬁ /S | R @asty) (0
1
-7/ e Rya)ist) (1)
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where

dy — / wily) dS(y).
S(0,1)

[t was proved in [16, Theorem 4.1] that the spherical mean
operator v — NP (u; z, R) can be represented in the form

NP(u; z, R) = / u(y)dpy p(y)

n

where p1f} 5 is a probability measure with support in {J,cpy{y €
R" : |y — gx| < R}. Hence NP(u; x, R) is well defined for a

continuous function wu.
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Since w,, is homogenous of degree 2 we also have

1
NP(u,2: R) = ) (2)dS(z). (12
(0.3 F) = g [, (). (12

Note that using the spherical coordinates we get

/3(0,1) wy(x) dx = /01 (/S(OJ) Wm(ﬂﬁ)dS(.fC)) dt
N /0 | (/5(0,1) wﬁ(‘y)dS(y)) et

Xy 40
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So we can define the Dunkl integral mean of u over the closed

Dunkl ball BY(z, R) = 7:B(0, R) by

9
yrn / mu(Ry)w.(y)dy  (13)
de  JB(01)

2v+n /
= Tiu(2) we(2)dz.  (14)
de 27 [0 Ry

[f there is no risk of misunderstanding the notation is shorten

to MP(u; R) and N?(u; R).

MP(u,&; R) =
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Recall the Green formula for the Dunkl laplacian.

GREEN FORMULA FOR A,. ([14, Theorem 4.11]). Let €2
be a bounded W -invartant reqular open set in R"™ contain-
ing the origin and u € C*(Q). Then for any closed ball
B(0,R) C Q it holds

_ Ou(x)
/B(O,R) Brulz) wilz)de = / 5 r(@)dS(x) (19

S(0,R)

where g—z denotes the external normal deriwative of .

The relations between MP(u; R) and N?(u; R) are given
in the following result:
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LEMMA 1. Let u be a continuous function on a domain

() C R". Then for any x € Q and 0 < R < Dist(x,0%) it
holds

R 0
<2fy+n8R

If we further assume that u has continuous derivatives up
to second order, then

2y+n 0
R OR

+ 1) MP(u,# R) = NP(u,# R).  (16)

NP(u,z;R) = MP(Awu, 2 R).  (17)
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PROOF. Assume x = 0. Using (14), the fact that yu = u,
the spherical coordinates and (11) we compute

2y +n
MP(u,0; R) = NI /B(O N u(x) wy(x)d

nn | ! (/ ) o a)dS0) ) ds

9 R
= };;Z/ NP(u,0;s) s> s,
0
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Hence by the Leibniz rule

0
VP R
OR (, 0; &)

9 2 R
_ _< v+ n) / ND<U,O; S) 827+n—1d8
0

i R2v+n ND<U> 0; R) RA

2y +n
R

which proves (16).

(ND(U,O;R) — MD(U,O;R)>,
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To show (17) we differentiate under the integral sign to get

SN0 R = g ([ w(Rn s ast)
1
i

d Js0,1)
/ (Vu(Ry), y) wi(y)dS(y)
S(0,1)
1

d, R27+n—1 /S(O,R)<vu<z>7 %> wy(2)dS(z)

Note that the external normal vector to S(0, R) at a point
z€ 8(0,R)isn =% and (Vu,n) = g—%‘.
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So applying the Green formula (15) we get

0 1 ou(z)
—NP(u,0:R) = / wy(2)dS(z
TRV 0B = g [ S5 P (2 (2
: /
— Au(z)w.(2)dz
T S
R
= MP(Au, 0;

which implies (17). O
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By (16) and (17) it follows

COROLLARY 1. Let u € C*(Q)). Then for any z €
and 0 < R < Dist(z, 0) it hold

. 9 2y+n+10 )
MP (A, 2; R) = <8R2 + I 8R) MP(u,; R)
(18)
and
. 0*° 2y+n—120 .
NP(Au,#; R) = (8R2 + 7 aR)ND(u,x; R).

(19)
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By the first part of Lemma 1 we get an analogue of the
Beckenbach-Reade theorem for the Dunkl harmonic functions.

COROLLARY 2 Let u be smooth on a domain Q) C R?.
If for any = € 2 and 0 < R < Dist(z, 0Q) it holds

MP(u, &; R) = N”(u, &; R), (20)
then uw 1s Dunkl harmonic on ().

PROOF. The assumption (20) and (18) imply that
%MD(U, 7; R) = 0. So for any # € Q, MP(u, x; R) is a con-
stant equal to u(x). The converse to the mean-value property
for Dunkl harmonic functions implies that » is Dunkl har-
monic. []

26



3. Mean-value properties for Dunkl

polyharmonic functions

Let m € N. A function v € C*™(€2) defined on a W-invariant
open set {2 C R" is called m-Dunkl harmonic if it is a solution
of the m-times iteration of the Dunkl operator, i.e., ATy = 0.
One of the most trivial examples is given by an even power of
the Euclidean distance from the origin

EXAMPLE. Let u(z) = r*"(z) with m € Ny, where r(z) =

1/2 . . . . . L
(>, ) % is the radius function. Since u is W-invariant
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A,.u reduces to

Agu(x) = Au(z) + 2 Z k() <v§;§2’>
Since Au = 2m(n+2m—2)r*"2? and Vu = 2m z-r*" 2 we
get Ayu = 2m(n+2m+2y—2)r*"2. Sowu is (m+1)-Dunkl
harmonic, Au(0) =0 for i = 0,1,...,m — 1 and

AMu(0) = 2m@2m —2) -2 x (n+2m+2y —2) - (n +27)r’(0

n
(o) o
’y+2mm

where for a € R, (a)g=1and (a);=ala+1)---(a+i—1)
for + € N. On the hand using the spherical coordinates and

a)

acRy
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the fact that w is homogenecous of degree 2v we get

MP(u,0; R) =

27 +n
d,{ R27—|—n

(0.R)
27 +n 9
Mo (y)dS(y)d
NI /O /S o [yl|7"wi(y)dS (y)ds

R

2y +n [

y EQV—HI / dE82m+2’y+n—1dS
K 0

29 +n

/B | u(y)ws(y)dy

2m

2m +2v +n
(21)
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Hence
Af'u(0)
m(y+5+1) ml

2m

M?P(u,0; R) =

The above example suggests a form of an expansion of
M (u, x; R) for a polyharmonic function u into powers of the

radius R of the ball B(x, R).
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THEOREM 1 (Mean-value property for solid means). Let
m € Ny and let € be a W-tnvariant domain in R". If
u € C?"2(Q) and A"y = 0 in Q, then for any © € ()
and 0 < R < Dist(x, 0f) it holds

N Ak ()
MP(u,z; R) = .
( ) ;4k(7+%+1)kk!

-R*.(22)

PRrROOF. Clearly, by the mean-value property for Dunkl
harmonic functions (22) holds for m = 0. Inductively as-
sume that the theorem holds for a fixed m € Ny. Let v €
C*"4(Q) and A™ 2y = 0. Then u = Av € C?"2(Q) satis-
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fies A"y = 0 and so (22) holds. But by (18)
2v+n 0 ( R 0

+ 1) MP(v; R) = MP(Av: R)

R OR\2v+noR
m Ak o
= MP(w;R) = Z . m:(fﬂ) ' . R2k
4 (y + 5+ 1) K
So after one integration
R 0
1) MP(v; R
(27 +nodR " (v; )
(£U> R2k+2

(23)

= : +C
Z4k27+n J(v+5+1) K 2k+2
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Note that the general solution of ( R0 —|—1> MP(v;R) =

27 +noR
0 is CR~?~% and a particular solution of
Ak 0 2k+-2
( o 1) MP(v; ) = ) L
27+ noR P2y +n)(y+5+1) Kk 2k+2

is A, R?*2 where
1

Ap (B2 41) = Aju()- [45 2y +n) (2k+2) (y+5+1), K] .

SO

_ Aju(t)
ARy 24 1)

A .
’ (k+ 1)

k+1
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Hence the general solution of (23) is

MD(U; R) _ CR2’yn_|_i AZU’(:%) 'R2k+2—|—c.
A (y + 54 1), (k4 1)

Finally note that limg_o MP (v, R) = v(2) and
limp_o R MP (v, R) =0. So ¢ =v(x), C =0 and

k+1,,(.2°
A" o(z) - 2k+2

(
T+5+1),

MP(v;R) = () + ) =y

which proves Theorem 1. [

34



By Theorem 1 and relation (16) we get

COROLLARY 3 (Mean-value property for spherical means).

Under the assumptions of Theorem 1 for any x € €) and
0 < R < dist(x,012) it holds

T Aku(q)
NP(u,z; R) = .

R (24)
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THEOREM 2 (Converse to the mean value property for
spherical means). Let m € Ny and Q be a domain in R?. If
u € C?"2(Q) and for all z € Q and R small enough (24)
holds, then A" u =0 in €.

PROOF. Clearly the theorem holds for m = 0 (see [2,
Theorem 1.20]). Fix n € N and assume that the theorem
holds for m < n. We shall prove that it holds for m = n. To
this end take v € C?*""2(Q) and assume that for any z € Q
and R small enough (24) holds with m = n and u = v. Set
u = Av. Then u € C**(Q). By (17) and (24) with m = n
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and u = v we get
2v+n 0
R OR
_ zn: (2y +n)2kA%v(z) k-2
4k (7 - @) k!

MP(u,&; R) = NP(v, #; R)

k= 1

R?*,

_Z4k 7+ +1) kL
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So for any = € () and R small enough

0
+noR

ND(u,:i:;R):( i +1)MD(u,:iz;R)

:Z( +1) Abu(i)
—\2y+n Py +5+1) k!
N M@)oy

_ 4k<7+§)kk! |

Hence by the inductive assumption A’y = A"y

38
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By Theorem 2 and relation (17) we get

COROLLARY 4 (Converse to the mean value property for

solid means). Under the assumptions of Theorem 2 if u €
C*"2(Q) and for all & € Q and R small enough it holds

- Ak ()
MP(u,z; R) = d
( ) §4k(7+%+1)kk!

then A"ty =0 in Q.

2k
.R)
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