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3 Weyl algebra, polynomial ring, Linear ODE
W x| : Weyl algebra of one variable
generated by z and 9 = <L with [9,2] = 1
Wi(x):=C(x) ® W|x]
Linear differential equations: finitely generated W (x)-modules
Welz], W (z): [0,2] =ec C
Finitely generated W () (z)-module = Theory of elementary devisors
W) (z): Euclidian ring
P = a,(2)0™ + a1 (x)0™ ' + - + ag(x)
Q = b, (2)0" + b1 ()0 + -+ + bg(x), b, # 0.

m >n = ord(P — %m(x))ﬁm ”Q) <m-—1

P=SQ+ R (ordR < ord(@) division

Euclid algorithm = GCD, LCM
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PlePN, PQZCPN, A/P1+B/P2:PN,T::C/Pzz_D/PQ
W ()P, + W (2)Py = W (z)Py  (GCD)

WO ()P "W (z)Py =W ()T  (LCM)
ord P +ord P, = ord Py + ord T



P = .. e M(m,n; W (z))
Pm,l Pm,n

By elementary transformations of rows and columns

Q1
e=0:P ~ "Qko Q1 € WOQ,, j=0,1,...)
= Elementary devisors
1 .
Theorem. If € # 0, then P ~~ 1 0

0

Corollary. Any finitely generated left W (x)-module is isomorphic
to Wi(z)* @ (W(x)/W(x)Q).
In particular, any determined system has a cyclic vector.



Proof. As in the case when € = 0,

Qi 0 - 0
0 Q22 - Q2n

~ (ord @1 < ordQ;; or Q; ; = 0)
Qi 0

If 3Q;; # 0, we may assume ()22 # 0.
QQ,Q — ak + ak_l(w)(?k_l + .-+ CL()(Q?)

Qi 0 -~ 0 O 0 - 0

0 Q22 -+ Qa2n Q227" Q22 - Q2.n

. " . " W " n " N

0 Qmz2 -~ Qmn Qm.22" Qm,2 - Qmn
Q1 0O .. 0

Q222" —=SQ1 Q22 - Q2.n

QmSQCBV QT:n,Q Qm,n
— xk_VQz,%UV = Rpv* + Ry v* '+ -+ Riv+ Ry € W(2)Qy
(2P0 z¥ = bt Hﬁ;é(ﬁ%—u—j) — gkt (V£+r1,g(19)ug_1 +-- )



Hukuhara-Turrittin (W (€ (z))
P =a(x)(¥— M\(z)) - (0= () with Xj(z) € C((z4))
V= x0

A single linear differential equation of order n is isomorphic to
(9= X(2)) " u, =0 (v=1,....k mi+-+mp=n)

e=0 = \(x) e C((z
e#0 = N(x) e Cla™

)) as Ro® W]x]-modules
|  as C((z)) ® W|x]-modules

Q| R

Poincaré-Hukuhara, . ..

3 Solutions with asymtotics corresponding to formal solutions
Stokes coefficients (Birkoff,. . .)

Generalized Riemann scheme, Fuchs relation,
Deligne-Simpson problem, . ..



Riemann scheme when ¢ = 0:
y =0

an ()Y + a1 (2)y" P+ -+ ap(x) =0 : a plane algebraic curve

= \N(x) =c;ox"° 4+ ;12" +--- (y=1,....,n) atx =0
Yy J 7, 5, J
750 < Tj1 <+

\i(x) = D ;<0 Cjw” 1 characteristic exponents

x = 0 : Singular point (w.r.t. y) < 37 such that 5\]- # ()
rio > —1 < regular singularity

Generalized Riemann scheme, Spectral type,
Deligne-Simpson problem, Kac-Moody root system, . ..

Fuchsian case = can be solved as in the case e = 0

Irregular singularities, Ramifications



& Connection coefficients and middle convolutions

A key lemma for Regular singularities



/ u(t)(x —t)H Ldt.
(1)
1]),

Lemma. Suppose u(z) € C(]0, Rea > 0 and Re . > 0.

(Tyyu)(z) = 271 — 2) "I (1 — 2)’u(z),
(Skyu)(x) i= ="M I§a" (1 — x) u()
Reb+Rep < 0= Thue C([0,1]), T, (u)(0) = mardsu(0)

Toy(w)(1)  u())T(a+p+ DI (—p =)
Tp()(0)  u(0)  Tla+DI(= b)

Reb+Rep > 0= 54ueC([0,1]), S, (u)(0) = marsu(0)

Shy(1) 1 TDla+p+1l) (1, vt
Sty(u)(0)  u(0) F(M)F(aJrl)/O t*(1—1) (t)dt




Applying the lemma to the solution

Ut (1) = /O TPt — M (ﬁ(1 _ é)/\> (x — )" Ldt

J=2

of the Jordan-Pochhammer equation with the Riemann scheme

(IZO 01:1 e o o c] o o o Cp:CX) \

$0lp-1) [O]p—ry -+ [Olp-1y -+ [I—=Hle-1y
—1

Aot AFp o At e —E:ZZZO)\V—M}

(p =2 = Gauss hypergeometric), we have

C( Ao+ p+ DI(=A1 — p) p_1< 1 )Aj

c0:20 + p> Lid 4 1) = =55 =

~1
(Ao +p+1) /1 A A1 ] A%
; ~1:0) = (1 — )M TH 1——) dt
c(0: A0 + p 0) ()TN + 1) Jo (1-1) H( )



Suppose Rea > 0 and 0 < Repu < —Reb. Then

P ()T (w)(2)

= (1 — x)_b_“/ t"(1 =)z — )" u@)dt (t=xzs1, 0<z<1)
0
1
= (1 - :c)_b_“/ sT(1 — )" M1 — as1) u(xs: )dsy
0
Lo/l —si\r/1 —xs1\? ds
_/0 81(1—:1:) ( -2 ) wl@s:) T,
1
ol S2 M rSo \? dso
— (]_ — 82) 1 —1— 'U/(CC — 3382)— (51 =1- 82)
[ amer(£2) (14 £2%)

—x 1 —=x So
1

= [T s a) sl )

ds

. (s2 = (1 —x)s).

When 0 < sy <land 0<z <

wWIN

< max{(1 — s1)** 1 1137 %" max |u(t)|

s1(1 — Sl)yd_l(1 - xsl)bu(xsl) 0<t<1

= Ty, (u)(x) € C([0, 3]).



Suppose Rea > 0 and 0 < Repu < —Reb. Then
LT3, (w)(x)

= 1 —x) /Om t"(1—t)(x — )" Tu@)dt (t=xzs1, 0<z<1)

1
= (1 - x)_b_M/ s$(1—s1)* (1 — zs1) u(wsy )ds
0
bl —si\kr /1 —xs1\b ds
_/081(1—:17) (1—x)u<x81)1—31
1
a 52 K LS2 b dSQ
— (1 —s2) 1+ u(r — T82)— (s1=1— s2)
[, o= (720) (o 2%)

—x 1 —=x So

= (1 —s(1—2))"s"(1+xs)’u(z — 2(1 — x)s) ds

) . (s2 = (1 —x)s).

‘(1 —s(1—m)%s" (1 + xs)bu(x —x(1 — x)s))) < steRTHA 4 g)Rel Jax lu(t)]



Suppose Rea > 0 and 0 < Repu < —Reb. Then

L ()15 (u) (@)

= T — ) /w t"(1—t)(x — )" Tu@)dt (t=xs1, 0<z<1)
=(1—z) " /01 sT(1— )" 11 — as1) u(xs: )dsy

- /0 Sclb<11_—8a;1 >M(11_—xj )b“(ml) 1 ism

:/01<1—82)a( i )M(l—l— ik )bU/(CIf—xSQ)@ (s1 =1 — s2)

l—=x 1l—=x S9

1

= /Olm (1—s(1—2))"s"(1+xs)u(z — 2(1 — )s)

ds

H (u —L 1 — $9)%stu @: Mo +1) u
T )0) = o [ (1= ss5u0) 2 = ),
0 = s [ span® = E D)

Similarly (and more easily) we have the claim for S,



r=c; (j=0,...,p—1) 00
{Am} = {[)\j,v](mj,w}logagp' = RYRIICTS [Ap,1](myp.1)
SVST [Ajvlim; ) Ap.v](mp.0)
—> {A;n/} = {[)\;,y](m; V)} 0<j<p
’ 1<v<n;
r=c¢; (j=0,...,p—1) 00
= [Ajal](mj,l_d) [Ap1—2 ZZ:O Ak,1 + 2](mp,1_d)

[)\ja’/ —|— ZZ:O )\k,l o 1](mj,y) [)\pa’/ T ZZ:O )\k’l —|— ]‘](mp,u)
d=mo1+---+mp1—(p—1)ordm

If mgn, =1 and ng > 1 and n; > 1, then

C/<CO : >\6,n0 7 Cl : /1,711) C(CO : )\O,no ~ Cl . )\1,711)

Aoy =201 1 TAL1—=A0)  TAome —Ao1+1) - T(Ai1— Arn,)

+ Weyl group of Kac-Moody root space = Connection coefficients



