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The compound Poisson process: Extensions to Lévy processes with infinite mean

Sample path: X CPP, finite mean
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Pollaczek-Khinchine formula

Define FI(u) = 1
µ

∫ u
0 F(s)ds, then

ψ(u) = (1 − ρ)
∞∑

n=1

ρnFn∗
I (u) u ≥ 0.

For FI subexponential (FI ∈ S),
Embrechts, Goldie and Veraverbeke (1979) proved:

FI ∈ S ⇔ ψ ∈ S ⇔
∫ ∞

u F(s)ds/ψ(u)→ µ < ∞ as u→ ∞.
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Undershoot Xτ(u)− and overshoot Xτ(u) − u
Their asymptotics are given by classical extreme value theory:

Theorem P(u)(·) := P(· | τ(u) < ∞)
I If F ∈ MDA(Φα+1) (⇔ F ∈ R(−(α + 1))) and a(u) ∼ u/α, then(

−Xτ(u)−

a(u)
,

Xτ(u) − u
a(u)

)
P(u)−dist.
−→ (Z , O)

with P(Z > x,O > y) =
(
1 +

x+y
α

)−α
, x, y > 0.

I If F ∈ MDA(Λ) and a(u) ∼
∫ ∞

u F(s)ds/F(u), then(
−Xτ(u)−

a(u)
,

Xτ(u) − u
a(u)

)
P(u)−dist.
−→ (Z , O)

with P(Z > x,O > y) = e−(x+y), x, y > 0.

�



The compound Poisson process: Extensions to Lévy processes with infinite mean

Theorem 1.1 [A&K 1996]

Assume that FI ∈ S and
F ∈ MDA(Φα+1) or F ∈ MDA(Λ).
Then (

−Xτ(u)−

a(u)
,

Xτ(u) − u
a(u)

,
τ(u)
a(u)

,

{
−Xsτ(u)

τ(u)

}
0≤s<1

)
P(u)−dist.
−→ (Z,O,Z/µ, {µs}0≤s<1)

in R3 × D[0, 1). �
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Sample path again:
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The general set-up

X = (Xt)t≥0 Lévy process with triplet (γ, σ2,ΠX),
γ ∈ R, σ2 ≥ 0, ΠX Lévy measure on R,

lim
t→∞

Xt = −∞ a.s.

(Ht)t≥0 ascending ladder height subordinator of X
which is defective and links to a non-defective subordinatorH by

P(Ht ≤ x) = P(Ht ≤ x, t < L∞) = eqtP(Ht ≤ x) x > 0

where Lt is a local time of X.
(H∗t )t≥0 is the descending ladder height process of X; i.e. the
ascending ladder height subordinator of X∗ = −X, which is proper
corresponding to q∗ = 0.
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Heavy-tailed ascending and descending ladder heights

We denote Π ∈ S for any of our Lévy measures, iff the probability
measure

Π(·)1{x>1}

Π([1,∞))
∈ S.

For the ascending ladder height process we assume:
Assumption 1: ΠH ∈ S⇒ ΠH (u) ∼ qP(τ(u) < ∞)

For the descending ladder height process we assume:
Assumption 2: AH∗(x) :=

∫ x
0 ΠH∗(y)dy ∈ R(γ) for γ ∈ [0, 1)

Corresponding renewal measure G∗ ∈ R(1 − γ)



The compound Poisson process: Extensions to Lévy processes with infinite mean

Theorem: Extend finite mean case of H∗ to slow variation

Assume limt→∞ Xt = −∞ a.s., ΠH ∈ S, and AH∗ ∈ R(0).
Throughout 0 < a(u)→ ∞ as u→ ∞ is chosen appropriately.

The following are equivalent for u→ ∞:

(a) P(u)(Xτ(u) − u ∈ a(u)dx) has non-degenerate limit;

(b) Fréchet: ΠH ∈ R(1 − β) for some β > 1, or
Gumbel: ΠH ∈ MDA(Λ);

(c) Fréchet: Π+
X ∈ R(−β) for some β > 1, or

Gumbel: Π+
X ∈ MDA(Λ).



The compound Poisson process: Extensions to Lévy processes with infinite mean

When (a)–(c) hold, then the process(
−Xτ(u)−

a(u)
,

Xτ(u) − u
a(u)

,
τu

b(a(u))
,

(
−Xsτu

a(u)

)
0≤s<1

)
P(u)−dist.
−→

(
Z,O,Z, (ZD(0)(s))0≤s<1

)
in R3 × D[0, 1) (weak convergence in the Skorokhod topology),
where D(0)(s) = s, and
for Fréchet:

P (Z ∈ dz,O ∈ y) =
β(β − 1)

(1 + z + y)β+1 dzdy, y, z > 0.

for Gumbel:

P (Z ∈ dz,O ∈ dy) = e−(z+y)dzdy, y, z > 0.

�
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Skorohod convergence
If AH∗ ∈ R(0), then X∗ = −X is positively relatively stable.
Hence, for some c(·) ∈ R(1) continuous and increasing,

X∗t /c(t) = −Xt/c(t)
P
→ 1 as t → ∞, which implies that

(X∗us/c(u))s∈[0,1) = (−Xus/c(u))s∈[0,1)
P(u)−dist.
−→ D(0) u→ ∞

in D[0, 1) with D(0)(s) = s.
If AH∗ ∈ R(γ) with γ ∈ (0, 1), then Π−(x) ∼ γx−1A∗X(x) ∈ R(γ − 1).
Denote by D = S1−γ a standard stable subordinator. Then X∗ ∈ DA(D)
and for some continuous and increasing c(·) ∈ R(1/(1 − γ)),

(X∗sc(u)/c(u))s>0
d
→ D u→ ∞

Let D̂t,z be an associated “stable subordinator bridge” (a rescaled
version of D) satisfying

P(D̂t,z ∈ ·) = P((Dts)s∈[0,1) ∈ · | Dt = z).
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Theorem: infinite mean case and regular variation of H∗

Assume limt→∞ Xt = −∞ a.s., ΠH ∈ S, and AH∗ ∈ R(γ) (γ ∈ (0, 1))

Throughout 0 < a(u)→ ∞ as u→ ∞ chosen appropriately.

The following are equivalent for u→ ∞:

(a) P(u)(Xτ(u) − u ∈ a(u)dx) has a non-degenerate limit;

(b) Fréchet: ΠH ∈ R(1 − γ − β) for some β > 1 − γ, or
Gumbel: ΠH ∈ MDA(Λ));

(c) Fréchet: Π+
X ∈ R(−β) for some β > 1 − γ, or

Gumbel: Π+
X ∈ MDA(Λ).
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When (a)–(c) hold and Xt has a non-lattice distribution for each t > 0.
Then (

−Xτ(u)−

a(u)
,

Xτ(u) − u
a(u)

,
τu

b(a(u))
,

(
−Xsτu

a(u)

)
0≤s<1

)
P(u)−dist.
−→

(
Z,O,W, (D̂W,Z(s))0≤s<1

)
in R3 × D[0, 1), where with ht(x)dx = P(Dt ∈ dx) and t, y, z > 0
for Fréchet:

P (Z ∈ dz,O ∈ dy,W ∈ dt) =
Γ(β + 1)

Γ(γ + β − 1)(1 + z + y)β+1 ht(z)dz dy dt,

for Gumbel:

P (Z ∈ dz,O ∈ dy,W ∈ dt) = e−(z+y)ht(z)dz dy dt.
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Marginals, Fréchet:

P (Z ∈ dz,O ∈ dy) =
Γ(β + 1)

Γ(1 − γ)Γ(γ + β − 1)(1 + z + y)β+1 dz dy, y, z > 0,

and

P (W ∈ dt) =
Γ(β)

Γ(γ + β − 1)

∫ ∞

0

h1(z)dz
(1 + t1/(1−γ)z)

dt, t > 0.

No pair of (Z,O,W) is independent.
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Marginals, Gumbel:

P (Z ∈ dz,O ∈ dy) =
z−γe−(z+y)

Γ(1 − γ)
dz dy, y, z > 0,

and

P (W ∈ dt) =

∫ ∞

0
e−t1/(1−γ)zdz dt, t > 0.

Z ⊥⊥ O, O ⊥⊥ W, but Z,W are dependent
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Sample path
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I Klüppelberg, C., Kyprianou A. and Maller, R. (2004) Ruin probability and
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Lévy insurance risk processes. J. Appl. Probab. 43, 594–598.
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