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-
Setting

Let X = (Xt)e>0 be a £ C R-valued standard process, defined on the
filtered probability space (2, F, (Ft)e>0,P), i.e.

o t— X; is cadlag P-a.s.

@ X has the strong Markov property

@ X is quasi-left continuous on [0, ()

where ¢ = inf{t > 0; X; = A} is the lifetime of X and A is the cemetery
point.

We assume that h ¢ E and is non-entrance whith § the right endpoint of E.

We write Vx € E,P,(Xo = x) = 1. We denote by (P¢)¢>0 its semigroup,
i.e. for positive borelian function f with f(A) =0,

Pief(x) = Ex [f(Xe)ljecey] = Ex [F(X)].
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For a set A C E, we write
Ta=inf{t >0; X; € A},
and simply T, = Ty y.

Moreover we assume :

A) P(Xi— > Xi, V0 <t < () =1 (no positive jumps).

B) Vx,y € E, P(T, <) >0 (visit points).

X is called a completely asymmetric Markov process (for short CAMP).

Spectrally negative Lévy processes, continuous state branching processes
with immigration and several generalizations of the classical
Ornstein-Uhlenbeck process are CAMP.

Remark : Our results extend to skip-free Markov chains.
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We want to study the following questions :

@ Can we characterize in terms of fundamental functions the law of
the first exit time of the interval (a, b),a,b € E, i.e T(,p), for
the CAMP ?

@ Do CAMP admit a resolvent density 7 Can we describe it in terms
of fundamental functions?
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If X is a diffusion on E, then Feller (52,54) showed that, with ¢ > 0,

Hg (x) <
E, [eren] = | H0) A
x Hy (x)
+ X2y,
Ha(y)

where Hg (resp. Hé) is the fundamental increasing (resp. decreasing)
solution to the second order differential equation subject to appropriate
boundary conditions, associated to the infinitesimal generator L of X,

L, (x) = o2()f) (x) + u(x)f)(x) = qfy(x) (1)

where o, 1 are smooth functions.
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If X is a diffusion on E, then Feller (52,54) showed that, with ¢ > 0,

Hg (x) <
E, [eren] = | H0) A
x Hy (x)
+ X2y,
Ha(y)

where Hg (resp. Hé) is the fundamental increasing (resp. decreasing)
solution to the second order differential equation subject to appropriate
boundary conditions, associated to the infinitesimal generator L of X,

Ly (x) = 2 ()A(x) + ()£ (x) = qy(x) (1)
where o, 1 are smooth functions.
He also showed that
ug(x,y) = wg HY(x A y)Hy(x V y)

where Ugf(x) = [ uq(x, y)f(y)m(dy) for some positive measure m and
Wy is the Wronsklan
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© Around spectrally negative Lévy processes : Spitzer (57), Takacs (66),
Emery (73), Suprun (76), Bertoin (97), Kyprianou and Palmowski
(05), Doney (08) ...

@ Generalized spectrally negative Ornstein-Uhlenbeck processes : Hadjiev
(83), Novikov (04, 08), Jacobsen and Jensen (07).

© Spectrally negative positive self-similar Markov and related processes :
P. (08).

Futher references on Markov processes and potential theory :

@ Blumenthal and Getoor (68), Dellacherie and Meyer (83), Sharpe
(88), Chung and Walsh (10) ...

@ Doob (57), Kunita and Watanabe (65), Smythe and Walsh (73), Bally
and Stoica (92), Fitzsimmons and Getoor (06,09).
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Classification of points

Let x € E, we say that :
@ x is oscillating if Py-a.s. T(, o) =0 and T(_ ) =0.

@ x is climbing if Px-a.s. T o) =0and T(_ ) > 0.
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Classification of points

Let x € E, we say that :
@ x is oscillating if Py-a.s. T(, o) =0 and T(_ ) =0.

@ x is climbing if Px-a.s. T o) =0and T(_ ) > 0.

Proposition J

All points in int(E) are either oscillating or climbing.

Let Sq,q > 0, be the set of g-excessive functions, i.e. f > 0 Borelian s.t.
e P f(x) < f(x), ¥x € E

with limg g e" 9P f(x) = f(x).

Corollary

If f €S, then f is continuous (resp. right-continuous) at oscillating (resp.
climbing) points.
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The g-fundamental excessive function H,

Let 0o € E be a reference point and g > 0.
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The g-fundamental excessive function H,

Let 0o € E be a reference point and g > 0.

We observe from the strong Markov property and the absence of positive
jumps that, for any x V o < a < y, the mapping

EX [equy] _ EX [equa] Ea [equy] B EX [equa]

Y R, (e 9] T Eo[eaTe]E, [e9T] | Eole 7]

is constant on (x V o, h).
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The g-fundamental excessive function H,

Let 0o € E be a reference point and g > 0.

We observe from the strong Markov property and the absence of positive
jumps that, for any x V o < a < y, the mapping

EX [equy] _ EX [equa] Ea [equy] B EX [equa]

Y R, (e 9] T Eo[eaTe]E, [e9T] | Eole 7]

is constant on (x V o, ). Hence one may define trivially the function

B [
P B e
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The g-fundamental excessive function H,

Let 0o € E be a reference point and g > 0.

We observe from the strong Markov property and the absence of positive
jumps that, for any x V o < a < y, the mapping

EX [equy] _ EX [equa] Ea [equy] B EX [equa]

Y R, (e 9] T Eo[eaTe]E, [e9T] | Eole 7]

is constant on (x V o, ). Hence one may define trivially the function

Moreover, let x < y and choose y V 0 < a, then as above

Ex[e7™] _ Ex[e”?"]E, [e79T]

Ho(x) = _ = Ex 77| Hq(y).
a(x) E, [e~974] E, [e974] x € a(y)
CAmP
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Let o € E be a reference point and g > 0.

Proposition

There exists a g-excessive function Hg which is positive, continuous and
increasing on E with Hq(o) = 1.

Moreover, we have the simple hitting time formula :

Ex [e_qu} — 4\

Hyg is called the g-fundamental excessive function of X or P.
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Let PHa be the semigroup defined, for all t > 0, by
et
Hq(x)

that is the excessive Doob-H, transform of the semigroup (e~ 9 P¢)¢>0.
We write PHa for the law of its standard realization.

Plef(x) = P.Hqf(x), x€E,

Proposition

© Hj is the unique minimal excessive function such that
PHa (X.- =h) =1 and Hg(o) =1

@ Hy is either g-invariant, i.e. Vt > 0,Vx € E,

™M PHg(x) = Hq(x)

or g-purely excessive, i.e. Vx € E,

lim e 9 P:Hq(x) = 0.

t—o0
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The process killed at time T(_., 1)

Let b € E and PP be the subordinate semigroup defined, for all ¢t > 0, by
b
POF(x) = By [F(Xgeat, 0y |-
Its realization is a CAMP.

Corollary

)

There exists a g-fundamental excessive function for P?), denoted by Hé’ :
which is positive, continuous and increasing on (b, 00) with Hf,’)(b) =0
(resp. > 0) if b is oscillating (resp. climbing) and Hg) = 0(—0,b)-
Moreover, we have

—qT,
Ex [e7? y]I{Ty<T(7oc‘,b)}
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The general hitting time formula

Proposition
We have
K2(h) = lim a(x) € (0,00).

Moreover, for any x > b,

B, [e70T] = 0 (Ha(x) — K3 (0)HD(x))
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Since PHa (ch = b) =1, we have, for any b < x < a € E,
Hq Hyq
Py (T(,m7b) < Ta) + Py (Ta < T(foo,b)) =1 (2)

and
PYT (T oy < Ta) =PX7(Tp < Ta).

On the other hand, we have

b)
Hy _ Ho(@)p 1 .-am. _ Hq(a) Hy' (%)
Px (Ta < T(—OOJJ)) - Hq(x)EX [e 9 H{Ta<T(—oo,b)}i| - Hq(x) Hg)(a)’
Hq(b .
P (Ty< To) = H‘?EX;EX [e "Tb]I{de—a}}.
q

Thus rearranging the terms in (2), we obtain

By [, my] = qu(b) (Halo) — K (@HD ()

To conclude we let a 1 b.

cAMP
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g-resolvent and first passage times

Proposition

@ There exists an excessive measure &, i.e. EPf < £F, such that, for all
g > 0, there exits a positive, locally bounded and jointly measurable
function ug such that

Vx € E,  Ug(x,dy) = uq(x,y)é(dy) (3)

where Uy is the kernel of the g-resolvent of P.

v
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g-resolvent and first passage times

Proposition

@ There exists an excessive measure &, i.e. EPf < £F, such that, for all
g > 0, there exits a positive, locally bounded and jointly measurable
function ug such that

Vx € E,  Ug(x,dy) = uq(x,y)é(dy) (3)

where Uy is the kernel of the g-resolvent of P.

@ Moreover, we have the hitting-resolvent identity : for any x,y € E,

ua(xY) it v is oscillatin

Ex [e*qu} = ) g ) (4)
_ug(:y) otherwise,
ug(y—.y)

where ug(y—,y) = limyy, ug(x, y).

v

caMP R




|
We aim to make use of the identity (valid when P(T(_ ») < () =1)

h
E, |:e_qT(7x),b)i| = 1— q/
b

b)

where ug

B ay)E(dy), x=b  (5)

is the g-resolvent density associated to Ptb).

Since £ is excessive, there exists a dual process X, which is a
left-continuous moderate Markov process and its resolvent U, satisfies

<Uqfag>§:<f7 Uqg>§7 q>0
Proposition

The process X has no negative jumps and visits points below. Then, there
exists a co-excessive function Hy which is right-continuous, decreasing such
that Hg(o) =1 and

o) _ Ualoy)

(
a(x)  ug(x xy)’

IEy [e‘qTx} =

) I

4
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Using the previous Proposition together with the identities (4), we can
describe the g-resolvent ug. Using a moderate version of the Hunt's

)

switching identity we get the representation of ug as follows.

Proposition
Let ¢ > 0 and write C4(0) = uqg(0, 04). Then, for any x,y € E,

u(x,y) = Calo)Fa(y) (Ho(x) = KP(0) HY (). (6)

For any x,y > b,

ud (xy) = Calo)Hgly) (K& (Mg (x) = K (b) Hy () .

We can now use the last expression with the identity (5) to get a
representation of [E, [e‘qT(foo,b)]_
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Spectrally negative Lévy processes

Let X be a spectrally negative Lévy process. For any x € R,
Prex(x) = e?WEA> x>0,
where ey(x) = ™ and 1 is the Lévy-Khintchine exponent of X.
1. Let ¢ : [0,00) — [¢(0), 00) such that ¥(¢(q)) = g. Then
e T Preyiq)(x) = eyq)(x), ¢, t>0.

Hence, with o = 0, we have Hy(x) = edla)x

2. {(dy) = dy, X £ X and I:Iq(y) — e~ 9@y,
3. Next, observe, for any 0 < A < ¢(g), that

—1
P(A) —q
R TR

/e_’\xuq(x,O)dx = / e 9 Pe\(0)dt =
R 0



-
4. Thus, from (6), we deduce that

o 00 a1 Cq(0)
/O e M C,(0) (Hq(x) — Kq’(h)Hy (X)) = SN —q ¢>(qq) -\

On the one hand, by a principle of analytical continuation, we obtain

A —é(q) 1

Cy(0) = lim = = ¢'(q).
O = v -~ W@~
On the other hand, one may set Kc(,))([)) = qu(o) to get, for any A > 0,
o0 1
MHP()dx = s
R Lo

4. After some easy computations, using the identity (5), we deduce that
for any x > 0,

Ex[e 9T-=0] =1 +q/ HY (y)dy — 7
0

¢(q)

HY (x).
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