
Minzilia A. Sagadeeva
South Ural State University (National Research University) Chelyabinsk, Russia

An Evolution Operator
for the Nonstationary Sobolev Type Equation

Consider the nonstationary equation

Lu̇(t) = Mtu(t), t ∈ J ⊂ R (1)

where operators L ∈ L(U;F), Mt ∈ L(U;F) for every t ∈ J. If kerL 6= {0} then (1) is called
Sobolev type equation [1].

Definition 1. Sets ρL(Mt) = {µ ∈ C : (µL −Mt)
−1 ∈ L(F;U)} and σL(Mt) = C \

ρL(Mt) are called L-resolvent set and L-spectrum of operator-function Mt correspondingly.
The operator-function Mt is called spectrally bounded with respect to operator L (or

simply (L, σ)-bounded), if

∃at ∈ C(J;R+) ∀t ∈ J max{|µ| : µ ∈ σL(Mt)} ≤ at < +∞.

Let the operator-function Mt be (L, σ)-bounded and the contour γt={µ∈C : |µ|= 2at}.
Consider integrals

Pt =
1

2πi

∫
γt

RL
µ(Mt)dµ, Qt =

1

2πi

∫
γt

LLµ(Mt)dµ.

Operators Pt : U→ U and Qt : F→ F are projectors. It was proved in [1] with fixed t ∈ J.
Theorem 1. [2] Let the operator-function Mt ∈ L(U;F) be (L, σ)-bounded. Then
(i) the action of operators Lt,k : Ukt → Fkt , Mt,k : Ukt → Fkt ∀t ∈ J, k = 0, 1 is observed;
(ii) there exists an operator M−1

t,0 ∈ L(F0
t ;U

0
t ), t ∈ J, besides if the operator-function

Mt : J→ L(U;F) is strongly differential then the operator-function M−1
t,0 (I−Qt) ∈ L(F;U0

t )

is also strongly differential by t ∈ J and if the operator-function d
dt
Mt is strongly continuous

then the operator-function d
dt

(M−1
t,0 (I −Qt)) is also strongly continuous by t ∈ J;

(iii) there exists an operator L−1t,1 ∈ L(F1
t ;U

1
t ), t ∈ J where the operator-function

L−1t,1Qt ∈ C(J;L(F;U1
t ).

Definition 2. The (L, σ)-bounded operator-function Mt is called (L, 0)-bounded if
∀t ∈ J M−1

t,0 Lt,0 = Ht ≡ O.
Theorem 2. [2] Let the operator-function Mt ∈ L(U;F) be (L, 0)-bounded. Then

kerL = U0
t , imL = F1

t for all t ∈ J.
Set kerL = kerPt = U0, kerQt = F0

t ; imPt = U1
t and imL = imQt = F1. By L0 (Mt,0)

denote the restriction of operator L (Mt) on U0 and by Lt,1 (Mt,1) the restriction of operator
L (Mt) on U1

t , t ∈ J.
The vector-function u∈C1(J;U) satisfying (1) is called the solution of this equation on

the J.
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If the operator-function Mt is (L, 0)-bounded then we can gets the equation

ḟ(t) = MtL
−1
t,1f(t)

with the operator-function Tt = Mt,1L
−1
t,1 ∈ C(J;L(F1)). The solution for Cauchi problem

f(t0) = f0 ∈ F1 of this equation can be found [3] by the form f(t) = F̃ (t)f0 where operator
Cauchi

F̃ (t) = IF1 +

t∫
t0

Tt1dt1 +
∞∑
n=2

t∫
t0

tn∫
t0

. . .

t2∫
t0

TtnTtn−1 . . . Tt1dt1 . . . dtn ∈ L(F1).

Definition 3. The operator U(t, τ) = L−1t,1 F̃ (t)F̃−1(τ)Lτ,1Pτ is called an evolution
(solving) operator for (1).

Theorem 3. [2] The evolution operator has the following properties:
(i) U(t, t) = Pt;
(ii) U(t, s)U(s, τ) = U(t, τ);

(iii) U(t, τ)
∣∣∣
U1
τ

=

[
U(τ, t)

∣∣∣
U1
t

]−1
;

(iv) ‖U(t, τ)‖L(U) ≤ K exp

(
t∫
τ

‖Ts‖L(F1)ds

)
(τ ≤ t).
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