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An Evolution Operator
for the Nonstationary Sobolev Type Equation

Consider the nonstationary equation
Lu(t) = Myu(t), teJCR (1)

where operators L € L(4;F), M; € L(U;F) for every t € J. If kerL # {0} then (1) is called
Sobolev type equation [1].
Definition 1. Sets p*(M;) = {u € C: (uL — My)™' € L(F;4)} and oL (M;) = C\
p" (M) are called L-resolvent set and L-spectrum of operator-function M; correspondingly.
The operator-function M, is called spectrally bounded with respect to operator L (or
simply (L, 0)-bounded), if

Ja, € C(J;Ry) YVt €3 max{|u|: p€o®(M)} <a < +oo.

Let the operator-function M; be (L, o)-bounded and the contour v,={u €C: |u|= 2a}.
Consider integrals
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Operators P, : L — L and Q, : § — F are projectors. It was proved in [1] with fixed ¢t € J.
Theorem 1. [2] Let the operator-function M, € L(;F) be (L, o)-bounded. Then
(i) the action of operators Ly, : ¥ — FF, My - U — FF Vvt € 3, k= 0,1 is observed;
(ii) there ewists an operator M;y € L(F);800), t € J, besides if the operator-function
M, : 3 — L(U;F) is strongly differential then the operator-function Mtfol([—Qt) € L(F;U?)
15 also strongly differential bdyt € J and if the operator-function %Mt 18 strongly continuous

then the operator-function (M, (I — Qy)) is also strongly continuous byt € J;

(iii) there exists an operator Lt_ll € L(FHU), t € J where the operator-function
LiiQr € O3 LG ).

Definition 2. The (L, o)-bounded operator-function M; is called (L,0)-bounded if
VteJ Mg Ly = H, = 0.

Theorem 2. [2] Let the operator-function M, € L(4;F) be (L,0)-bounded. Then
kerL = U0 imL = F} for allt € J.

Set kerL = kerP;, = 4°, kerQ; = FV; imP, = ! and imL = imQ, = §'. By Lo (M)
denote the restriction of operator L (M;) on 4° and by L;; (M) the restriction of operator
L (M;) on 8t} t € 3.

The vector-function u € C*(J; 4) satisfying (1) is called the solution of this equation on
the J.



If the operator-function M, is (L, 0)-bounded then we can gets the equation
f(t) = ML £(1)

with the operator-function T, = M, L, | € C(J; L(F")). The solution for Cauchi problem

f(to) = fo € §* of this equation can be found [3] by the form f(t) = F(t)fo where operator
Cauchsi

t
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Definition 3. The operator U(t,7) = L;llF(t)F_l(T)LﬂPT is called an evolution
(solving) operator for (1).

Theorem 3. [2] The evolution operator has the following properties:

() Ult.t) = B;

(i) U(t,s)U(s,7) = U(t, 7);

(i) U(t,7)| | = [U(r, t) HJ -
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