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Subordinator

A Lévy process S = {S; : t > 0} taking values in [0, 00).

e Laplace transform Ee % = 71N\ >0

e Laplace exponent

H(\) = dA + / (1 — e )u(de)

(0,00)
d>0, / 1Nt dt) < oo
—~— (o,oo>( ) w
drift Lévy

measure

@ ¢ is a Bernstein function: ¢ > 0 and

(=)™ (X)) >0 forall n€N and A >0
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B = {B; : t > 0} Brownian motion in R? independent of S

Subordinate Brownian motion
Process X = {X; : t > 0} defined by

X, =Bg, t>0.

e X Lévy process

E[eHeX0)] — ¢~t6(¢)

o transition density — P,(X, € A) = [, p(t,z,y)dy

le—yl|?

p(t,x,y)zp(t,y—x):/ (dmt)~2e” "5 P(S; € ds)
(0.00)

Ante Mimica Heat kernel estimates for SBM



Rotationally invariant a-stable process revisited

Ante Mimica Heat kernel estimates for SBM



Rotationally invariant a-stable process revisited

S a/2-stabe subordinator 0 < o < 2

Ante Mimica Heat kernel estimates for SBM



Rotationally invariant a-stable process revisited

S a/2-stabe subordinator 0 < o < 2

a/2 a/2 > ey At
== e ), O

Ante Mimica Heat kernel estimates for SBM



Rotationally invariant a-stable process revisited

S a/2-stabe subordinator 0 < o < 2

a/2 a/2 > ey At
== e ), O

e X is rotationally invariant a-stable process

Ante Mimica Heat kernel estimates for SBM



Rotationally invariant a-stable process revisited

S a/2-stabe subordinator 0 < o < 2

a/2 a/2 > At
== e ), O

e X is rotationally invariant a-stable process
x -2
° p(t, x) <t \l‘lﬁ = ¢71(t71)d/2 A 't¢(||$“d_)
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Rotationally invariant a-stable process revisited
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e X is rotationally invariant a-stable process
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Rotationally invariant a-stable process revisited

S a/2-stabe subordinator 0 < o < 2

a/2 a/2 > ey At
== e ), O

e X is rotationally invariant a-stable process
)
tolel ")

© plt,) = 47 A e = 97N (7)Y A A
o Filt,w) = —(=A)p(t,)

~(=8)"u(e) = [ (ula+9) = ) = (V) )1 gupen) iz

Lévy measure
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@ 'Dual’ of geometric S-stable process a=2
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Recent results and examples...

e Bogdan, Grzywny, Ryznar '14
o estimates for unimodal convolution semigroups
e weak scaling strictly between 0 and 2
o Geometric [-stable process, 0 < g < 2 ‘o=

o ¢(A) =log(1+\/?)

o p(l,z) — +ooford>p
|z|—0+

@ 'Dual’ of geometric S-stable process a=2

A
° $(A) = log(1+)\872) 1{ﬁ:2}
o Lévy measure of X is J(y)dy, where

1

Jy) = ———
W) yiog 12

ly| — 0+
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e Bogdan, Grzywny, Ryznar '14
o estimates for unimodal convolution semigroups
e weak scaling strictly between 0 and 2
o Geometric [-stable process, 0 < g < 2 ‘o=

o p(N) =log(1 + N\*/?)

o p(l,z) — +ooford>p
|z|—0+

@ 'Dual’ of geometric S-stable process

A
° $(A) = log(1+)\872) 1{ﬁ:2}
o Lévy measure of X is J(y)dy, where

1

Jy) = ———
W) yiog 12

ly| — 0+

-2
e asymptotic expression for J not comparable to (b(‘\Z'Id )
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Setting

For a function f : (0,00) — (0, 00) the following conditions
will be of interest

Lower scaling condition (L)
There exist v > 0, Ay, > 0 and C, > 0 such that

f(Ax)

>Crz” forall A>A; and z>1.

f)

| \

Upper scaling condition (U)
There exist 6 > 0, Ay > 0 and Cy > 0 such that

f(Ax)
fN)

< COpyx® forall A>\y and z>1.
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@ Model examples are functions f that vary regulary at
infinity with index p > 0, i.e.

SO0

)\1_)11010 7OV = forall A>0and z>0.

since for any € > 0 there exists C' > 0 and Ay > 0 such
that

ct <f)p §&§O<f)p+ LA <s<t
(s) s

(Theorem of Potter) .
o If f varies at 0 with index p > 0, then A\ = Ay =0.
e f(A) =log(l+ \) does not satisfy (L)
@ Bernstein function ¢ always satisfies (U) with § = 1:

dp(A\x) < p(A)z forall A>0and x>1.
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We define a function H : (0,00) — (0,00) by

H\) = o(\) =\ = d/\+/(0 )(l—e_kt—)\te_”)u(dt).
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We define a function H : (0,00) — (0,00) by

H\) = o(\) =\ = d/\+/(0 )(l—e_At—)\te_’\t)u(dt).

Some properties of H (M. 15, see also Jain, Pruitt ’87):
e if H satisfies (U) with 0 < 2,

p(r,o0) < H(r™'), 0<r<mr
o if H satisfies (L),

HA) < M (=¢"(N\), A> X
e ¢ satisfies (U) with § <1 <

HO) = 6(N), A> Ay

° I}[}(A/\x))gx2forall)\>0andx21
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Main result

Theorem (Heat kernel estimates, M. ’15)

Assume that ¢ satisfies (L) and H satisfies (L) and (U)
with 6 < 2. Then there exist constants k1, ko, ar,,ay > 0
such that for 0 <t < k1¢p(Ape)"' and

] < Ran /ALl A NG

(t.2) ¢ ()2 to(lz|™?) > 1
pt,x) = 2|=2)ve—alz?67 1) _
tH(|z|~*)V - t¢(|$| 2) <1,

where a = ay, for the lower and a = ay for the upper bound.
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Main result

Theorem (Heat kernel estimates, M. ’15)

Assume that ¢ satisfies (L) and H satisfies (L) and (U)
with 6 < 2. Then there exist constants k1, ko, ar,,ay > 0
such that for 0 <t < k1¢p(Ape)"' and

] < Ran /ALl A NG

(t.2) ¢ ()2 to(lz|™?) > 1
pt,x) = 2|=2)ve—alz?67 1) _
tH(|z|~*)V - t¢(|$| 2) <1,

where a = ay, for the lower and a = ay for the upper bound.

© A\ =Aru =g =0 = estimates are global in
time and space
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¢—1(t—1)d/26—a\m\2¢*l(ﬁl)

o=l 1yd/2

]9

tH(z|"?)
EIR

to(lz[?) =1 tH(|z|72) = e~alslPe ')
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'Classical’ case

If the scaling is strictly between 0 and 2 we get known
estimate:

Corollary

If the Laplace exponent ¢ satisfies (L) and (U) with 6 < 1,

then there exists k > 0 such that for 0 <t < ¢(Ap)~! and

—1/2
|z| < KA,

EE to(lz[7?) <1

_ g1y fede )
= ¢ HtTHY2A T

Second estimate follows from the following observation

to(lz]*) <1 = ¢t > |2
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'Dual’ of geometric S-stable process

p(N) = W for some 0 < 8 < 2
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'Dual’ of geometric S-stable process

p(N) = W for some 0 < 8 < 2

2
_ ATF <A< 2 M2 < A< 2
¢ 1()\)X{ H(/\)X{

Aogh A >2 W > 2
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'Dual’ of geometric S-stable process

p(N) = W for some 0 < 8 < 2

610 = ATF 0< A< 2 N MBZ 0< <2
T Alogh A >2

e H satisfies (L) and (U) with Ay = Ay =0 and ¢ < 2
e ¢ and H are not comparable for large A

e off-diagonal estimate for 'small time and space’:

|a:

(t ) t \/ 6 ‘ logf
Tr) <
P (log )2 * o]
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'Dual’ of geometric S-stable process

p(N) = W for some 0 < 8 < 2

610 = ATF 0< A< 2 N MBZ 0< <2
T Alogh A >2

e H satisfies (L) and (U) with Ay = Ay =0 and ¢ < 2
e ¢ and H are not comparable for large A

e off-diagonal estimate for 'small time and space’:

|a:

t 6 ‘ logf

\
22 (log L2 Jalf

p(t,z) <

e Kaleta, Sztonyk 14
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Theorem (On-diagonal upper bound, M. '15)

The on-diagonal upper bound
p(t,2) <Co ' (t7H)¥2,  0<t<g(Ar)™!, z€R?

holds if and only if ¢ satisfies (L) .
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p(t,2) <Co ' (t7H)¥2,  0<t<g(Ar)™!, z€R?

holds if and only if ¢ satisfies (L) .

Idea of proof.
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Theorem (On-diagonal upper bound, M. '15)

The on-diagonal upper bound
p(t,2) <Co ' (t7H)¥2,  0<t<g(Ar)™!, z€R?

holds if and only if ¢ satisfies (L) .

Idea of proof.

Co (™ HY2 > p(t,0) > / (47s)"'P(S; € ds)
(0,2a¢~1(at=1)~1)

> (87Ta)_d/2¢_1(at_l)d/QP(St < 2aq§_1(at_1)_1)
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Theorem (On-diagonal upper bound, M. '15)

The on-diagonal upper bound
p(t,2) <Co ' (t7H)¥2,  0<t<g(Ar)™!, z€R?

holds if and only if ¢ satisfies (L) .

Idea of proof.
Co (™ HY2 > p(t,0) > / (47s)"'P(S; € ds)
(0,2a¢="(at=1)~1)
> (8ma)~ 2~ (at ) Y2P(S, < 2a¢~(at™H) )

- 1 — e—td)(qb*l(at’l)) B e~ _ e—2a
- 1 — 6—2(1 o 1 — 6_20‘
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Theorem (On-diagonal upper bound, M. '15)

The on-diagonal upper bound
p(t,2) <Co ' (t7H)¥2,  0<t<g(Ar)™!, z€R?

holds if and only if ¢ satisfies (L) .

Idea of proof.
Co (™ HY2 > p(t,0) > / (47s)"'P(S; € ds)

(0,2a¢="(at=1)~1)

> (87Ta)_d/2¢_1(at_l)d/QP(St < 2aq§_1(at_1)_1)

P(S, < 2a¢ " (at™) ™) =1 —P(1 — e ¢ (@)% > 1 _ 2
1 — e—to(67Hat™!)  o—a _ o—2a

- 1 — 6—2(1 o 1 — 6_20‘

== MT<bf0rallo<t<¢()\L)1:>(L) H
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Idea of the proof of the off-diagonal upper bound.
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Idea of the proof of the off-diagonal upper bound.

Po(| Xy > r) = Py(|Bs \2>7") (S; € ds)

A\¢

0,00)

> DYP(S, € ds)

I
\

(0,00)
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Idea of the proof of the off-diagonal upper bound.

Po(| X;| > 1) = / Po(| Bs|? > r*)P(S, € ds)

(0,00)

:/ Po( 2L > 2)p(S, € ds)
(0.00)

Since YV = % ~ x*(d) as a sum of d independent standard
normal rv’s (independent of S!),
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Idea of the proof of the off-diagonal upper bound.

Po(| X;| > 1) = / Po(| Bs|? > r*)P(S, € ds)

(0,00)

:/ Po( 2L > 2)p(S, € ds)
(0.00)

Since YV = % ~ x*(d) as a sum of d independent standard
normal rv’s (independent of S!),

Po(lX) 2 1) = [ Bo(Y 2 )RS € do)
(0,00)

[ Bz PRy €.
(0,00)
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Proposition (Tail estimate for subordinators, M. ’15)
Ifto(r=) < 3, then

P(S; > 1) < 2etH(r ).
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Proposition (Tail estimate for subordinators, M. ’15)

Ifto(r=) < 3, then

P(S; > 1) < 2etH(r ).

P(X,| > r/2) < /

2etH (2y(r/2)2)Po(Y € dy)
to(2y(r/2)"2)<3

tp(2y(r/2)=)2

1
=3
< cltH(r_2)/
(0,00)
_ —1
+P0(Y Z 63T2¢ 1(%))
< eyt H(r™2) + cze e (7))

(1+ c2y®)Po(Y € dy)

since P(Y > y) = 27420(d/2) " [ s> 1em/2 ds

Ante Mimica

Heat kernel estimates for SBM



It is left to notice that

colz|“p(t, ) < Po(lo]/2 < X, < |a)
S C4tH(’I"_2) —I—C5€_aUT2¢7l(t71) ‘

e For upper bounds, only (L) for ¢ is needed, since

H(\x)
H(X)

<z? forall A>0, z>1

always holds.
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Application to Green function (potential)
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Application to Green function (potential)

Let X be transient, i.e.

Po(lim | X;| = 00) = 1.

t—o00
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Application to Green function (potential)

Let X be transient, i.e.
Po(lim | X;| =o00) =1.

t—o00

Then the following function is well-defined and finite

G(w):G<y—x>:/0°°p<t,y—x>dt, vy

and it is called the Green function or potential of X .
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Application to Green function (potential)

Let X be transient, i.e.
Po(lim | X;| =o00) =1.

t—o00

Then the following function is well-defined and finite

G(w):G<y—x>:/0°°p<t,y—x>dt, vy

and it is called the Green function or potential of X .

Proposition

Assume that A/ $(N) is also a Bernstein function and that ¢
satisfies (L) with A\, = 0. Then

1

o) = rgal )

zeRY z#£0.
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Idea of proof. Here we use:
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Idea of proof. Here we use:

¢~ ()
¢~1(A)

>z forall x>1 and A >0,
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Idea of proof. Here we use:
¢~ (\z)
¢~1(A)

e
FIBY

>z forall x>1 and A >0,

N

(since <x).

o(la] =) o
q@:/ pw@ﬁ+/ plt,x)dt =1, + I.
0 Bz =2)1
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Idea of proof. Here we use:
¢~ (\z)
¢~1(A)

e
FIBY

>z forall x>1 and A >0,

N

(since <x).

o(la] =) o
q@:/ pw@ﬁ+/ plt,x)dt =1, + I.
0 Bz =2)1

26|z ~%)
G@ﬁzbZC{/ oL HY2 dt
¢

(ol N1 o
= (0 ( ) 27D = Talid(al?)
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We only prove bound for I5:
oz 72)! Y

I, < 02|:v|‘d/ [tH(|x|—2)+e—aUlw\ ¢t )] dt
0

—2 ¢(jz| =)~
§02|x| d;;{((”x" )) —|—63|9$| d/o [|x|2¢—1(t—1)}71 dt

o(lz[~2) 71 4-1 -2
< e [ ),

Cyq ol 72) ! 2 4 Cr
ST T ¢ / to(lz| %) dt < ——F——+.
|z|4¢(|x]2) 6 o o(|z] ) -
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If d > 3 we obtain for 'dual’ variance gamma process, i.e.
for p(\) = —log(i\-i—/\) -1,
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If d > 3 we obtain for 'dual’ variance gamma process, i.e.
for p(\) = log(++/\) — 1, the following estimates

2 tlog & o] <

x>~ |z >

G(r) <

N—= N
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If d > 3 we obtain for 'dual’ variance gamma process, i.e.
for p(\) = log(++/\) — 1, the following estimates

2—d 1
Cla) = {|x| log L [af <

x>~ |z >

bl

N—= N

and this is very close to the Green function of Brownian
motion (Newtonian potential)

G () = Ja.
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Thank

you

for

your

attention!
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