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Lieb’s principle: Gaussian kernels have Gaussian maximizers

For p,g > 1 consider T: [P(R™) — LI(R")

i) = | Kep)iy) o

Question: || T|| =7
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Lieb’s principle: Gaussian kernels have Gaussian maximizers

For p,g > 1 consider T: [P(R™) — LI(R")
Tix) = | K y)ily)dy

Question: || T|| =7
Gaussian function: f(x) = exp(—Q(x) + £(x) + ¢)

@ Qs a psd quadratic form; if Q is pd then f is a

non-degenerate Gaussian function
@ /is alinear form; if ¢ = 0 then f is centered
@ CG — non-degenerate and centered Gaussian functions
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Lieb’s principle: Gaussian kernels have Gaussian maximizers

For p,g > 1 consider T: [P(R™) — LI(R")

Tix) = | K y)ily)dy

Question: || T|| =7
Gaussian function: f(x) = exp(—Q(x) + £(x) + ¢)
@ Qs a psd quadratic form; if Q is pd then f is a
non-degenerate Gaussian function
@ /is a linear form; if £ = 0 then f is centered
@ CG — non-degenerate and centered Gaussian functions

Theorem (Lieb "90)

If K(x,y) =exp (— Qi(x) — Qo(y) — B(x,y)) then

Tf
HTH:sup{H ”“:fecg}
i
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Lieb’s principle: more general setting

@ H,Hy,..., Hy Euclidean spaces; ¢y, ..., cn > 0 exponents
@ fi: Hi — [0, 00) measurable with 0 < [, f; < oo
@ B;: H — H; surjective linear maps
@ Q: H — H self-adjoint, psd (Q > 0)
Example: H = R", H; =R, Bi={(,u), ueceH
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Lieb’s principle: more general setting

@ H,Hy,..., Hy Euclidean spaces; ¢y, ..., cn > 0 exponents
@ fi: Hi — [0, 00) measurable with 0 < [, f; < oo
@ B;: H — H; surjective linear maps
@ Q: H — H self-adjoint, psd (Q > 0)
Example: H = R", H; =R, Bi={(,u), ueceH

The functional J

fH (@) 7;1 fici(BiX) dx

I ) = .
| 2 (fiy5)
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Lieb’s principle: more general setting

@ H,Hy,..., Hy Euclidean spaces; ¢y, ..., cn > 0 exponents
@ fi: Hi — [0, 00) measurable with 0 < [, f; < oo
@ B;: H — H; surjective linear maps
@ Q: H — H self-adjoint, psd (Q > 0)
Example: H = R", H; =R, Bi={(,u), ueceH

The functional J

fH (@) 7;1 ’cici(BiX) dx

I ) = .
| 2 (fiy5)

Theorem (Brascamp-Lieb 76 (Q = 0, dimH; = 1), Lieb ’90)

sup J(fi,....,fm)= sup  J(91,.--,9m)
fiyeeesfm 91,---,9m€eCG
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Lieb’s principle: remarks

@ hieLPi(H;), pi=1/c, fi=|hP

[, € (X T hi(Bix) dx
LTIl e

< J(|h|P,. .., [hm|Pm)
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Lieb’s principle: remarks

@ hieLPi(H;), pi=1/c, fi=|hP

[, € (X T hi(Bix) dx

T 1Al < J(IlP", - mlP)

® J(gi,-.-,gm) for g; € CG:
let A be positive definite and ga(x) = e~ ™AxX)

/ ga(x) dx = (det A)~1/2
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Lieb’s principle: remarks

@ hieLPi(H;), pi=1/c, fi=|hP

[, € (X T hi(Bix) dx
LT Aill e

< J(|h1 |p1 P |hm’pm)
® J(g1,...,9m) for g; € CG:
let A be positive definite and ga(x) = e~ ™AxX)
/ ga(x) dx = (det A)~1/2

J(gA1 PR 7gAm)

_ Je (@XN[TeaAB0BX) gy /det(Q+ Y ¢;BfAB)) B
- [1(det A;)—ci/2 a [1(det A;)e
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Lieb’s principle: examples

Nelson’s hypercontractivity ('73): (P;);>o actingon f: R — R

(Pf)(x /f e 'x + V1 — e 2ty)y(dy)

[Pi: LP(y) — LP(y) hasnorm 1 forallt > 0and 1 < p < ]
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Lieb’s principle: examples

Nelson’s hypercontractivity ('73): (P;);>o actingon f: R — R

(Pf)(x /f e 'x + V1 — e 2ty)y(dy)

[Pi: LP(y) — LP(y) hasnorm 1 forallt > 0and 1 < p < ]

Theorem (Nelson °73)

If 1 < p<q<ooandt>0satisfy e < £ then

P:: LP(v) — L9(v) has norm 1
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Lieb’s principle: examples

Nelson’s hypercontractivity ('73): (P;);>o actingon f: R — R

(Pf)(x /f e 'x + V1 — e 2ty)y(dy)

[Pi: LP(y) — LP(y) hasnorm 1 forallt > 0and 1 < p < ]

Theorem (Nelson °73)

If 1 < p<q<ooandt>0satisfy e < £ then

P:: LP(v) — L9(v) has norm 1

Equivalently:

Je(PNX)g() () < ([111P )" ([1917 a)”

/
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Lieb’s principle: examples

Nelson’s hypercontractivity ('73): (P;);>o actingon f: R — R

(Pf)(x /f e 'x + V1 — e 2ty)y(dy)

[Pi: LP(y) — LP(y) hasnorm 1 forallt > 0and 1 < p < ]

Theorem (Nelson °73)

If 1 < p<q<ooandt>0satisfy e < £ then

P:: LP(v) — L9(v) has norm 1

Equivalently:

Je(PHY(x)g(x) () < ([171P d’y)1/p<f|g\q’ dv)w, or

, 1 1/q
/RZ e~ QUNFIP(x) /7 () dx dy < (/f1 dx) /P(/f2 dx) /q
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Lieb’s principle: examples

Young’s convolution inequality with sharp constant
(Beckner °75, Brascamp-Lieb ’76)

Let p,q,r € [1,00] such that 1 4 1
Forall fe LP,ge L9,

1
141

I+ gller < Cp,gllflliellgllLe
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Lieb’s principle: examples

Young’s convolution inequality with sharp constant
(Beckner °75, Brascamp-Lieb ’76)

Let p,q,r € [1,00] such that 1 4 1
Forall fe LP,ge L9,

14

1
-

I+ gller < Cp,gllflliellgllLe

Equivalently

- f(x)g(x = y)h(x) dx dy < Cpqllflleellglallhll .
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Lieb’s principle: examples

Young’s convolution inequality with sharp constant
(Beckner °75, Brascamp-Lieb ’76)

Let p,q,r € [1,00] such that 1 4 1
Forall fe LP,ge L9,

1
141

I+ gller < Cp,gllflliellgllLe

Equivalently

- f(x)g(x = y)h(x) dx dy < Cpqllflleellglallhll .

Sharp for f(x) = e P** g(x) = e 9% h(x) = e~ "*
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Converse inequalities: Borell’s reversed hypercontractivity

f>0 = Pf >0 fort> 0 (positivity improving)
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Converse inequalities: Borell’s reversed hypercontractivity

f>0 = Pf >0 fort> 0 (positivity improving)
Digression: for p € RU {+oo} and f > 0 let

1/p
1oy = (J 77 )
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Converse inequalities: Borell’s reversed hypercontractivity

f>0 = Pf >0 fort> 0 (positivity improving)
Digression: for p € RU {+oo} and f > 0 let
sy = (2 0) "

@ forp < 0if v(f =0) > 0 then Hf”Lp(,y) =0

@ [|[f|[L-oo(y) = esSinff

® p+ ||f|lp() is Non-decreasing
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Converse inequalities: Borell’s reversed hypercontractivity

f>0 = Pf >0 fort> 0 (positivity improving)
Digression: for p € RU {+oo} and f > 0 let
sy = (S 0)""

@ for p < 0if y(f = 0) > 0 then [|f||p) =0

@ [|[f|[L-oo(y) = esSinff

® p+ ||f|lp() is Non-decreasing
p < 1,any measure, f >0

!fHLp:inf{/fg:gzo,/gp’ﬂ}, "’Ipfﬂﬂ
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Converse inequalities: Borell’s reversed hypercontractivity

f>0 = Pf >0 fort> 0 (positivity improving)
Digression: for p € RU {+oo} and f > 0 let
sy = (S 0)""

@ for p < 0if y(f = 0) > 0 then [|f||p) =0

@ [|[f|[L-oo(y) = esSinff

® p+ ||f|lp() is Non-decreasing
p < 1,any measure, f >0

Mo=int{ [1g:920, [¢# =1}, p=_Pr<i

Theorem (Borell °82)

—oo<g<p<1.lfe® < =2 then

1Pt La(yy = (Il ey
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Converse inequalities: more examples

Converse Young’s convolution ineq. (Brascamp-Lieb ’76)
Letp,q,r € (0,1] suchthat 1 + 1 =141

f,.9>20 = |fxgllir > CpgllfllrllglLa
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Converse inequalities: more examples

Converse Young’s convolution ineq. (Brascamp-Lieb ’76)
Letp,q,r € (0,1] suchthat 1 + 1 =141

f.g>0 = [fxgllr = CpqllfileellgllLe
For A € (0,1), taking p = £, g = +1; and letting t — 0F

Jomsmor(52) s (25) o= (1) ([9)"

(Prékopa-Leindler); more general inequalities by Barthe (’98)
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Converse inequalities: more examples

Converse Young’s convolution ineq. (Brascamp-Lieb *76)
Let p,q,r € (0,1] such '[hat/lo+1a =1+1

f.g>0 = [fxgllr = CpqllfileellgllLe
For A € (0,1), taking p = £, g = +1; and letting t — 0F

Jomsmor(52) s (25) o= (1) ([9)"

(Prékopa-Leindler); more general inequalities by Barthe (’98)
Converse Brascamp-Lieb ineq. (Chen-Dafnis-Paouris ’13)
Under certain assumptions on ¢; and B; (some of ¢; > 1, the

remaining ¢; < 0):

m m
ci Ci
[I7Bxa=TT( [ #)
HiZq =1 Hi



ci € R\ {0}, Ct,...,Cm+ >0, Cpt+it1,...,m<0
Q: H — H self-adjoint
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ci € R\ {0}, Ct,...,Cm+ >0, Cpt+it1,...,m<0
Q: H — H self-adjoint
S & I £7(Bix) dx

Iy ) = .
1 [T (f/—/,- ff)
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ci € R\ {0}, Ct,...,Cm+ >0, Cpt+it1,...,m<0
Q: H — H self-adjoint

[, e (X TIT, £7(Bix) dx
Ci
[T (f/—/, ff)

J(Fro.. ) =

Theorem (Barthe-W. '14)
If

(i) x = (Byx,...,Bpn+x)from Hto Hy x --- Hp+ is onto

(i) st(Q)+dimH; + ... +dimHy: < dimH

then

inf J(fi,...,fn) = inf
f1,l.r;].,fm (Fy- s fm) 91,---|,rg]mecgJ(g1’ gm)

Moreover, if (i) or (ii) fails then either J = oo orinfJ = 0.
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Proof: the setting

Setting: Q=0, H=R", H; =R, B; = (-, u;), assume [ fi=1
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Proof: the setting

Setting: Q=0, H=R", H; =R, B; = (-, u;), assume [ fi=1
(i) and (i) < (uy,...,Um+)is abasis in R" (thus m; = n)

J(f1,...,fm):/Ranicf“x,u,))dx
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Proof: the setting

Setting: Q=0, H=R", H; =R, B; = (-, u;), assume [ fi=1
(i) and (i) < (uy,...,Um+)is abasis in R" (thus m; = n)

JRMJMZAJPﬂQM»W

Example: converse Young’s convolution inequality

1 1 1
H=R?m=3;¢ci=—,6=—->1,03=—
) C1 paCZ q- , C3 rl <0
<X7 U1> = X1, <Xa U2> = X1 — Xz, <X7 U3> = X2
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Proof: the setting

Setting: Q=0, H=R", H; =R, B; = (-, u;), assume [ fi=1
(i) and (i) < (uy,...,Um+)is abasis in R" (thus m; = n)

JRMJMZAJPﬂQM»W

Example: converse Young’s convolution inequality

1 1 1
H=R2m=3c¢ci=—,c=—>10=—
) C1 paCZ q , C3 rl <0
<X7 U1> = X1, <Xa U2> =Xy — Xo, <X7 U3> = X2

Gaussian functions: g,.(x) = \/a; exp(—ma;x?)

[T o5 (0x ) = [T a2 exp (—n((3 crawn o u)x.x))
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Proof: the setting

Setting: Q=0, H=R", H; =R, B; = (-, u;), assume [ fi=1
(i) and (i) < (uy,...,Um+)is abasis in R" (thus m; = n)

J(f1,...,fm):/Ranicf“x,u,))dx

Example: converse Young’s convolution inequality

1

1 1
H=R? m=3;c = =—>1,63=—
) 1 , G2 q- , C3 r,<0

p
<X7 U1> = X1, <Xa U2> = X1 — Xo, <X7 U3> = Xo
Gaussian functions: g,.(x) = \/a; exp(—ma;x?)

[T o5 (0x ) = [T a2 exp (—n((3 crawn o u)x.x))

If > ciaju; ® u; > 0 (is p.d.) then

o 1/2
a’
J(ga1,...,gam): H I
det (Zc,-a,-u,- ® u,-)
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Proof: Gaussian computation

1/2
S VL if Z ciaiu; @ up > 0
J(ga1 PRI Qam) = det (Zc,-a,-u,@u,-)
400 otherwise
Define
D'2.= inf J(Ga,.--,Gan)
ay,...,am>0

i.e. D > 0is the best (greatest) constant s.t. for all g; > 0

Zciaiui®ui20 == Haf’ZD'det(ZCiaiUi@)Ui) (1)
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Proof: Gaussian computation

1/2
S VL if Z ciaiu; @ up > 0
J(ga1 PRI Qam) = det (Zc,-a,-u,@u,-)
400 otherwise
Define
D'2.= inf J(Ga,.--,Gan)
ay,...,am>0

i.e. D > 0is the best (greatest) constant s.t. for all g; > 0
Zc,-a,-u,-@ u>0 = Haf" > D - det (Zc,-a,-u,-@ u,-) (1)
Goal: J(fy, ..., fn) > D'/2
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Proof: monotone mass transport

@ Fix f;: R — [0, c0) regular
li == {f; > 0} bd open int. for i < m* and [; = R for i > m*
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Proof: monotone mass transport

@ Fix f;: R — [0, c0) regular
li == {fi > 0} bd open int. for i < m*™ and /; = R for i > m*
@ Fixa; >0st Y cga 'uou >0
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Proof: monotone mass transport

@ Fix fi: R — [0,00) regular
li == {f; > 0} bd open int. for i < m* and [; = R for i > m*
@ Fixa; >0st Y cga 'uou >0
Monotone transport f;(x)dx onto g5 (y)dy by 6;: [ = R
X 0i(x)
| twa= [ galy)ay. ie. 00 = ga ()0

—0o0 —00
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Proof: monotone mass transport

@ Fix f;: R — [0, c0) regular
li == {fi > 0} bd open int. for i < m*™ and /; = R for i > m*

@ Fixa; >0st Y cga 'uou >0

Monotone transport f;(x)dx onto g5 (y)dy by 6;: [ = R
x 0i(x)
| twde= [ gaty)dy. Lo ) = ga (i)

Let Q = {x € R": Vicpr (X, u;) € I} (bd, open, convex)
and define 6: Q — R" as 0(x) = >_ ciju;fi((x, u;)).
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Proof: monotone mass transport

@ Fix fi: R — [0,00) regular
li == {f; > 0} bd open int. for i < m* and [; = R for i > m*
@ Fixa; >0st Y cga 'uou >0
Monotone transport f;(x)dx onto g5 (y)dy by 6;: [ = R
X 0i(x)
| twa= [ galy)ay. ie. 00 = ga ()0

Let Q = {x € R": Vicpr (X, u;) € I} (bd, open, convex)
and define 6: Q — R" as 0(x) = >_ ciju;fi((x, u;)).

J(fy, ..., Tm) = /RHH fiCi(<x, uj)) dx
= [ TL g5 oit0x.u) T ocix. e o
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Proof: monotone mass transport

@ Fix fi: R — [0,00) regular
li == {f; > 0} bd open int. for i < m* and [; = R for i > m*
@ Fixa; >0st Y cga 'uou >0
Monotone transport f;(x)dx onto g5 (y)dy by 6;: [ = R
X 0i(x)
| twa= [ galy)ay. ie. 00 = ga ()0

Let Q = {x € R": Vicpr (X, u;) € I} (bd, open, convex)
and define 6: Q — R" as 0(x) = >_ ciju;fi((x, u;)).

J(fy, ..., Tm) = /RHH fiCi(<x, uj)) dx

= [ TL g5 oit0x.u) T ocix. e o
On Q, :={x € Q: DO(x) =" citj({x,u;))u; ® u; > 0} use (1)
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Proof: duality of quadratic forms

Recall: 6(x) = 3" ciuibi((x, u;))

J(f, ..o f >D/Hg ((x,u;))) - det DO(x) dx
Qy
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Proof: duality of quadratic forms

Recall: 6(x) = 3" ciuibi((x, u;))

J(f, ..o f >D/Hg ((x,u;))) - det DO(x) dx
Qy

>D.

/Q+ Ec,u,y, Q(X)Hga, yi) - det D(x) dx
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Proof: duality of quadratic forms

Recall: 6(x) = 3" ciuibi((x, u;))

J(f, ..o f >D/Hg ((x,u;))) - det DO(x) dx
Qy

=0 Do
a Q4 Ec,u,y, e(X)Hga, yi) - det D(x) dx

zD-Hain/2,/ exp<—7r sup Zc,a,y,) det DO(x) dx
Q4 2o ciuiyi=0

Gaussian f. with Cov=3" cia; 'y u;
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Proof: duality of quadratic forms

Recall: 6(x) = 3" ciuibi((x, u;))

J(f, ..o f >D/Hg ((x,u;))) - det DO(x) dx
Qy

=0 Do
a Q4 Ec,u,y, e(X)Hga, yi) - det D(x) dx

zD-Hain/2,/ exp<—7r sup Zc,a,y,) det DO(x) dx
Q4 2o ciuiyi=0

Gaussian f. with Cov=3" cia; 'y u;

=D. I_Iac’/2 / (e ueu)” (6(x)) - det D(x) dx
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Proof: duality of quadratic forms

Recall: 6(x) = 3" ciuibi((x, u;))

J(f, ..o f >D/Hg ((x,u;))) - det DO(x) dx
Qy

=0 Do
a Q4 Ec,u,y, e(X)Hga, yi) - det D(x) dx

zD-Hain/2,/ exp<—7r sup Zc,a,y,) det DO(x) dx
Q4 2o ciuiyi=0

Gaussian f. with Cov=3" cia; 'y u;

=D. I_Iac’/2 / (e ueu)” (6(x)) - det D(x) dx

1/2
0: QR0 b det (Z c,-a,.‘1 Ui ® u,-)
> . ——
[(a")e
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Proof: optimizing over Gaussian functions

Forany a; > 0s.t. > c,-a,-‘1 u; ® uj > 0 we have proved

» 1/2
0: QRN det (Z cia; Ui® U,')
J(f‘lw--,fm) > D- H(a—1)c,-

1
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Proof: optimizing over Gaussian functions

Forany a; > 0s.t. > c,-a,-‘1 u; ® uj > 0 we have proved

» 1/2
0: QRN det (Z cia; ui® u;)
J(f'la'--’fm) > D- H(a—1)cl-

f

Take sup over a; > 0to get J(fy,...,fn) > D-D"1/2 = D'/2,

Pawet Wolff Gaussian kernels have also Gaussian minimizers



Proof: Surjectivity of 0(x) = > ciui0i((x, u;)): Qy — R"...2

Let ¢;: [ = R s.t. ¢} = 6;; then ¢; convex.
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Proof: Surjectivity of 0(x) = > ciui0i((x, u;)): Qy — R"...2

Let ¢;: [ = R s.t. ¢} = 6;; then ¢; convex.
Note that 0(x) = V(x), where

O(X) = d4(x) — o (x) = Z Cidi({X, ui)) Z |cilgi((x, ui))

i<mt i>mt
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Proof: Surjectivity of 0(x) = > ciui0i((x, u;)): Qy — R"...2

Let ¢;: [ = R s.t. ¢} = 6;; then ¢; convex.
Note that 0(x) = V(x), where

O(X) = d4(x) — o (x) = Z Cidi({X, ui)) Z |cilgi((x, ui))

i<mt i>mt

¢4 Q — R™is convex; extend to convex on R”

¢+(X0) = |mi)2f ¢+(X)
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Proof: Surjectivity of 0(x) = > ciui0i((x, u;)): Qy — R"...2

Let ¢;: [ = R s.t. ¢} = 6;; then ¢; convex.
Note that 0(x) = V(x), where

O(X) = d4(x) — o (x) = Z Cidi({X, ui)) Z |cilgi((x, ui))

i<mt i>mt

¢4 Q — R™is convex; extend to convex on R”
¢+(X0) = |'X”l>|xr(]f ¢+(X)

Goal: for any yo € R”, find xy € Q4 s.t. 0(x0) = Vo(x0) = Yo
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Proof: Surjectivity of 0(x) = > ciui0i((x, u;)): Qy — R"...2

Let ¢;: [ = R s.t. ¢} = 6;; then ¢; convex.
Note that 0(x) = V(x), where

O(X) = d4(x) — o (x) = Z Cidi({X, ui)) Z |cilgi((x, ui))

i<mt i>mt

¢4 Q — R™is convex; extend to convex on R”
¢+(X0) = |'X”l>|xr(]f ¢+(X)
Goal: for any yo € R”, find xy € Q4 s.t. 0(x0) = Vo(x0) = Yo

Xo = arg min ¢ (x) — ¢—(x) — (X, Yo)
Note that xp € Q. Therefore
® V(o — - — (-, ¥0))(x0) =0, i.e. Vo(xo) = yo
® D?(¢r — ¢— — (-, ¥0))(X0) = DO(xo) > 0, i.e. xo € Q4
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