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Random vectors.

» Let X = (X1, Xo,...,Xy) bearv. inRY.

» Usually X is in the isotropic position, i.e. EX; = 0 and
EX,~X,-:Oifi;£jandEXf:1.

» In this setting E(t, X)? = ||t||3 for all t € RY,

» The main question: for a given norm || - || on RY, how to
estimate E|| X||?

» More generally: for each T c RY obtain bounds for

E sup(t, X) = Esup X;,
teT teT

where X; = (t, X).



Upper bound.

» Suppose that T ¢ RY, T-finite and | T| < &P, where p > 1.



Upper bound.

» Suppose that T ¢ RY, T-finite and | T| < &P, where p > 1.
> Let | X, = (E|Xi[P)? = (E|(t, X)[P)p < A forallte T.



Upper bound.

» Suppose that T c RY, T-finite and | T| < eP, where p > 1.
> Let | X, = (E|Xi[P)? = (E|(t, X)[P)p < A forallte T.
» Then
Esup X; < Esup | Xi| = E(sup | Xi|P)? <
teT teT teT

<(EY 1XP)r < (€PAP)7 = eA.
teT



Upper bound.

v

Suppose that T ¢ RY, T-finite and |T| < e°, where p > 1.

Let [| X[, = (EIX:[P)? = (E|(t, X)|P)» < A forallte T,
Then

v

v

Esup X; < Esup | Xi| = E(sup | Xi|P)? <
teT teT teT

<(EY 1XP)r < (€PAP)7 = eA.
teT

v

Is it possible to reverse this estimate?
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Log concave distribution.
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Vector X has a log concave distribution pux if for any
non-empty compact sets A, BCc R?anda+8=1,a,8>0

px(0A+ BB) = ux(A)*ux(B)’.

» If the support of uy is RY then there exists density fx of ux
such that fy = exp(—Uy), where Uy : RY — R is convex.

» For log concave X, all t € RY and p > 1 we have
[ Xellp = 1l (£, X)[lp < o0.

» Vector X is unconditional if X and (e X, ...,e4Xy), Where
e; are independent random signs P(s; = +£1) = 1.
> Itis known that || X[, < 2| Xt[lq forall 1 < g <p.
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How to compute the norms?

» Suppose that X is unconditional, isotropic and log concave.
» Suppose that t € R? has support

I(ty={ie{1,...,d}: ti# 0} such that |/(t)| < p
» Then

IXillp=sup{ > aiti: P([{Xi<a})>e P}
iel(t) iel(t)

» In particular for X; iid A'(0, 1) then || X, ~ +/Pl/ ]2
» If X; iid symmetric P(| Xj| > t) = C,exp(—|t|*), 1 < a < 2,

1Xtllp ~ v/Blltll2 + p=1t]5, where 1 4§ = 1.
> If X; iid U(—+/3,/3) then

* * 1 k
IXellp ~ 3284 18]+ V/P(Cisp |8 2)2, where [8] > |87, ].
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Suppose that X is unconditional, log concave.
Suppose that |[T| > e°, p > 1.
Suppose thatforeach s, t € T,s # t
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1 1
Xt = Xsllp = (E|X; — Xs[P)P = (E[(t — s, X)[P)» > A.

v

Does it imply that

Esup X; = Esup(t,X) > K 1A,
teT teT

where K is an absolute constant?
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Motivation.

» Dimension free estimate for E sup;.r X; in a particular
case where |T| ~ eP,0 € T and || X; — Xs|p ~ Afor all
s,teT,s#t.

» First step in order to establish dimension free estimates for
E||X|| by the generic chaining approach.

» Concentration inequalities of the type

P(IIX]| = K(E[X] + sup [[{x*,X)]|p)) < e"".

[lx*I<1
» Paouris type estimates

(EIX[P)? < K(EIIX| + sup_[[{x", X)]|o)-

lx*(I<1
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Gaussian case
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Let X; be iid V(0,1), |T| > €P, || X; — Xs|p >
Sudakov minoration: if ||t — s||> > aforall s,t € T, s # t
then
EsupX; > K 'a\/In|T|.
teT
Recall that || Xt||p ~ +/P||t]|2 and hence
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Xt — Xsllp ~ v/P|[t —s||2 > A, then a=

3>
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Therefore for |T| =

A
EsupX; > K '——\/p=K A
teTp t \/ﬁf
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Let X; be iid random signs, |T| > €, || X; — Xs|[p > A, s # t.
Talagrand’s minoration: let b(T) = Esup;c Xt and

D(a) = b(T)By + aBz, By = {x e R¥: 9, |xj|P < 1}.

Let N(T, D(a)) denotes the smallest number of shifts of the
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Bernoulli case

» Let X; be iid random signs, |T| > e°, || X; — Xs||p > A, s # L.
» Talagrand’s minoration: let b(T) = E sup;.1 X; and
D(a) = b(T)By + aBz, By = {x e R¥: 9, |xj|P < 1}.
» Let N(T, D(a)) denotes the smallest number of shifts of the
set D(a) that covers T.
» Then b(T) > K~'a,/InN(T, D(a)).
> If || X; — Xs|p > A, then t — s ¢ ABy + L B, and hence

7
either b(T) > KA or T is covered by at least e® shifts of

D(%) which means
1 A

b(T) > 7

—J/p=K A
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Symmetric exponentials

» Let X; be iid, symmetric P(|Xj| > x) = ™, |T| > €,
| Xt — Xsl||p > Aforall s # t.
Recall that

v

1 Xt = Xsllp ~ v/Plit = sll2 + plls = tloo = A.

Sudakov minoration: E sup;c7 X; > K~ A?

The question can be reduced to the following one:
suppose t; € {0, k;}, ki > 1foralli e {1,2,...,d} then
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EsupX; =Esup )~ kX > K 'In|T|.
teT tETiel(t)

v

This fact was established by Talagrand and generalized by
Latala and then by Latala and Tkocz.
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» (Sufficient cardinality) Let T ¢ RY consists of e°P points,
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» (Cube-like) Let T consists of t that satisfies t; € {0, k;},
where k; > 1.

» (Short supports) For each t the support satisfies
|I(t)] < 6p, where ¢ is sufficiently small. In fact
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The idea of common withess

» Let J(t) consists of points s € T such that

S kXlp> b

iel(tH)\I(s)

» Suppose that for each t € T one can select g;(t) > 1,
€ I(t) such that

> ka, > C 'p forall seJ(t)
iel(t)\I(s

» and
P((){Xi=a(t)})=eP.
i€l(t)
» The condition is verified when supports are disjoint or
intersects in few coordinates.
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Set of non-negligible measure

» Recall that | T| > eP, C-large. Clearly

elCP < e PIT| <Y P([){X >ai(t)}) =EN,
teT  iel(t)

where N =3, Hiel(t) Tix12a(1)-
» Therefore

EN < %e—Pm +|TIP(N > %e—Pm).

» Hence

1 1
> —elC-Npy > g P
P(N > 5€ ) > €

» Consequently P(X € B) > jePforB={y e R?: 3SC
T,|S| > %9(0—1);9’ yi = ai(t)vie l(t),t € S}.
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Consider points x € Aand y € B.

It is possible to show that there must exists at least Cp
points in S such that

v

N —

a,-(t) >

1
X >
.yl XI/2

Therefore

v

y—X ¢ C(\/,BBQ +pB1).
Consequently if P(X € A) > J

v

%efp <P(Xe€B)<P(X¢A+ C(vpB:+ pBy)) < e72P.

v

The contradiction implies that P(X € A) < % and hence the
minoration holds.
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Further thoughts

» This argument shows

Theorem

If in the simplified setting the common witness exists for each
t € T and the exponential inequality holds with dimension free
« then

EsupX; > K 'p=K A
teT

» There is no chance to remove the common witness
assumption from the argument described above.

» Still there is a possibility to strengthen the induction
argument which is the core of the main Latala’s approach
to the Sudakov minoration for canonical processes.
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