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Lower semicontinuity and sparate convexity
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Fourier- and Riesz Transforms

Fourier Transformation

o & = E DA
Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti



Fourier- and Riesz Transforms

Fourier Transformation

F(u)(6)

_ \/%/ u(x)e

lx~§dx
The Riesz transformation as Fourier multiplier

F(Ri(1))(€) =

\/_é’| F(u)(€) with 1<i<n

£:(£17"'a€n)'
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Fourier- and Riesz Transforms

Fourier Transformation

HO =5 / (e

The Riesz transformation as Fourier multiplier

FR()(E) = —v T fé Fu)(©) with 1<i<n &=(6.....6).
R; is LP(R")—bounded

IRillp < CP?/(p—1), 1<p< oo
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Lower Semi-continuity
Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R" — R™ be separately convex and polynomially bounded.
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Lower Semi-continuity
Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R® — R be separately convex and polynomially bounded
If (vy : R™ — R") is weakly convergent

vy — v weakly in LP(R", R"),
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Lower semicontinuity and sparate convexity

Lower Semi-continuity

Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R™ — R be separately convex and polynomially bounded.
If (v; : R® — R™) is weakly convergent

vy — v weakly in LP(R", R"),

then we have lower semi-continuity: Vi > 0,

[ 1 e)ee)dx < timinf [ (su(0)e(x)dx
Rn Rn
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Lower semicontinuity and sparate convexity

Lower Semi-continuity

Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R™ — R be separately convex and polynomially bounded.
If (v; : R® — R™) is weakly convergent

vy — v weakly in LP(R", R"),
then we have lower semi-continuity: V¢ > 0,
/ f(v(x))p(x)dx < Iiminf/ f(ve(x))e(x)dx,
Rn r—0o  Jpn

provided that
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Lower semicontinuity and sparate convexity

Lower Semi-continuity

Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R™ — R be separately convex and polynomially bounded.
If (v; : R® — R™) is weakly convergent

vy — v weakly in LP(R", R"),
then we have lower semi-continuity: V¢ > 0,
/ f(v(x))p(x)dx < Iiminf/ f(ve(x))e(x)dx,
Rn r—0o  Jpn

provided that

ViZi R Legny = 0.
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Semi continuity and convexity.
Let 1l <p<oo, f:R* = R" 0<f(x)<C(L+ |x|P).
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Semi continuity and convexity.
Let 1l <p<oo, f:R* = R" 0<f(x)<C(L+ |x|P).

A) Fatou on lower semi continuity

If f is continuous and w; — w in LP norm convergent, then

/ f(w(x))dx < lim inf/ f(w;(x))dx.
[0}1]11 ]J—0o0 [0,1]“
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Compensated Compactness: Origin and Background Weak semi-continuity

Semi continuity and convexity.

Let 1 <p<oo, f:R* =R 0<f(x)<C(L+ |x[P).

A) Fatou on lower semi continuity

If f is continuous and wj — w in LP norm convergent, then

/[071]11 f(w(x))dx < liminf /[o,l]n f(w;(x))dx.

J—00

B) Hahn-Banach on lower semi continuity

If f is convex and wj — w in LP weakly convergent then again

j—oo

/[071]n f(w(x))dx < liminf /[071]n f(wi(x))dx,

and conversely.
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Compensated Compactness: Origin and Background Weak semi-continuity

Weak lower semi continuity implies convexity

Let h : R® — R" be bounded and [0, 1]" periodic. We prove

f(/[0,1]n h(x)dx) < /[071]11 f(h(x))dx.
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Compensated Compactness: Origin and Background Weak semi-continuity

Weak lower semi continuity implies convexity

Let h : R® — R" be bounded and [0, 1]" periodic. We prove

f(/[0,1]n h(x)dx) < /[071]11 f(h(x))dx.

Form highly oscillatory and hence weakly convergent, wj(x) = h(jx),

wj — h(x)dx.
[0,1]
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Compensated Compactness: Origin and Background Weak semi-continuity

Weak lower semi continuity implies convexity

Let h : R® — R" be bounded and [0, 1]" periodic. We prove

f(/[0,1]n h(x)dx) < /[071]11 f(h(x))dx.

Form highly oscillatory and hence weakly convergent, wj(x) = h(jx),

wj — h(x)dx.
[0,1]

Weak lower semi continuity implies Jensen’s Inequality

f (/[0,1]n h(X)dX> < ||Jr‘r_1>|orc1)f /[0,1]n f(wi(x))dx = /[071]n f(h(x))dx.
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Compensated Compactness: Origin and Background Weak semi-continuity

Interpretation

Comparison of A and B:

Extending the class of admissible testing sequences from norm-converging
to weakly converging is compensated by restricting the class of
admissible integrands f from continuous to convex.
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Compensated Compactness: Origin and Background Weak semi-continuity

Interpretation

Comparison of A and B:

Extending the class of admissible testing sequences from norm-converging
to weakly converging is compensated by restricting the class of
admissible integrands f from continuous to convex.

Emphasize

The weakly convergent sequence satisfies Jensen’s inequality with
respect to f.

Compensated Compactness obtains

weak lower semicontinuity of non convex Lagrangians.
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Compensated Compactness: Origin and Background Weak semi-continuity

Interpretation

Comparison of A and B:

Extending the class of admissible testing sequences from norm-converging
to weakly converging is compensated by restricting the class of
admissible integrands f from continuous to convex.

Emphasize

The weakly convergent sequence satisfies Jensen’s inequality with
respect to f.

Compensated Compactness obtains

weak lower semicontinuity of non convex Lagrangians.This is possible only
when weakly converging testing functions satisfy additional constrains.
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Quasi- Convexity
Gradients are curl-free
W Rn _) Rnxn

curlw = (8iw(mvj) _ aiw(m,i))

ij=1>
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Compensated Compactness: Origin and Backgr

Quasi- Convexity

Gradients are curl-free

w o R? — R,

curlw = (8iw(m»j) _ aiw(m,i))

ij=1>

o & = E DA
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If v :RY — R" and 9;v(™) = w(mi) then curlw = 0.




Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Quasi- Convexity

Gradients are curl-free
W RI’I _) RHXH

curlw = (Gw(™9) — 8jw(m’i))§j:1, m <n.

If v :R® — R® and 9;v(™) = w(md) then curlw = 0.

Jensen’s inequality for gradients = quasi convex.
If L:R™™ — RT, L(x) < (1+ |x|P) satisfies Jensen's inequality for
gradients,

/ L(a+ w) > L(a), / w=0, curlw=0.
[0.1] [0.1]

then L : R®*® — RT is called quasi convex.

v
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Morrey's Theorem
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Morrey's Theorem

Assume quasi convexity, L : R™® — R*,  L(x) < (14 |x/P) and

/ L(a+ w) > L(a), / w=0, curlw=0.
[0.1] [0,1]
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Morrey's Theorem

Assume quasi convexity, L : R™® — R*,  L(x) < (14 |x/P) and
/ L(a+ w) > L(a), / w=0, curlw=0.
0,1 0,1

wy — v weakly in LP(R", R"*"),

curl(w;) =0,
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.
’
Morrey's Theorem

Assume quasi convexity, L : R™® — R*,  L(x) < (14 |x/P) and

/ L(a+ w) > L(a), / w=0, curlw=0.
[0.1] [0,1]

wy — v weakly in LP(R", R"*"),
curl(w;) =0,
then

/ L(w)dsx < liminf / L (we)ds,

and conversely.
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Morrey's Theorem extended by Murat and Tartar.

Assume quasi convexity, L : R™® — R*,  L(x) < (1+ |x/P) and

/ L(a+ w) > L(a), / w =0, curlw=0.
[0.1] [0,1]

If
wy = v weakly in LP(R", R**"),
curl(w,) pre — compact in W~ LP(R® R®*1),
then
/L(W)dx < Iiminf/L(wk)dx.
Bedlewo 2016 11 /34



Quasi-Convexity and the Specialisation of Ball-Murat.
Morrey's Theorem extended by Murat and Tartar.

Assume quasi convexity, L : R™® — R*,  L(x) < (1+ |x/P) and

/ L(a+ w) > L(a), / w =0, curlw=0.
[0.1] [0,1]

wy = v weakly in LP(R", R**"),
curl(w,) pre — compact in W~ LP(R® R®*1),
then

/ L(w)dx < liminf / L(wy)dx.

Note : wy(x) are weakly converging n X n matrices.
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Recall Decomposition Principle for curl.
For sequences (v, : R® — R") satisfying

vi =0 weakly in LP,

curlviy — 0

in WP

o & = E DA
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Recall Decomposition Principle for curl.

For sequences (v, : R® — R") satisfying
vy =0 weaklyin LP, curlvy —»0 in W7LP

there exists a decomposition v, = u, + wy, so that :

curlwy, = 0, = / L(a + wy) > L(a),
[0,1]»
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

Recall Decomposition Principle for curl.

For sequences (v, : R® — R") satisfying
vy =0 weaklyin LP, curlvy —»0 in W7LP

there exists a decomposition v, = u, + wy, so that :

curlwy, = 0, = / L(a + wy) > L(a),
[0,1]»

and
HukHLp — 0.
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The Ball-Murat specialization

The system

Ao(v) = grad(v)—diag(d1v1, - . - Onvn),
satisfies

v=(vi,...,Vvn), Vi : R" = R.
Ao(v) = 0 = vi(x) = vi(xi).
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The Ball-Murat specialization
The system

Ao(v) = grad(v)—diag(d1vi, . . . OnVn), v=_(v1,...,Vn),vi : R* = R.
satisfies

Ao(v) = 0 = vi(x) = vi(xi).

If f is separately convex and Ag(v) = 0 then Jensen's inequality holds

/[0 N f(a+v) > f(a), /

[0.1]

o & E DA
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

The Ball-Murat specialization

Following Ball-Murat we specialize Morrey's theorem to diagonal matrices

w(x) = Z v (x)em @ e, and  L(w) = f(vV), ... v,

m=1
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

The Ball-Murat specialization

Following Ball-Murat we specialize Morrey's theorem to diagonal matrices

w(x) = Z v (x)em @ e, and  L(w) = f(vV), ... v,

m=1

The curl for diagonal martices w : curl(w) <= Ag(v).
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

The Ball-Murat specialization
Following Ball-Murat we specialize Morrey's theorem to diagonal matrices

w(x) = Z v (x)em @ e, and  L(w) = f(vV), ... v,

m=1
The curl for diagonal martices w : curl(w) <= Ag(v).

Theorem of Tartar:
Weak lower semicontinuity of

/f(vr(x))dx, Ao(v;) pre — compact in W—1P

implies that f is separately convex.
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Compensated Compactness: Origin and Background Quasi-Convexity and the Specialisation of Ball-Murat.

The Ball-Murat specialization

Following Ball-Murat we specialize Morrey's theorem to diagonal matrices

w(x) = Z v (x)em @ e, and  L(w) = f(vV), ... v,

m=1
The curl for diagonal martices w : curl(w) <= Ag(v).

Theorem of Tartar:
Weak lower semicontinuity of

/f(vr(x))dx, Ao(v;) pre — compact in W—1P

implies that f is separately convex.

Problem of Tartar

Does separate convexity imply weak lower semicontinuity?
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Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R® — R*, separatly convex, with, 0 < f(x) < (1 + [x|P).
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Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R® — R*, separatly convex, with, 0 < f(x) < (1 + [x|P).
vy — v in LP,

and  Ag(v;) pre — compact in W~ 1P
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Theorem (J. Lee, S. Miiller, P.F.X.M.)

Let f : R® — R*, separatly convex, with, 0 < f(x) < (1 + [x[P).
vy =vin LP, and Ap(v;) pre — compact in wLp
implies that for each non negative testing function ¢,

/ F(v(x)p(x)dx < limin / £(ve (x)) 0 () x.
Rn Rn

Recall. Ag(u) = grad(v) — diag(d1vi, . ..0Onvn),
v=(vi,...,vn), Vi : R* - R.
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The decomposition. (J. Lee, S. Miiller, P.F.X.M.)

For sequences (v, : R* — R™) with support in the unit cube satisfying
vi =0 weaklyin LP, Ap(v;) =0 in WP

there exists a decomposition v, = u; + wy, so that :
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The decomposition. (J. Lee, S. Miiller, P.F.X.M.)

For sequences (v, : R* — R™) with support in the unit cube satisfying
vi =0 weaklyin LP, Ap(v;) =0 in WP

there exists a decomposition v, = u; + wy, so that :

© For each separately convex f we have Jensen’s Inequality

/ f(a+ u.(x))dx > f(a).
[0,1]
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The decomposition. (J. Lee, S. Miiller, P.F.X.M.)

For sequences (v, : R* — R™) with support in the unit cube satisfying
vi =0 weaklyin LP, Ap(v;) =0 in WP

there exists a decomposition v, = u; + wy, so that :

© For each separately convex f we have Jensen’s Inequality

/ f(a+ u.(x))dx > f(a).
[0,1]
HWrHLp — 0.
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UG
The Haar System

Dyadic intervals D in R are [k27™, (k + 1)27"[. A Haar function hy is
supported on I € D and hy = 1 on the left half of I and h; = —1 on the

right half of I.
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UG
The Haar System

Dyadic intervals D in R are [k27™, (k + 1)27"[. A Haar function hy is
supported on I € D and hy = 1 on the left half of I and h; = —1 on the

right half of I.

Isotropic Haar basis in L2(R") :
x=(x1,...,%n), |Iil=---=1L|, A={0,1}"\{0}.

Il>< w1, (¥) = hil(x1) - - hi™ (xn), e=(e1,...,en) € A.
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Subsystems of the Haar system
The j—th unit vector: e; € R".

b= {0 L=

T = |In|}

o & = E DA
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Tartar's Conjecture and its Proof RN GEEIESE )

Subsystems of the Haar system

The j—th unit vector: e; € R".
W= == )

Iy x--xIy

P(%) is the orthogonal projection onto span# ().
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Tartar's Conjecture and its Proof RN GEEIESE )

Subsystems of the Haar system

The j—th unit vector: e; € R".

Wi — {h§1ej>2~--><1n = = (L[

P(%) is the orthogonal projection onto span# ().

P(v) = (P (vy),...,PC)(vy)) v=(vi,..., V)
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Tartar's Conjecture and its Proof RN GEEIESE )

Subsystems of the Haar system

lhe j—th unit vector: e; € R™.
H = L) ==
{ Ty X xIp * | 1| | nl}

P(%) is the orthogonal projection onto span# ().

P(v) = (P (vy),...,PC)(vy)) v=(vi,..., V)

If f is separately convex then Jensen's inequality holds on the range of P,

/ f(P(v(x))dx > f </ P(V)(X)dX) .
[0,1]» [0,1]»
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Directional Haar projection:

Foreec A={0,1}"\0 put PEy= Z(U, h(QE)>hS)’Q‘_1'
Q

o & E DA
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Directional Haar projection:

Foree A={0,1}"\0 put PEy= Z(Ua h(S)>h5§)\Q!_1-

Q
Theorem: (J. Lee, S. Miiller, P.F.X.M.)

If e = (e1,...en) € A with gj;, = 1, then

o & E DA
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ET SN GRS Riesz Transforms and Interpolatory Estimates

Directional Haar projection:
Foree A={0,1}"\0 put PEy= Z(u, h(é)>hg)\@|_1.
Q

Theorem: (J. Lee, S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj;, = 1, then

1/2 1/2
1POW)l]o < AgllulB 2Ry (W)IF?  2<p <.

and
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ET SN GRS Riesz Transforms and Interpolatory Estimates

Directional Haar projection:
Foree A={0,1}"\0 put PEy= Z(u, h(é)>hg)|@|_1.
Q

Theorem: (J. Lee, S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj;, = 1, then

1/2 1/2
1POW)l]o < AgllulB 2Ry (W)IF?  2<p <.

and

1 1-1
P15 < Agllully”IRa(w)5 7, 1<p<2
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ET SN GRS Riesz Transforms and Interpolatory Estimates

Directional Haar projection:

Foree A={0,1}"\0 put PEy= Z<Ua hS)>h5§)IQI‘1-
Q

Theorem: (J. Lee, S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj;, = 1, then

1POW)lp < Apllullp IR ()F? 2< p < oc.

and

1-1
1P|, < Apllull b PR (W)llp P, 1<p<2.

Exponents are sharp! For instance,

PO wl|, _
1/2+5H H1/2 5§ = %

2 < p<oo.
welr || R w|
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Harvest: LP Estimates for (v — P(v)).

If

v, =0 weakly in LP
then

Ao(v,) =0 in WLP

v — P(v)|lp — O.

o & E DA
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Riesz Transforms and Interpolatory Estimates
Harvest: LP Estimates for (v — P(v)).

If v, =0 weakly in P Ao(v,) =0 in WLP

then
[vr — P(v;)|lp — 0.

Indeed ., .,
=P <G> S IRV V52,

i=1j=1j#i
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Riesz Transforms and Interpolatory Estimates
Harvest: LP Estimates for (v — P(v)).

If v, =0 weakly in P Ao(v,) =0 in WLP
then
[vr = P(vi)llp = O.

Indeed

v N L/2 ) ()12

v =PWlp < oy D IRV (V5"

i=1 j=1,j#i

Right hand side is bounded by

1/2 1/2 .
Coll Aov [y s lIvIIE > + I T(V)]lps  where T is compact.
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Riesz Transforms and Interpolatory Estimates
Harvest: LP Estimates for (v — P(v)).

If v, =0 weakly in P Ao(v,) =0 in WLP
then

[vr = P(vi)llp = O.
Indeed

n n
Nnl/2 Nnl/2
=P <G> S IRV V52,
i=1j=1j#i
Right hand side is bounded by

1/2 1/2 .
Coll Aov [y s lIvIIE > + I T(V)]lps  where T is compact.
Riesz transforms satisfy
IRiwllp < Cllojwllw-1e + | Twllp,

Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti Bedlewo 2016 20 / 34



ET SN GRS Riesz Transforms and Interpolatory Estimates

The decomposition made explicit

For sequences (v, : R” — R") with support in the unit cube satisfying

v, =0 weakly in LP, Ao(v,) =0 in WLP
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ET SN GRS Riesz Transforms and Interpolatory Estimates

The decomposition made explicit

For sequences (v, : R” — R") with support in the unit cube satisfying

v, =0 weakly in LP, Ao(v,) =0 in WLP

© For each separately convex f

/ F(a+ P(v,(x)))dx > £(a).
o)
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ET SN GRS Riesz Transforms and Interpolatory Estimates

The decomposition made explicit

For sequences (v, : R” — R") with support in the unit cube satisfying

v, =0 weakly in LP, Ao(v,) =0 in WLP

© For each separately convex f

/ F(a+ P(v,(x)))dx > £(a).
0,117
lve — P(v)||r — O.
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Induced Questions
o & = E DA
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Induced Questions UMD Spaces and Rademacher Type

Induced Questions

Directional projections ranging in UMD spaces:R. Lechner proved

1 1

1
1P onxy < Al g 1R () o x:

where T = Rademacher Type of LP(X) and A = A(p, UMD(X)).
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Induced Questions UMD Spaces and Rademacher Type

Induced Questions

Directional projections ranging in UMD spaces:R. Lechner proved

1 1

1
1P onxy < Al g 1R () o x:

where T = Rademacher Type of LP(X) and A = A(p, UMD(X)).
The Rademacher Type of LP(X) enters explicitely in the exponents.

Conversely, do interpolatory exponents contain then information about
about the Rademacher Type of LP(X)?
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Induced Questions UMD Spaces and Rademacher Type

Induced Questions

Directional projections ranging in UMD spaces:R. Lechner proved

1 1

1
1P onxy < Al g 1R () o x:

where T = Rademacher Type of LP(X) and A = A(p, UMD(X)).
The Rademacher Type of LP(X) enters explicitely in the exponents.

Conversely, do interpolatory exponents contain then information about
about the Rademacher Type of LP(X)?

Replace the Haar system by Holder smooth wavelets.
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I RONTESEN UMD Spaces and Rademacher Type

Induced Questions

Directional projections ranging in UMD spaces:R. Lechner proved

1 1

1
1POW)Ieogen x) < Allull s s 1R (1) o

where T = Rademacher Type of LP(X) and A = A(p, UMD(X)).

The Rademacher Type of LP(X) enters explicitely in the exponents.
Conversely, do interpolatory exponents contain then information about
about the Rademacher Type of LP(X)?

Replace the Haar system by Holder smooth wavelets. Conversely, do the
interpolatory exponents contain then information about the smoothness of
the wavelet system? (A. Kamont, S.Miiller, PEXM).
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Admissible wavelet systems (1).

S is the collection of all dyadic cubes in R” and

A={ee{0,1}": £ (0,....0)}

o & E DA
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Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelet systems (1).

S is the collection of all dyadic cubes in R” and
A=1{e€{0,1}":¢#(0,....0)}. Fix an orthonormal basis in L?(R")

{©8/VIRl: Qe S,c e A}
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Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelet systems (1).

S is the collection of all dyadic cubes in R” and
A=1{e€{0,1}":¢#(0,....0)}. Fix an orthonormal basis in L?(R")

{©8/VIRl: Qe S,c e A}

We assume that gp((;) satisfies:

@ Localization with decay estimates around @
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Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelet systems (1).

S is the collection of all dyadic cubes in R” and
A=1{e€{0,1}":¢#(0,....0)}. Fix an orthonormal basis in L?(R")

{©8/VIRl: Qe S,c e A}

We assume that go((s:) satisfies:

@ Localization with decay estimates around @

@ Holder continuity of order o with 0 < o < 1.

Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti Bedlewo 2016 23 /34



Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelet systems (1).

S is the collection of all dyadic cubes in R” and

A=1{e€{0,1}":¢#(0,....0)}. Fix an orthonormal basis in L?(R")

{©8/VIRl: Qe S,c e A}

We assume that go((s:) satisfies:
@ Localization with decay estimates around @
@ Holder continuity of order a with 0 < o < 1.

@ Sectional oscillation for i € {j < n:egj=1}:

Thus go(é) is a spread-out, Hoelder-smooth version of h(g)

Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti

Bedlewo 2016
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Admissible wavelets (2).

We require decay, Hoelder estimates and sectional oscillation:

o & = E DA
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Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelets (2).

We require decay, Hoelder estimates and sectional oscillation:

d' t —n(1+6)
° le5 00l < € (1+ L5)
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Induced Questions Wavelet Projections and Riesz Transforms

Admissible wavelets (2).

We require decay, Hoelder estimates and sectional oscillation:

d' t- —n(1+6)
° le5 00l < € (1+ L5)

) dist(x. —n(1+46)
o g () — ¢S (1) < Cs(Q)x — el (1+ L)
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Wavelet Projections and Riesz Transforms
Admissible wavelets (2).

We require decay, Hoelder estimates and sectional oscillation:
: —n(1+6)
° |90(5)(x)| <C (1 + %)
o o5 (x) — oG (e)] < Cs(@)x — el (1+ VD)

@ Sectional oscillation for i€ {j < n:egj=1}:

1 —n(146
Ei(6§)(0] < Cs(@) (1 + Lsits02) (t+0)

s(Q)
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Wavelet Projections and Riesz Transforms
Admissible wavelets (2).

We require decay, Hoelder estimates and sectional oscillation:
: —n(1+6)
° |go(€)(x)| <C (1 + %)
o o5 (x) — oG (e)] < Cs(@)x — el (1+ VD)

@ Sectional oscillation for i€ {j < n:egj=1}:

1 —n(146
Ei(6§)(0] < Cs(@) (1 + Lsits02) (t+0)

s(Q)
where

Ei(f)(x) = f’ f(X1,...yS,...,Xn)ds,
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Directional wavelet projections

Fore e A={0,1}"\0 put WO(u)=> (u, wS’)wS)IQI’l,
QeS

o & E DA
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Induced Questions Wavelet Projections and Riesz Transforms

Directional wavelet projections

Fore e A={0,1}"\0 put WO(u)=> (u, wS’)wS)IQ|’17
QeS

Theorem: (S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj; = 1, then
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Induced Questions Wavelet Projections and Riesz Transforms

Directional wavelet projections

Foree A={0,1}"\0 put WO (u)= Z<u,<p(5)>so(5)|0|’l7
QeS

Theorem: (S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj; = 1, then

IWOW)ll, < Alully IRy (u)ll5,  0<a<1.
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Induced Questions Wavelet Projections and Riesz Transforms

Directional wavelet projections

Foree A={0,1}"\0 put WO (u)= Z<u,<p(5)>so(5)|0|’l7
QeS

Theorem: (S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj; = 1, then

IWOW)ll, < Alully IRy (u)ll5,  0<a<1.

If =1, then

Ri |
W (u gA(1+|og lullplIR, f’) Ri ()|,
H ( )HP HR/O(U)”P H 0( )HP
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Induced Questions Wavelet Projections and Riesz Transforms

Directional wavelet projections

Foree A={0,1}"\0 put WO (u)= Z<u,<p(5)>so(5)|0|’l7
QeS

Theorem: (S. Miiller, P.F.X.M.)
If e = (e1,...en) € A with gj; = 1, then

IWOW)ll, < Alully IRy (u)ll5,  0<a<1.

If =1, then

Ri |
W (u gA(1+|og lullplIR, f’) Ri ()|,
H ( )HP HR/O(U)”P H 0( )HP

Haar projections are not limiting cases of the above. Check the exponents!
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Induced Questions Wavelet Projections and Riesz Transforms

Dyadic decomposition of Haar Projections:

We resolve the discontinuities of the Haar system step by step. At each
dyadic scale we relate the Riesz transforms to Haar projections.
b € C*(R), with support in [—1, 1], so that

+1
b(¢) = b(—t), Lip(b) < 8, and / b(t)dt = 1.
1

do(x) =2"b(2x1) - - - - - b(2xp) — b(x1) - - - - - b(xpn).

[e.9]

u= Z ukdy, di(x) = do(2°x)2™.

{=—0c0

Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti
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Decomposing P)(u)

Si={Qes:[Ql=27},

Ajo(hS)) = BS) « dy.

o & = E DA
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Wavelet Projections and Riesz Transforms
Decomposing P)(u)

Sj={QeS:[Q[= 2_j}: Aj-i-e(h((;)) = h(é) * dj.

=30 3 (s PO = 3 T

JEZL QGSJ {=—00
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Wavelet Projections and Riesz Transforms
Decomposing P)(u)

Si={Qes:[Q|= 2_j}: Aj-i-e(h((;)) = h(g) * dp.

o0

=30 3 (s PO = 3 T
JEZ QES; f=—0c0
The inverse  R-!  has symbol @ S + & i
nverse Ry has sy 2 &

EI() ‘5’ i= 1,#,
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Wavelet Projections and Riesz Transforms
Decomposing P)(u)

Si={Qes:[Q|= 2_j}: Aj-i-e(h((;)) = h(g) * dp.

Z(E)u—z Z u, Ajyo( h(5 ))h a)|Q! ! PE) () = Z Tz(a)u.

JEZ QES; f=—0c0

The inverse Rl.gl has symbol @ flo+ Z § &

EIO ‘§| i= 1,#,

TORYW=TORu+ Y TOEOR.
i=1,i %o

Paul F.X. Miiller JKU Linz Compensated Compactness Interpolatory Esti Bedlewo 2016
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T ROITESIERY  Wavelet Projections and Riesz Transforms

Fix p > 2. We have the Norm-Estimates

|| Tz(a)“p S 2—£/27 || TZ(??)RI;].HP S 2+2/2; E > 07

1T <27 TR < 27P e <0,

which imply interpolatory estimates
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Induced Questions Wavelet Projections and Riesz Transforms

Fix p > 2. We have the Norm-Estimates
|| Tz(a)“p S 2—£/27 || TZ(S)R,;].Hp S 2+2/2; E > 07

1T <27 TR < 27P e <0,

which imply interpolatory estimates
1/2 1/2
1P (W)l < CllRully*|lull>.

as follows
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Pattern of Proof
Apply triangle inequality

1P (u)[lp < Z 1T ull,

l=—o00

o & = E DA
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Wavelet Projections and Riesz Transforms
Pattern of Proof

Apply triangle inequality

[e.9]

PO, < S 1T ul,

{=—00
Choose M
o < LlplRalls _ ot
HRI'OUHP
and split the series at £ = M
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Wavelet Projections and Riesz Transforms
Pattern of Proof

Apply triangle inequality

1P (u)[lp < Z 1T,

{=—00
Choose M
oM < ““HpHRio”p < 2M+1,
HRI'OUHP

and split the series at £ = M

) 1)

-1
Z 17,7 Ry ol Ripullp + Z 1T, Mol
{=—00 {=M+1
Bedlewo 2016
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Wavelet Projections and Riesz Transforms
Pattern of Proof

Apply triangle inequality

1P (u)l < Z 1T,

{=—00
Choose M
oM < [ullpll Riy llp < pM+1
HRI'OUHP
and split the series at £ = M

o0

M
STITER IR ulls + S0 T Npllull,

l=—00 {=M+1

Insert the norm estimates for the operators
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Wavelet Projections and Riesz Transforms
Pattern of Proof

Apply triangle inequality

1POW, < S IT ull,

{=—o00
Choose M
oM < ““HpHRio”p < 2M+1,
HRI'OUHP

and split the series at £ = M

) 1)

-1
SR M plRoule + Y 1T ollulle
{=—00 (=M+1

Insert the norm estimates for the operators

— 1/2 1/2
2MP2|| Ryl + 272 ull, < C||Ryullp? | ull5?.
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Wavelet Projections and Riesz Transforms
Decomposing W©)(u)

A similar decomposition based on Calderon's reproducing formula gives a
decomposition of the wavelet projection

WOW) = 3" (1,05 e5)1Q
QEeS
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Wavelet Projections and Riesz Transforms
Decomposing W©)(u)

A similar decomposition based on Calderon's reproducing formula gives a
decomposition of the wavelet projection

W) = 3 (601017
Qes

With Tz(a)” = Z Z (u, Aj+€(99(5))>s0(5)|0\_17 Aj+é(<P(5)) = p)xd,.
JEZ QES;

we get the decomposition

o

W(E)(u): Z Tg(s)u.

f=—00
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T ROITESIERY  Wavelet Projections and Riesz Transforms

Norm-Estimates for the decomposing operators

1T, < c27f, | TOR, <2 ¢>o,
1T, <27, | T;E)R,;lnp <27, <o,

imply
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Induced Questions Wavelet Projections and Riesz Transforms

Norm-Estimates for the decomposing operators

1T, < c27f, | TOR, <2 ¢>o,
1T, <27, | T;E)R,;lnp <27, <o,

imply
WO W)llp < Allullp IRy (u)ll3,  0<a<L.
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Induced Questions Wavelet Projections and Riesz Transforms

Norm-Estimates for the decomposing operators

1T, < c27f, | TOR, <2 ¢>o,
1T, <27, | T;E)R,;lnp <27, <o,

imply
WO W)llp < Allullp IRy (u)ll3,  0<a<L.

and

R;
WO < 4 (2 1og el Bl ey, =1

IR (1)l
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Induced Questions Wavelet Projections and Riesz Transforms

Norm estimates for TZ(E), TZ(E)R,;1 . Reduction to permutation
operators and to projections onto block bases of the Haar system:

Tu=3" 5" (u, Ap(h§))HS Q1

JEZ QES;

¢ >0 — projections. ¢ < 0 — rearrangements.
QReS;, |Q =277 DE)(Q) discontinuities of h5).
DI,(Q) = {z: d(2,D)(Q)) < 27U+1} strips of width 2709 around
the discontinuities.
Aj+g(h(5)) lives on Dj(i)e(Q) and oscyllates at scale ~ 2 *diam@.
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Induced Questions Wavelet Projections and Riesz Transforms

Aje(hG < €, Lip(Bj4u(hG))) < C2' /diamQ.

Cover Q N Dj(i)e(Q) with pairwise disjoint cubes of diameter 2~‘diamQ.

— {El(Q)7 ) EM(Q)}7 M < C2n(£_1)-

M
Form dg=) he and Gu)=>_ " (u h§)dolQl ™,
i=1

JEZ QES;

and compare with

T =33 (u, ) A (hS)IQI .

JEZ QES;
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Induced Questions Wavelet Projections and Riesz Transforms

We have
1T ullg < ClIG(u)llqs

and
I(TER M ullg < €216 (u)l,

Estimates for the projection itself,
1G(u)]lg <27?||ullq for q<2.

1G()llg < 277Pllullq for g=2.
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