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Asymptotics of Heat kernel

Asymptotics of heat kernel

M, g compact Riemannian manifold
dim(M) = d, OM=10
P diff. operator order 2, elliptic, on vector bundle V over M

o(P) is definite positive
Then

Example: Laplace-type operators

—[ﬂvg’“’(x) a,u.al/ + VV(X) Oy + W(X)]
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Asymptotics of Heat kernel

Importance of coefficients

Just to quote a few
Physics: d =4,
ai(P), ay(P) give one-loop renormalization, ...

If D is a Dirac operator, a,(D?) ~ Einstein—Hilbert action

Mathematics:
Cp(0) ~ ag/y,  Cp(s) = Tr P~° for R(s) large with P >0
V=Vtaev, v* complex hermitian bundles,

D: C®(V*) — C*(V~) Dirac-type op., Dy := (DO* I(?)

. _ * _ * . _ 2
Index(Dy) = lim Tr[e tPP" — e 10D = [im STre tPv
=0 t—0
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Computation of heat-coefficients

The different methods

Analytical: expansion of integral kernel K(t, x, x) I(; °% ar(P) tr—d/2
t +

Variant in spectral geometry: search for invariants or conformal &
gauge covariance

Pseudodifferential operators: symbols, parametrics etc

e [dre ey

C oriented curve around R*.

Where are the difficulties
if principal symbol is not scalar?
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Computation of heat-coefficients

General non-minimal second order differential operator:
P = —[u""(x) 0,0, + v"(x) 0, + w(x)]

, VI, ware N x N matrices

O ne d ifﬁ Ccu lty apart complexity

oa(x, &) = u"(x) £,€, assume strictly positive eigenvalues, V(x,§) € T*M
o1(x, &) = —ivF(x) &u
oo(x, &) = —w(x)

o € My
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Computation of heat-coefficients

a(P) = gl [ dhded e tr bl V)
A€ Cand(x, & € T*(M)

Bo(x. €, V) = (02(x, &) = V)" € My

bix, &N =~ S EDN(92h) (@) b

r=j+|al+2—k
j<r

Functions by, even for r = 1, generate terms like
tr [A1(A) By A2(N) By A3(N) -+ - ]

Ai(A) = (02(x, &) — A)~"™ do not commute with B;
Integral in X is difficult
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Computation of heat-coefficients

If one uses the spectral decomposition o, = >, A\ E;
tr [Ai1(A) By Ax(N) B2 As(N) - - -]

= Z [ d\ e_)‘ ()\h _ )\)—nﬁ ()‘iz _ )\)—niz()\i3 _ )\)—n,-3 . ]

L AeC
1502, 3, €

tr(E;, B1 Ej, By Ejy -+ +)
A-integral is easy

How to recombine the sum?

All coefficients are known
but not explicitly in terms of u"”, v/, w
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Another approach

Functional approach for kernel of e‘* based on the Volterra series

K(t, x, x') = kernel of e~t*
Tr[etP] = / dx tr[K(t, x, x)].
K(t, %, x) ~ / de et (HKP) g
- ;T/dge—”—ﬁ"—”’n, € t12¢
where

H(x, &) = u"(x) §u&y
K(x,&) = —i&, [v''(x) + 2u""(x) 0,]
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Another approach

Duhamel formula
AB_ g +Z/ ds1/ dsy - - / dsy
S1=50A B (51—)A | (st 1—50A g g5iA
After integration in £
tr K(t, x, x) td/2 [ao(x) + t a;(x) + t* ax(x) + O(t*)]
with

ag(x) = tr ﬁ / d¢ e Hx8)
1 S1
ai(x) =tr =1 [ dE[ [ dsi ds 17 K 230 g gm0t
(2m) 0 0

1
—tr#/d& [/ dsy e~ DH p 51t
0
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Another approach

Simplex
Agi={s=(s0, ) ERFTN0< 5 <51 <+ <5y <59 <59 = 1}
Expanding K and P

/df ds eV By el2=s)H g ... B g=kH
Ay

where B; = u*”, v*, w or their derivatives (order 2 at most)
&-dependance:

H = polynomial order 2

B; = polyno.

Algebraic method

Rearrangement lemma (Connes—Moscovici, Lesch)
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First step: View

ds = VH B e2=sH g .. g, g~k
Ay

. k
as an operator fi acting on M%

fil§): B1® -+ @ B — A dses—DH B el2=sH g ... g, g=SkH
k

Thus
ao(x) ~ tr / d 1]
a(x) ~tr/d§(fz[/<® K] - ALP)

az(x)wtr/df(fz[P®P]—f3[K®K®P]—f3[K®P®K]—f3[P®K®K])
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Second step: erase £ using
JesH = — /S ds, €5 (OH) e !
0

and Leibniz rule (K ~ &, [v* +2u"” 0,])

k
SdOB1® - @B 0@ @Bl =Y fild)[Br®- -2 (@B)®-- @ By

J=i+1

k
- ka+1(§)[31 ®---®B;®(OH) ® Bj.1 ® -+ @ By]
=i

Conclusion
/ dE €y, Euy FilO[BL ] € My

with B} € M%k independent of £
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k
Next step: use algebra to rewrite operators f; : My — My
Framework : Bounded operators on Hilbert spaces
Define Hilbert space

M%’k with Hilbert-Schmidt norm

m(By®---® By) := By--- By
Ii(B1®---®Bk):=ﬂ®31®"‘®3k
LA ® - @AN[B1 ® -+ @ By] := AgB1A7 - - - BLAy

For any matrix A € My, define
Ri(A)[By ® - - - ® By] = Bo®°"®3i¢®"'®3k

P(Ay @ -+ @ Ag) = Ro(Ao) - - - Ri(Ax)
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Links between M%kﬂ, B(M%k”) and B(M%k, MQy)

B(M%kﬂ)
/
M%kn mo Kk*

\L:)

BME", My)

a(5,A=(1—sDARL® - - L +1R(s1 — ) ARILIR---®1
oo+ 1R QTR s A

Conclusion

Fl©) = [ ds L[58 900 ] € BME', My)

is computable and independent on the variables By ® - - - ® By
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Cils, A) = p[euls, A)] € BME™)

Ci(s, A) = (1 — 51) Ro(A) + (51 — 52) Ri(A) + - - - + 51 R(A)

In particular
Ci(s,A) >0 if A>0, s€ Ay

justifies previous lift

ForpeN, ke N

Tk,p(X) = /A ds/ d¢ 5#1 L. £M2p e—Ea«SB C(s,u®B(x)) e B(M%kn)
K
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&-integration
spherical coordinates: £ = ro with r = (g’“’fufl,)‘/z, o=r€¢¢ Sg_1

ulo] == u"o,0, (positive definite matrix)

Tk,p(X) = /A dS/ d§ flﬂ e flﬂp e—gaﬁg Ck(s’uaﬁ(x)) c B(M%kﬂ)
k

oo
/ ds d—1 ng(J) Opy = Uuzp / dr I’d_1+2p e_rzck(s»”[ff])
Ay S 0

g

r(d/2+ —(d/2+
S [ a0 oy, [ ds Culs, ulo)
s-integration £

loi(ro, riy ooy 1) = /A ds[(1—s))ro + (51— sp)ry + - -+ + sr] ™ @
k

a = d/2 + p, apply functional calculus:

Ik (Ro(ulo]), ..., Re(ulo]) = > laseips - - -, Aip) Ro(Eig[0]) - - - Re(Ej [o])

io;---yik
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About combinatorics

Theorem

For a d-dimensional manifold M
computation of a,(P) needs the 3r + 1 integrals

Id/2,rv Id/2+1,r+1v 2009 Id/2+3r,4r

/a,k<ro,r1,...,rk>=/A Bl = )ity & (5 = S 50 & Sl
k
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Computations of [, x for a,

aq/, is invariant by dilation in e tP

Proposition (
r<d/2
Forne N,n> k+1and k € N*

In,k(r(): ceey rk)

_ (rgn)="R L _b+(n—(k+1))—4 b+ (n—(k+ 1) —l—1 (n—(k+1))—
Rz R DR X ke g
0<[<[y—1<-
<l <n—(k+1)

d/2<r
Forany k € N*,and oy = d/2 —re€ {0,1,--- ,k—1}
k 1 k k
— —Q0— —
I—dj2erglro; 1) = tete—pram 2 [ (ri = r) " log ri
=0 j=0
I
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Computations of /, 4 for a,

Ifd/2—r=0+1/2with¢ € N

£0—1/2

lpi1/2,0(r0) = 1y )
Y = l 26—
’£+3/2,1(r07r1) = Tzﬂ(\/%\/r_ﬂ 2 1(\/"_0+ V) 1 Z NORRVT
0<L<2¢

Ifd/2—r=—0—1/2with!{ € N

£+1/2
’—£—1/2,0(r0) =0 / )

— [ (—1
I_g+1/271(ro,r1)=2£%1(\/r_0+\/ﬁ) ! Z \/51\/32 !

0<L<2¢
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Example v’ = g'u

Hypothesis:
u (x) = g (x) u(x)

implies that
H(x, &) = u* £, = \é!f;(x) u(x)

Gaussian integrals
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Example u"” = g"”uand d = 2meven

If P= —(ug' 9,0, + v’ 8, + w) is selfadjoint elliptic acting on L*(M, V)
(M, g) : Riemannian manifold and V : vector bundle over M

u, v¥*, w are local maps on M with values in My, u positive and invertible
Then

a = Vﬁa

= e (atr(u™™") + tr(u™"w)

+ M2 [ 800(D,877) — (0,8")] tr(u” "))

— M2 (0,0, ) + L (Opg™) tru V) —  trlu "0, )

m—1 m—1
— i D B tr(a TV 4 0y (m = 20) trfu TV (O, 0)]
=0 =0
m—1
+ o 2 Im* —2m = 30(m — £ = )] g" tr[u™ " (Buu) u" " (B )])
=0
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Example u"” = g"”u and d even

@ = %(aﬂal’g’w) - %gungU(auallng) + %guygpagaﬁ(augpa)(augaﬁ)
+ 528" 8008ap(0u8")0vE"") — 5800(0,u8" )(Or8")
+ 5800(0,87)(0,8"7) — 1850(0,8"")(0,8"7)

aj is gauge covariant
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Diffeomorphism invariance and gauge covariance

Change of coordinates
Gauge transformation

P is well defined on sections of V if and only if u*”, v#* and w satisfy some
relations

V.. = (gauge) covariant derivative on V:
Vus:=0us+Ayus  for section s of V
P=—(g|”"*V gl PuV, + PV, g)

pl =k — %(8,, log|lg)ut” — Oy u?” + UMV A, — A Ut

g=w— %(@L log|g)u"” A, — (O u')A, — U (0,AL) — Apul” A, — pHAL
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Diffeomorphism invariance and gauge covariance

~

V. = connection combining V, and linear connection induced by g

Theorem

= —(|g|“/2vu|g|1/2gWqu + p'V,, + q) is selfadjoint elliptic
u, p*, q are sections of endomorphisms on V with u positive and invertible

a = —2}{@” (%Rtr[u1_m] +tr[u”Mq] — g tr[u‘"’@u@,,u]
. m—1
_ %tr[u—mvup,u] o 2m(m+1)+60({—m—1)—3

£=0

S g tr[u_zq(ﬁuu)u[_m(@,,u)]

m—1
+5m S (m =20 = W) tr[u= T U (V)]
£=0

5 g el )

Usual formula if u = 1!
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Explicit formulae

This machinery gives all coefficients a,

(computer is welcome!)

Is the heat coefficients computing solved?
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On the method

This machinery gives all coefficients a,

(computer is welcome!)
Is the heat-coefficients computing problem solved?

Yes, but the formulae are not necessarily explicit!
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Explicit formulae?

In odd dimension, a; is never explicit
(unless u and v* have commutation relations)

1

—————— By®B1®B,®B i licit :
Ry(u) + Ry(u) 0 & B1 ® By ® B3 is never explici

Remark:

1
xX+y

7 > hay(x) hey(y)

finite

for any continuous functions h;)
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Extension to Physics old and new

Method works with
ut = g+ c XY

XM is a projection
Navier equations: v(t,x): R x Q — R3

po% =pA+ A+ ) V(V )+ f, A, it Lamé constants

Bundle = (co)tangent bundle of M
(XW)ﬁa - %(guﬁ 5V + g 5H)

Yang—Mills field, quantum field theory of gravity and the like

PP = —0§D* — cD°Dy+ R, — FP,
D, = Vo + Ay
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Conclusion

For computation of heat coefficients of Laplace type operators
- solved the most simple extension with non scalar symbols
- showed that there is no explicit formulae when dim(M) is odd

- showed that the method applies to Physics
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Perspective?

Compute more a,: possible with computer!

??? Replace matrices u*”, v#*, w by bounded operators
— adapt the approach for conformal deformation of NCG
Connes-Tretkoff-Moscovici, Fathizadeh-Khalkhali, Liu, Sitarz, ...

0 D
D= (D* 0)

index(Dy) = | dx[af} ()~ af£(0)]
xXEM

Compute indices

McKean-Singer formula
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