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Asymptotics of Heat kernel

Asymptotics of heat kernel
(M, g) compact Riemannian manifold

dim(M) = d, ∂M = ∅

P di�. operator order 2, elliptic, on vector bundle V over M
σ(P) is definite positive

Then

TrL2 e−t P ∼
t↓0+

∞∑
r=0

ar (P) tr−d/2

Example: Laplace-type operators

−[1V gµν (x) ∂µ∂ν + vν (x) ∂ν + w(x)]
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Asymptotics of Heat kernel

Importance of coe�icients
Just to quote a few

Physics: d = 4,
a1(P), a2(P) give one-loop renormalization, . . .

If D is a Dirac operator, a2(D2) ∼ Einstein–Hilbert action

Mathematics:
ζP (0) ∼ ad/2, ζP (s) := Tr P−s for <(s) large with P > 0

V = V + ⊕ V−, V± complex hermitian bundles,

D : C∞(V +)→ C∞(V−) Dirac-type op., DV :=

(
0 D
D∗ 0

)

Index(DV ) = lim
t→0

Tr[e−t DD
∗ − e−t D

∗D] = lim
t→0

STr e−t D
2
V
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Computation of heat-coe�icients

The di�erent methods
Analytical: expansion of integral kernel K (t, x, x) ∼

t↓0+

∑∞
r=0 ar (P) tr−d/2

Variant in spectral geometry: search for invariants or conformal &
gauge covariance

Pseudodi�erential operators: symbols, parametrics etc

e−t P = i
2π

∫
C
dλ e−λt (P − λ)−1

C oriented curve around R+.

Where are the di�iculties
if principal symbol is not scalar?
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Computation of heat-coe�icients

General non-minimal second order di�erential operator:

P = −[uµν (x) ∂µ∂ν + vν (x) ∂ν + w(x)]

uµν , vµ, w are N × N matrices

One di�iculty apart complexity

σ2(x, ξ) = uµν (x) ξµξν assume strictly positive eigenvalues, ∀(x, ξ) ∈ T ∗M

σ1(x, ξ) = −ivµ(x) ξµ
σ0(x, ξ) = −w(x)

σi ∈ MN
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Computation of heat-coe�icients

ar (P) = 1
(2π)d

i
2π

∫
λ∈C

dλ dx dξ e−λ tr [b2r (x, ξ, λ)]

λ ∈ C and (x, ξ) ∈ T ∗(M)

b0(x, ξ, λ) := (σ2(x, ξ)− λ)−1 ∈ MN

br (x, ξ, λ) := −
∑

r=j+|α|+2−k
j<r

(−i)|α|
α! (∂αξ bj) (∂αx σk ) b0

Functions b2r , even for r = 1, generate terms like

tr [A1(λ)B1 A2(λ)B2 A3(λ) · · · ]

Ai(λ) = (σ2(x, ξ)− λ)−ni do not commute with Bi

Integral in λ is di�icult
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Computation of heat-coe�icients

If one uses the spectral decomposition σ2 =
∑

i λi Ei

tr [A1(λ)B1 A2(λ)B2 A3(λ) · · · ]

=
∑

i1,i2,i3,...

[ ∫
λ∈C

dλ e−λ (λi1 − λ)−ni1 (λi2 − λ)−ni2 (λi3 − λ)−ni3 · · ·
]

tr (Ei1 B1 Ei2 B2 Ei3 · · · )

λ-integral is easy
How to recombine the sum?

All coe�icients are known
but not explicitly in terms of uµν, vµ,w
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Another approach

Functional approach for kernel of e−t P based on the Volterra series

K (t, x, x ′) = kernel of e−t P

Tr[e−t P ] =
∫

dx tr[K (t, x, x)],

K (t, x, x) ∼
∫

dξ e−t (H+K+P) 1

= 1
td/2

∫
dξ e−H−

√
t K−t P1, ξ → t1/2 ξ

where

H(x, ξ) := uµν (x) ξµξν
K (x, ξ) := −i ξµ [vµ(x) + 2uµν (x) ∂ν]
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Another approach

Duhamel formula

eA+B = eA +
∞∑
k=1

∫ 1

0
ds1

∫ s1

0
ds2 · · ·

∫ sk−1

0
dsk

e(1−s1)A B e(s1−s2)A · · · e(sk−1−sk )A B eskA

A�er integration in ξ

trK (t, x, x) '
t↓0

1
td/2 [a0(x) + t a1(x) + t2 a2(x) +O(t4)]

with

a0(x) = tr 1
(2π)d

∫
dξ e−H(x,ξ)

a1(x) = tr 1
(2π)d

∫
dξ
[ ∫ 1

0
ds1

∫ s1

0
ds2 e(s1−1)H K e(s2−s1)H K e−s2H

]
− tr 1

(2π)d

∫
dξ [

∫ 1

0
ds1 e(s1−1)H P e−s1H]
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Another approach

Simplex

∆k := {s = (s0, · · · sk ) ∈ Rk+1
+ | 0 ≤ sk ≤ sk−1 ≤ · · · ≤ s2 ≤ s1 ≤ s0 = 1}

Expanding K and P∫
dξ

∫
∆k

ds e(s1−1)H B1 e(s2−s1)H B2 · · ·Bk e
−skH

where Bi = uµν , vµ, w or their derivatives (order 2 at most)
ξ-dependance:

H = polynomial order 2
Bi = polyno.

Algebraic method

Rearrangement lemma (Connes–Moscovici, Lesch)
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Idea

First step: View ∫
∆k

ds e(s1−1)H B1 e(s2−s1)H B2 · · ·Bk e
−skH

as an operator fk acting on M⊗
k

N

fk (ξ) : B1 ⊗ · · · ⊗ Bk →
∫

∆k

ds e(s1−1)H B1 e(s2−s1)H B2 · · ·Bk e
−skH

Thus

a0(x) ∼ tr
∫

dξ f0[1]

a1(x) ∼ tr
∫

dξ (f2[K ⊗ K]− f1[P])

a2(x) ∼ tr
∫

dξ(f2[P ⊗ P]− f3[K ⊗ K ⊗ P]− f3[K ⊗ P ⊗ K]− f3[P ⊗ K ⊗ K])
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Idea

Second step: erase ξ using

∂e−sH = −
∫ s

0
ds1 e(s1−s)H (∂H) e−s1H

and Leibniz rule (K ∼ ξµ [vµ + 2uµν ∂ν])

fk (ξ)[B1 ⊗ · · ·⊗Bi∂ ⊗ · · · ⊗ Bk] =
k∑

j=i+1

fk (ξ)[B1 ⊗ · · · ⊗ (∂Bj)⊗ · · · ⊗ Bk]

−
k∑
j=i

fk+1(ξ)[B1 ⊗ · · · ⊗ Bj ⊗ (∂H)⊗ Bj+1 ⊗ · · · ⊗ Bk]

Conclusion∫
dξ ξµ1 · · · ξµ` fk (ξ)[Bµ1...µ`

k ] ∈ MN

with Bµ1...µ`
k ∈ M⊗

k

N independent of ξ
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Idea

Next step: use algebra to rewrite operators fk : M⊗
k

N → MN

Framework : Bounded operators on Hilbert spaces
Define Hilbert space

M⊗
k

N with Hilbert–Schmidt norm

m (B0 ⊗ · · · ⊗ Bk ) := B0 · · ·Bk

κ (B1 ⊗ · · · ⊗ Bk ) := 1⊗ B1 ⊗ · · · ⊗ Bk

ι (A0 ⊗ · · · ⊗ Ak )[B1 ⊗ · · · ⊗ Bk] := A0B1A1 · · ·BkAk

For any matrix A ∈ MN , define

Ri(A) [B0 ⊗ · · · ⊗ Bk] := B0 ⊗ · · · ⊗ Bi A
↑i
⊗ · · · ⊗ Bk

ρ (A0 ⊗ · · · ⊗ Ak ) := R0(A0) · · ·Rk (Ak )
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Idea

Links between M⊗
k+1

N , B(M⊗
k+1

N ) and B(M⊗
k

N ,MN )

B(M⊗
k+1

N )

m ◦κ∗

��

M⊗k+1
N

ρ 44

'
ι **

B(M⊗
k

N ,MN )

ck (s,A) := (1− s1)A⊗ 1⊗ · · · ⊗ 1 + 1⊗ (s1 − s2)A⊗ 1⊗ · · · ⊗ 1
+ · · · + 1⊗ · · · ⊗ 1⊗ sk A

Conclusion

fk(ξ) =
∫

∆k

ds ι [e−ξµξν ck (s,uµν )] ∈ B(M⊗
k

N ,MN )

is computable and independent on the variables B0 ⊗ · · · ⊗ Bk
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Idea

Ck (s,A) := ρ [ck (s,A)] ∈ B(M⊗
k+1

N )

Ck (s,A) = (1− s1)R0(A) + (s1 − s2)R1(A) + · · · + sk Rk (A)

In particular
Ck (s,A) ≥ 0 if A ≥ 0, s ∈ ∆k

justifies previous li�
For p ∈ N, k ∈ N

Tk,p(x) :=
∫

∆k

ds
∫

dξ ξµ1 · · · ξµ2p e
−ξαξβ Ck (s,uαβ (x)) ∈ B(M⊗

k+1

N )
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Idea

ξ-integration
spherical coordinates: ξ = r σ with r = (gµνξµξν )1/2, σ = r−1ξ ∈ Sd−1

g

u[σ] := uµνσµσν (positive definite matrix)

Tk,p(x) =
∫

∆k

ds
∫

dξ ξµ1 · · · ξµ2p e
−ξαξβ Ck (s,uαβ (x)) ∈ B(M⊗

k+1

N )

=
∫

∆k

ds
∫
Sd−1
g

dΩg(σ)σµ1 · · ·σµ2p

∫ ∞
0

dr rd−1+2p e−r
2Ck (s,u[σ])

= Γ(d/2+p)
2

∫
Sd−1
g

dΩg(σ)σµ1 · · ·σµ2p

∫
∆k

ds Ck (s, u[σ])−(d/2+p)

s-integration

Iα,k (r0, r1, . . . , rk ) :=
∫

∆k

ds [(1− s1)r0 + (s1 − s2)r1 + · · · + skrk]−α

α = d/2 + p, apply functional calculus:

Iα,k
(
R0(u[σ]), . . . ,Rk (u[σ])

)
=
∑

i0,...,ik

Iα,k (λi0 , . . . , λik )R0(Ei0[σ]) · · ·Rk (Eik [σ])
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About combinatorics

Theorem
For a d-dimensional manifold M
computation of ar (P) needs the 3r + 1 integrals
Id/2,r , Id/2+1,r+1, . . . , Id/2+3r,4r

Iα,k (r0, r1, . . . , rk ) =
∫

∆k

ds [(1− s1) r0 + (s1 − s2) r1 + · · · + skrk]−α
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Computations of Iα,k for ar

ad/2 is invariant by dilation in e−t P

Proposition (d even)

r < d/2
For n ∈ N, n ≥ k + 1 and k ∈ N∗

In,k (r0, . . . , rk )

= (r0···rk )−(n−k)

(n−1)···(n−k)

∑
0≤lk≤lk−1≤···
···≤l1≤n−(k+1)

r l10 r l2+(n−(k+1))−l1
1 · · · r lk+(n−(k+1))−lk−1

k−1 r (n−(k+1))−lk
k

d/2 ≤ r
For any k ∈ N∗, and α0 = d/2− r ∈ {0, 1, · · · , k − 1}

Ik−d/2+r,k (r0, . . . , rk ) = (−1)k−α0−1

(k−α0−1)!α0!

k∑
i=0

[ k∏
j=0
j 6=i

(ri − rj)−1]rα0
i log ri
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Computations of Iα,k for ar

Proposition (d odd)

If d/2− r = ` + 1/2 with ` ∈ N

I`+1/2,0(r0) = r−`−1/2
0 ,

I`+3/2,1(r0, r1) = 2
2`+1 (
√
r0
√
r1 )−2`−1(

√
r0 +
√
r1 )−1

∑
0≤l1≤2`

√
r0

l1 √r1 2`−l1

If d/2− r = −`− 1/2 with ` ∈ N

I−`−1/2,0(r0) = r`+1/2
0 ,

I−`+1/2,1(r0, r1) = 2
2`+1 (
√
r0 +
√
r1 )−1

∑
0≤l1≤2`

√
r0

l1 √r1 2`−l1
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Example uµν = gµνu

Hypothesis:

uµν (x) := gµν (x) u(x)

implies that
H(x, ξ) = uµν ξµξν = |ξ|2g(x) u(x)

Gaussian integrals
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Example uµν = gµνu and d = 2m even

Theorem

If P = −(u gµν∂µ∂ν + vν∂ν + w) is selfadjoint elliptic acting on L2(M,V )
(M, g) : Riemannian manifold and V : vector bundle over M
u, vµ,w are local maps on M with values in MN , u positive and invertible
Then

a1 =
√
|g|

22m πm

(
α tr(u−m+1) + tr(u−mw)

+ m−2
6

[ 1
2g
µνgρσ(∂νgρσ)− (∂νgµν )

]
tr(u−m∂µu)

− m−2
6 gµν tr(u−m∂µ∂νu) + 1

2gµν (∂ρgρν ) tr(u−mvµ)− 1
2

tr(u−m∂µvµ)

− 1
4m

m−1∑
`=0

gµν tr(u−`−1vµu`−mvν ) + 1
2m

m−1∑
`=0

(m− 2`) tr[u−`−1vµ u`−m(∂µu)]

+ 1
6m

m−1∑
`=0

[m2 − 2m− 3`(m− `− 1)] gµν tr[u−`−1 (∂µu) u`−m (∂νu)]
)
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Example uµν = gµνu and d even

α := 1
3 (∂µ∂νgµν )− 1

12g
µνgρσ(∂µ∂νgρσ) + 1

48g
µνgρσgαβ(∂µgρσ)(∂νgαβ)

+ 1
24g

µνgρσgαβ(∂µgρα)(∂νgσβ)− 1
12gρσ(∂µgµν )(∂νgρσ)

+ 1
12gρσ(∂µgνρ)(∂νgµσ)− 1

4gρσ(∂µgµρ)(∂νgνσ)

a1 is gauge covariant
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Di�eomorphism invariance and gauge covariance

Change of coordinates
Gauge transformation
P is well defined on sections of V if and only if uµν , vµ and w satisfy some
relations

∇µ = (gauge) covariant derivative on V :

∇µs := ∂µs + Aµs for section s of V

P = −(|g|−1/2∇µ|g|1/2uµν∇ν + pµ∇µ + q)

pµ = vµ − 1
2 (∂ν log|g|)uµν − ∂νuµν + uµνAν − Aνuµν

q = w − 1
2 (∂µ log|g|)uµνAν − (∂µuµν )Aν − uµν (∂µAν )− AµuµνAν − pµAµ
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Di�eomorphism invariance and gauge covariance

∇̂µ = connection combining ∇µ and linear connection induced by g

Theorem

P = −(|g|−1/2∇µ|g|1/2gµνu∇ν + pµ∇µ + q) is selfadjoint elliptic
u, pµ, q are sections of endomorphisms on V with u positive and invertible

a1 =
√
|g|

22m πm

(
1
6R tr[u1−m] + tr[u−mq]− m+1

6 gµν tr[u−m∇̂µ∇̂νu]

− 1
2 tr[u−m∇̂µpµ] +

m−1∑
`=0

2m(m+1)+6`(`−m−1)−3
12m gµν tr[u−`−1(∇̂µu)u`−m(∇̂νu)]

+ 1
2m

m−1∑
`=0

(m− 2`− 1) tr[u−`−1pµu`−m(∇̂µu)]

− 1
4m

m−1∑
`=0

gµν tr[u−`−1pµu`−mpν]
)

Usual formula if u = 1!
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Explicit formulae

This machinery gives all coe�icients ar

(computer is welcome!)

Is the heat coe�icients computing solved?
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On the method

This machinery gives all coe�icients ar

(computer is welcome!)

Is the heat-coe�icients computing problem solved?

Yes, but the formulae are not necessarily explicit!
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Explicit formulae?

In odd dimension, a1 is never explicit
(unless u and vµ have commutation relations)

1
R1(u) + R2(u)

B0 ⊗ B1 ⊗ B2 ⊗ B3 is never explicit :

Remark:

1
x + y

6=
∑
finite

h(1)(x) h(2)(y)

for any continuous functions h(i)
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Extension to Physics old and new

Method works with
uµν = gµν1 + c Xµν

Xµν is a projection
Navier equations: v(t, x) : R× Ω→ R3

ρ0
∂v
∂t2 = µ∆ + (λ + µ)∇ (∇ ·v) + f , λ, µ Lamé constants

Bundle = (co)tangent bundle of M
(Xµν )βα = 1

2 (gµβ δνα + gνβ δµα)

Yang–Mills field, quantum field theory of gravity and the like

Pβα = −δαβD2 − c DβDα + Rβα − Fβα

Dα = ∇α + Aα
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Conclusion

For computation of heat coe�icients of Laplace type operators

- solved the most simple extension with non scalar symbols

- showed that there is no explicit formulae when dim(M) is odd

- showed that the method applies to Physics
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Perspective?

Compute more ar : possible with computer!

??? Replace matrices uµν , vµ,w by bounded operators
→ adapt the approach for conformal deformation of NCG

Connes–Tretko�–Moscovici, Fathizadeh–Khalkhali, Liu, Sitarz, . . .

Compute indices

DV :=

(
0 D
D∗ 0

)
McKean–Singer formula

Index(DV ) =
∫
x∈M

dx [aDD
∗

d/2 (x)− aD
∗D

d/2 (x)]

= · · ·
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