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R. Stańczy 1, T. Kulczycki 2

1 Instytut Matematyczny, Uniwersytet Wroc lawski
2 Instytut Matematyki, Politechnika Wroc lawska

3rd Conference on Nonlocal Operators and Partial Differential Equations
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Introduction

We consider a class of nonlocal BVP:

involving fractional Laplacian,

We investigate the problems of

existence and multiplicity of solutions



Harnack type inequality on interval

Suppose we have a concave function with zero values at the boundary

−u′′ ≥ 0, u(0) = u(1) = 0

then its interior values can be compared with the maximum

4 inf
[1/4,3/4]

u ≥ sup
[0,1]

u.

We want to generalize this to fractional one-dimensional laplacian.
We hope to apply it to estimate the inverse operator and get expansion.
Motivation: JMAA’13, result: DCDS-B’14, extension: higher dim in annulus?



Nonlocal Problem Involving Fractional Laplacian

The existence of at least two nonnegative solutions u to the nonlocal BVPs
involving fractional laplacian with α ∈ (1, 2], p > 1, d = 1 (d = 2) in the ball

(−∆)
α/2
D u = up + h

under suitable smallness assumption imposed on h, with respect to the norm of

(
(−∆)

α/2
D

)−1

by the reduction to the integral equation

u =
(

(−∆)
α/2
D

)−1

(up + h) = Bu + u0

in some appropriate cone for fixed 0 < δ < 1 and 0 < γ < 1

P = {u ∈ C(B(0, 1)) : u ≥ 0, infB(0,δ) u ≥ γ supB(0,1) u, u symmetric, unimodal}



Superlinear equations on real line

It is well known that the superlinear equation with p > 1 on the real line

u = bup + u0

can have none, one or more solutions depending on the data b > 0 and u0 ≥ 0.
For example, if we additionally assume that

bup−1
0 < cp

for some constant

cp =
(

(p − 1)
1−p
p + (p − 1)

1
p

)−p

then the existence of at least two nonnegative solutions of the equation is
guaranteed if we analyse the minimum of the values bup−1 + u0u

−1 compared
to the constant 1 and obtain thus two points of the intersection of these graphs.



Superlinear equations on cone in Banach space

The observation from the previous page can be generalised if we replace power
term bup defined on the real line with a power like nonlinearity in Banach space
under some additional, suitable conditions like: coercivity and compactness on
some cone in this Banach space. More specifically, we shall consider the
equation in the cone P in the Banach space E with the norm | · | in the form

u = Bu + u0

for given u0 ∈ P and p-power, coercive and compact form B defined on P.
The assumption guaranteeing the existence of at least two solutions for the
quadratic equation on the real line has to be adequately rephrased as

b|u0|p−1 < cp

where b > 0 denotes the best estimate b for any u ∈ P

|Bu| ≤ b|u|p



Krasnosielskii Theorem on Cone Expansion and Compression
Let E be a Banach space, and let P ⊂ E be a cone in E . Let Ω1, Ω2 be
bounded, open sets in E such that 0 ∈ Ω1 and Ω1 ⊂ Ω2. Let completely
continuous operator T : P → P satisfy compression conditions

|Tu| ≥ |u| for any u ∈ P ∩ ∂Ω1 and |Tu| ≤ |u| for any u ∈ P ∩ ∂Ω2 ,

and the following two expansion conditions for Ω2 ⊂ Ω′2 Ω′2 ⊂ Ω3

|Tu| ≤ |u| for any u ∈ P ∩∂Ω′2 and |Tu| ≥ |u| for any u ∈ P ∩∂Ω3

are satisfied. Then T has at least two fixed points.

Ω1

Ω 2

Ω 3

P

↗ ↗ ↗

↙
↙ ↙

↙
↙



Fractional Laplacian

Fractional laplacian

(−∆)α/2 u(x) = cd,−α limε→0

∫
{y∈Rd :|x−y|>ε}

u(x)−u(y)

|x−y|d+α dy

is well defined for bounded and locally C 2 function u, where

cd,γ = Γ((d − γ)/2)/(2γπd/2|Γ(γ/2)|)

Alternative definitions:
• weighted second order differential quotient

(−∆)α/2 u(x) =
cd,−α

2

∫
Rd

2u(x)−u(x+y)−u(x−y)

|y|d+α dy

• via Fourier transform multiplier

̂
(−∆)α/2 u = |ξ|αû

• limit of the derivative of the solution to some degenerate elliptic equation



Motivation for Fractional Laplacian

• Probability - Math. Finance - infinitesimal generators of stable Lévy processes

Figure: by K. Bogdan, in: Potential Analysis of Stable Processes and its Extensions

• Mechanics - elastostatics Signorini obstacle problem in linear elasticity
• Fluid Mechanics - quasi-geostrophic fractional Navier-Stokes equation



Instructive linear example

The linear equation

(−∆)α/2 u = 1 in B(0, 1)

with Dirichlet boundary condition

u = 0 in Rd \ B(0, 1)

posesses solution explicitly defined as

u(x) = cα,d
(
1− |x |2

)α/2

is of Cα/2 up to the boundary but not any better, where

cα,d = 2−αΓ(d/2)
Γ((d+α)/2)Γ(1+α/2)



Krylov type estimates on regularity: X. Ros-Oton, J. Serra

For any g ∈ L∞ and distance function δ(x) = |x − x/|x || a solution u of the
Dirichlet problem, i.e. it satisfies u = 0 in Rd \ B(0, 1) together with equation

(−∆)α/2 u = g in B(0, 1)

can be continuously extended to u/δ ∈ Cα/2(B(0, 1)) and we control the norm

|u/δ|γ ≤ C |g |

with γ < min{α/2, 1− α/2} . Nevertheless, it suffices for compactness of

(
(−∆)

α/2
D

)−1

: C(B(0, 1))→ C(B(0, 1))

where this operator is defined by integral operator with Green function kernel as

(
(−∆)

α/2
D

)−1

g(x) =
∫
B(0,1)

G(x , y)g(y) dy



Green function for the Fractional Laplacian

For any α ∈ (0, 2] the Green function for the Dirichlet problem in the unit ball

G(x , y) = cdα|x − y |α−d
∫ w(x,y)

0
rα/2−1(r + 1)−d/2 dr

where

w(x , y) = (1−|x |2)(1−|y |2)|x−y |−2

and

cdα = Γ(d/2)/(2απd/2Γ2(α/2))



Green function for (−1, 1) and α = 0.9
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Figure: by K. Bogdan, in: Potential Analysis of Stable Processes and its Extensions



Higher regularity: X. Ros-Oton, J. Serra, X. Cabré, Y. Sire

For any

g ∈ Cβ(B(0, 1))

the Dirichlet solution to the equation involving fractional laplacian

(−∆)α/2 u = g in B(0, 1)

is of order

u ∈ Cβ+α(B(0, 1))

Therefore, provided g ∈ Cγ(B(0, 1)) with γ > 2− α our solution is classical
C 2(B(0, 1)) one or even a bit more regular - 2nd derivative Hölder continuous.
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T. Kulczycki and R. Stańczy, Multiple solutions for Dirichlet nonlinear BVPs involving fractional laplacian,

Discrete and Continuous Dynamical Systems B, 2014.

X. Ros-Oton and J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the boundary,
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Thank you for your attention!
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