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1. 19 SEPTEMBER 2016

The main focus of today is to begin to answer the questions: why is topology somehow
related to C*-algebras and why is the study of C*-algebras sometimes called noncommu-
tative topology?

To start, we consider a motivating example.

Ezample 1.1. Let X be a compact Hausdorff topological space and let C(X) = {f :
X — C: f is continuous} be set of complex valued continuous functions with respect
to the given compact Hausdorff topology on X and the usual topology on C. To motivate
the definition of C*-algebra, we list some properties of the set C(X).

(1) C(X) is an algebra under point-wise operations. For example, f + g for f,g €
C(X) means the continuous function defined by (f + ¢)(z) = f(x) + g(z).
(2) C(X) has anorm |- [|¢(x) defined by || f|lc(x) = sup,ex |f(z)] for all f € C(X).
(3) This norms behaves well with the algebra structure:
If +allex) < Ifllex) +1l9llex), which is already true by definition of norm,
and
If9llccx)y < I flex) - lgllex) forall f,g € C(X).
(4) The norm || - [|o(x) is complete.
(5) There is an involution * : C(X) — C(X) defined pointwise by f*(z) = f(z).
(6) This involution has the following relationship with the norm.

1f* fllex) = Ifllex) for all f e C(X).

We note that in the case that X is a locally compact Hausdorff space, we consider the
set Co(X) ={feC(X):¥e>0,{x € X :|f(x)] > e} is compact}, which satisfies all of

the above properties.

If an algebra 2 (Complex and associative) has a norm that satisfies properties (3)

and (4), then we call this a Banach Algebra. Now, we define a C*-algebra.

Definition 1.2. Let 2 be a complex normed vector space with norm || - ||o. If the norm

|| - ||la is complete, and

(1) 2 is an algebra for which
|ablla < |lalle - [[b]la for all a,b € 2, and
(2) there exists a map * : 2 — 2 that is conjugate linear, anti-mutliplicative, and
idempotent called the involution such that

la*allq = ||a]|? for all a € 2,

then 2 is a C*-algebra. We say that a C*-algebra is unital if it contains a multiplicative

unit.
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We note that Cy(X) is an example of a commutative C*-algebra, but also that there
are no other examples of commutative C*-algebras. But, what do we mean by "no other

examples." This motivates the following definition of isomorphism between C*-algebras.

Definition 1.3. Let 2,8 be C*-algebras. ¢ : 2l — B is a *~homomorphism if ¢ is a
homomorphism of the algebra such that p(a*) = ¢(a)* for all a € 2. (We note that we
are not implying that 2 and 9B have the same involution. This is just common notation).

A *-isomorphism is a *-homomorphism that is a bijection.

The fact that there are no other commutative C*-algebras besides ones of the form

Co(X) was due to Gelfand and Naimark.

Theorem 1.4 (Gelfand-Naimark Theorem). Every commutative C*-algebra is *-isomorphic

to Co(X), for some locally compact Hausdorff space X .

The next theorem establishes our next step in showing why the study of C*-algebras

is sometimes called noncommutative topology.

Theorem 1.5. Let Xy, X5 be locally compact Hausdorff spaces.
X1 ~ Xy (~ means homeomorphic) if and only if Co(X1) = Co(Xa) (= means *-

isomorphic).

Therefore, this theorem together with the Gelfand-Naimark theorem provide that
the objects in the category of C*-algebras (with *-homorphisms) are in one-to-one cor-
respondence with the objects in the category of locally compact Hausdorff spaces (with
continuous maps) up to the relations of *-isomorphism and homeomorphism, respectively.
Furthermore, one could establish a natural isomorphism between categories (this would
require an extra subtle requirement).

Hence, the study of commutative C*-algebras can be seen as the study of topology.
Therefore, general C*-algebras can be seen as the study of "noncommutative" topological
spaces.

But, this also motivates whether we can generalize certain properties of topological
spaces themselves into the noncommuative setting rather than just the entire topological
spaces, which we have already done. Let’s first look at some topological properties that are
easy to generalize to the noncommutatvie setting. We will introduce further definitions
as they are needed.

Easy properties:

Ezample 1.6 (Compactness of a topological space corresponds to unital C*-algebras). .
X is a compact Hausdorff space <= Cy(X) = C(X). But, also Co(X) = C(X) if and
only if Cp(X) has a constant function or if Co(X) is unital. Thus, a unital C*-algebra

generalizes the notion of compactness.
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We require the following definition for the next example.
Definition 1.7. Let 2 be C*-algebra. a €  is a projection if a? = a = a*.

FEzample 1.8 (Connectedness and compactness of a topological spaces corresponds to

unital projectionless C*-algebras). Let X be a compact Hausdorff topological space. X

is connected there exist no disjoint open sest Uy, Uy C X such that X = U; U Us.
Suppose that X is disconnected. So, there exists Uy, Us open such that X = U; UUs.

. 1 ,zel;
f($){0 ,x €Uy

is continuous or f € C'(X). We note that f is a projection, f?(z) = f(x) = f*(z) for all
e X.

Then, the following function

For the other direction. Assume there exists a projection p € C'(X) such that p(z) €
{0,1} and p(z) = 0 and p(y) = 1 for some z,y € X. If we let U; := p~1({0}) and
Us = p~1({1}), then X = U; U Us.

Hence, by contraposition X is connected if and only if C'(X) is projectionless, which

is a term used for the existence of no nontrivial projection.

Ezample 1.9 (Points in a topological space correspond to irreducible representations of
a C*-algebra). Let g € Co(X). Define ev,, : f € Co(X) — f(zg) € C, which is
called the evaluation map at a point xy. These are one-dimenstional representations of
the C*-algebra Cy(X) and are therefore irreducible representations.

Fact: The irreductible representations of Cy(X) are the evaluations ev,.

This establishes our relationship between the points and irreducible representations.

For the next example, which provides another take on the immediately above example,

we need.

Definition 1.10. Let 2 be a C*-algebra. a € 2 is positive (a > 0) if a = b*b for some
be

Definition 1.11. Let 2 be a C*-algebra. Let ¢ : 2l — C be a linear functional.
© is positive if p(a) > 0 for all a € A such that a > 0.
© is a state if it is positive and 1 = ||| = sup{|p(z)| : ||=]la < 1}

p is a pure state if is a state and is an extreme poin in the set of states of 2.

Ezample 1.12 (Points in a topological space correspond to pure states on a C*-algebra).
The evaluation maps of the above example ev, form the set of pure states of Cy(X).
Consider the Riesz Representation theorem, which essentially states that there is a one-
to-one correspondence between the linear functionals on Cy(X) and Borel measures on
X. In particular, for every linear functional ¢ there exists a unique Borel measure p, on

X such that o(f) = [ fdp, for all f e Co(X).
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If ¢ were a state, then p, would be a positive probability measure.
If ¢ were a pure state, then p, would be a Dirac point mass or all its mass would be

concentrated at a single point z.

Next, we move on to a hard example which is a conjecture with a partial answer in
the setting of nuclear C*-algebras.

Hard example:

Ezample 1.13 (A noncommutative Stone-Weierstra® conjecture). For C([0, 1]), the Weier-
strall approximation theorem states that any function can be approximated by polyno-
mials in the norm of Example (1.1). M. H. Stone generalized to the setting of compact

Hausdorff spaces in the following way.

Theorem 1.14. Let X be a compact Hausdorff space. If Ay C C(X) is a subalgebra such
that AO

e separates points (if v #y € X, then there exists f € Ay such that f(z) # f(y))
e contains the constant functions

e is self-adjoint (f € Ay = f* € Ao)

then /TOH.”C(X) =C(X).

In our setting, this is: If Ag C C(X) is a unital C*-subalgebra that separates points,
then Ap = C(X).

Now, by the previous example, we saw that points of X correspond to pure states of
a C*-algebra. It is then natural to conjecture.
The noncommutative Stone-Stone-Weierstraf conjecture: Suppose 9B is a C*-algebra and
2A C B is a C*-subalgebra that separates the pure states of B ( if ¢ # ¢ pure states of
B, then there exists a € 2 such that ¢(a) # ¥ (a)), then A = B.

This is still an open problem, which has been proven to be true in the case when %5

is a nuclear C*-algebra.

The next step is to introduce the noncommutative generalization of K-theory for topo-
logical spaces. Informally, given a topolocical space X, K-theory for topological spaces
associates an Abelian group K°(X) such that if X ~ Y then the groups K°(X) and
K°(Y) are isomorphic.

Thus, to generalize this, we will introduce the notion of K-theory for C*-algebras, in
which given a C*-algebra 2, we associate an Abelian group Ky (2l). Furthermore, we will
show that Ky(Co(X)) = K°(X) to provide a suitable generalization.

The first goal of this course will be to move from topological K-theory to K-theory
of C*-algebras.
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2. 20 SEPTEMBER 2016

The plan of the course is to cover 3 major topics. The first topic, which was mentioned
at the end of the last lecture is

(1) From topological K-theory to K-theory of C*-algebras.

(2) Brown-Douglas-Fillmore Theory This theory began with the classification of essen-

tially normal operators and turned into a problem about the classification of C*-algebras.

Definition 2.1. Let H be a Hilbert space. Let By (#) denote the closed unit ball of H.
Let £ = {T € B(X) TBH) ™
An operator N € B(H) is normal if [N, N*] = 0.
An operator T' € B(H) is essentatially normal if [T, T*] € &.

is compact} denote the compact operators.

So, the notion of essentially normal is saying that the commutator of 7" with T* is

"small."

Definition 2.2. Since £ is an ideal of B(H), we call B(H)/R the Calkin algebra, which
is a C*-algebra. Let 7 : B(H) — B(#)/8 be the quotient map.

Let T € B(H). The essential spectrum of T is the spectrum of 7(7T") in the Calkin
algebra, o(w(T)).

We note that the definition of an essentially normal operator T is equivalent to the
statement that m(7') is normal in B(H)/8.

Now, Brown-Douglas-Fillmore theory was able to associate an invariant from

{Essential operators with essential spectrum X} to some abelian group Ext(C(X)).

One can lift this notion to the setting of a C*-algebra 2 as Ext(2(). To understand

this we will learn many important C*-algebra techniques including:

e quasicentral approximate units

e nuclearity and completely positive (c.p.) maps
e Fredholm index

e Voiculescu’s Theroem

e Choi-Effors Theorem

(3) Noncommutative theory of retracts Borsuk’s theory of retracts provides the notion

of absolute retracts and absolute neighborhood retracts.

The noncommutative analogue to the theory of retracts is known as Blackadar’s
theory.

An important application came in the form of lifting order 0 maps from quotients to

the ambient space in the setting of M, (C), the n X n complex matrices.

B

P 7
order O/ l

e
e

M, (C) —= B/2

order 0
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follows from the fact that the C*-algebra
CM,, = Cy((0,1], M,(C)) = {f : (0,1] — M,(C) : f is continuous and vanishes at 0}

is a noncommutative absolute retract.

2.1. Topological K-theory. We start with Vector Bundles. But, first we give an ex-

ample.

Ezample 2.3. [Mobius Strip] Fix ¢ > 0. Define M := ([0,1] x R)/((0,¢) ~ (1, —t)). The
following figure provides a picture of the setting on the left along with a picture of "what
happens" when you "glue" (0,¢) and (1, —¢) on the right. The green line through the
green x represents a copy of the vector space R. Also, note that we will view the interval

[0,1] as the circle S since we identify 0 with 1.

o

o\
1

FIGURE 1. Méobius Strip

With this example in mind, we define.

Definition 2.4. A wvector bundle (E,p, X) over a topological space X consists of a
topological space E, a continuous map p : £ — X, and a finite-dimensional vector
space structure on each E, := p~1({z}) compatible with the topology induced from E.
This means that addition and scalar multiplication of F, is continuous with resepct
to the topology on E. Furthermore, E = U, x E,. Also, we call F, a fiber.
We usually write (E,p, X) = E. And, we assume that our vector spaces are over R

or C and are finite dimensional.
Now, we list some examples.

Ezample 2.5. (1) (trivial bundle) X x V for a vector space V. Themapp : X xV —
X is defined by p(z,v) := z.
(2) (Mobius Strip) For Example (2.3) the map p : M — St is defined by p(z,y) :=
x.
(3) (Tangent bundle to sphere S™) Note that S™ C R"*!. Consider the following
figure. We let T'S™ := {(z,§) : (z,£) = 0} and p(x,§) = x.
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v

%

Q
%

\—

FIGURE 2. Tangent Bundle

To gather some properties of these examples, we define.

Definition 2.6. Let E, F' be vector bundles over a space X. A map ¢ : F — F is a
morphism if

e ¢ is continuous

e p(E,) CF,forallz e X.

e |, is linear, Vo € X.

We denote ¢, := ¢|g, for all z € X.
p is an isomorphism if there exists a morphism 1 : FF — FE such that 1) o ¢ = idg

and ¢ oY = idp.

Definition 2.7. A vector bundle E is trivial if E >~ X x V from (1) of Example (2.5).
A vector bundle F is locally trivial if each point z € X has a neighborbood U such
that E|y :=p~}(U) is trivial.

(1) of Example (2.5) is trivial by definition.

(2) of Example (2.5) is locally trivial since if we take a neigborhood (the green paren-

theses around x) around z as in the left picture of Figure (1), then this translates to the
red band in the right picture of Figure (1). And, we can see that it is locally trivial.

But, this example is not trivial. This is due to the fact that the set (S* x R)\ S is
disconnected. But, M \ S* is still connected by the "gluing" of (0,¢) with (1,¢) we can
still "wrap around". So, there is no homeomorphism between M and S' x R that sends
S to S, which implies that M 2 S x R.

In fact, we can prove something stronger. We can prove that no homeomorphism exits
between M and S x R. Consider the fact that there exists a compact K C S x R such
that for all compact K’ O K, we have that (S! x R) \ K’ is disconntected. Namely as K
one can take the "equator" of the cylinder S' x R. But, for M there exists no compact

K C M such that for all compact K’ O K , M \ K’ is disconnected. Indeed, assume
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there exists such a K. Then, K C [0,1] x [N,—N]/ ~. Take K’ := [0,1] x [N,—N]/ ~
and M \ K’ is connected.
(3) of Example (2.5) This example is locally trivial. Consider the right picture of Figure

(2), which is just a 2-dimensional representation of the left picture setting. Consider the

neighborhood U of x defined by U := {y : (y,z) > 0}. Then, we have the map
(y,€) — (y, Projection of £ onto P)

is an isomorphism from T'S™|y to U x P since we are choosing y not orthogonal to x

with positive inner product.

3. 21 SEPTEMBER 2016

Last time for (3) of Example (2.5), we showed that T'S™ is locally trivial. Now, T'S?
is not trivial, but this is not easy and requires the following theorem. A person’s name

is not associated to this theorem, but a certain phrase is that describes the theorem

Theorem 3.1. ["One cannot comb the hair on a hedgehog"| There is no non-vanishing

continuous tangent vector field on S2.

So, imagine we are given a hedgehog, which is the sphere. If we were to try to comb
it’s needles flat, then the idea is that we are forming tangent vector fields.
With this in mind, we can show that 7'S? is not trivial. Assume to the contrary that

TS? is trivial. Then, there exists an isomorphism
S* x R* 5 T'S%
Assume that zp € R? such that zg # 0. Then, y(x,29) would determine a continuous
tangent vector field on S2, which is a contradiction to Theorem (3.1).
Fact: (Hard) T'S™ is trivial only for n € {1,3,7}.

M From now on, by vector bundle we mean a locally trivial vector bundle!!!!

Remark 3.2 (An aside on connectedness). By the locally trivial assumption, if we let
2z € U (a neighborhood of z), then E|y = U x V. So, for all z,y € U, we have that
dim(E,) = dim(Ey), or that dim(E,) is locally constant. So, if X were connected, then
all fibers would be isomorphic to the same vector space. If X were not connected, then
we would simply reduce the problem to connected components, where fibers would be

isomorphic, locally. It is therefore safe to assume that X is connected.

We will consider another set of vector bundles, but first we need a topological defini-

tion.

Definition 3.3. A topological space X is paracompact if for each open cover of X there
exists a refinement of the open cover such that Vx € X, there exists a neighborhood of x

, which intersects only finitely many sets in the refinement.
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An easy example of a paracompact space that is not compact is the interval (0,1) C R
with its topology induce from the usal topology on R.
(4) Suppose that X is contractible (homotopic to a point) and paracompact. Then, one

can show that each vector bundle over X is trivial.

3.1. Transition functions. Transitions functions are a useful tool to show it two vector
bundles are isomorphic.

Let E be a vector bundle. There exists a cover {U,} such that
Ua xV 2% Ely,,
is a trivialization. If U, N Ug # 0, then we have

U,NUg) xV Uy, xUg)xV
B B

o

IR

Pa ¥s

E

U(,LﬂUB
Thus, we may form the following isomorphism
PBa ::gpglogoa (UanNUg) xV — (UaNUg) x V,

which defines a transition function.
The following theorem shows us how transtitions functions may be used to provide

an isomorphism.

Theorem 3.4. Let E, E’ be vector bundles over X and let {Uy} be a cover of X such
that Ely, and E'|y, are trivial. Let {¢pa} and {¢j,} be the corresponding transition
functions, then E = E’ if and only if there exist isomorphisms he : Uy X V — Uy X V

such that pgo = hgl © ¥4 © ha-

Proof. "only if:" Suppose E % We would like to find h,, such that the following diagram

U, xV<""_U,xV

commutes.

Thus, let by = @l ' 09|u, ©¢a. Now, the function hy' o @, o hq is defined on Uy NUg.
We then have
hg' 0 @ 0 ha = 95" 0P, 090 (P) 0Vt oYy, © Pa
=ggzloy  y,0pp0 (w};l o %) o Pt oy, © Pa
=5 oy, 0¥y, © Pa
= gpgl 0 s by defined on U, N Up
= Ppas

which completes this direction.
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"If:" We assume that there exist a family {h,, } such that g, = hglgofgahw So, we would

like to find a function ¢ such that the following diagram commutes.

E'ly, <Hee Ely,

w;T T%
Uy xV e U, xV
So, on U,, define ¢ := ¢!, o hy o ¢ .

Remains to prove:(easy exercise) On U, NUp

0o haopat = phohgopst.

We now have the tools to prove.
Theorem 3.5. Every complex vector bundle over S is trivial.

Proof. Let E be a complex vector bundle over S'. We want to show that F = S x V.
We can think of S = [0,1]/(0 ~ 1). Define U, = (0,1) and Us = [0,3) U (3,1].

But, we have that U, is an open interval, and by our presentation of S', the set 17[3

is also an open interval. Thus, E |I7a and E |[7ﬁ are trivial. Also, note that U, N ﬁg =

((0 1) U (%, 1)) Thus, the transition function

)2
~ 1 1
PBa : 0,5 U 5,1 XV—>E|I~],J1[~]5'

Next, define U, = (0,1) and Ug = [O, %) U (%, 1]. And, so

P = Pral((0.)0(3.1)xv
are defined at {%} x V and {%} x V.

We want to find hg, ho such that pg, = hgl o hs, where in between hgl o h, we
have a transition function for the trivial bundle which can be chosen to be the identity
function. Now, consider hg = id. Then, note that h, : (0,1) x V. — (0,1) x V would be
a matrix valued function, whose values are invertible matrices. So, on (0, %) and (%, 1),
we would want h, = g.. But, at {%} x V and {%} x V', we have that the values of ¢g,
are invertible matrices. Since we are in the complex setting, we can produce a continuous
path of intertible matrices between two invertible matrices. Thus, on (%, %), we define
hs to be this continuous path of invertible matrices.

In other words, to build k., we extend ¢g, onto (0,1) X V' by connecting ‘Pﬁa|{l}xv
3

and g4 {2}xv by a continuous path of invertible matrices. O
3

4. 22 SEPTEMBER 2016

Our goal for today is organize a family of bundles over a fixed space X into a semi-

group.
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Definition 4.1. Fix a topological space X.

Let [E]- the set of all vector bundles isomorphic to E.

Let [n] - the set of all vector bundles isomorphic to the X x R™. We will also let [n]
denote all vector bundles isomorphic to X x C".

Let V(X)) be the set of all isomorphism classes of vector bundles over X.

V(X) is the set for which we will equip with an operation to form a semigroup. The
operation we will use is the

Whitney sum of 2 vector bundles: Let £ = (E,p, X) and F = (F,q, X) be two vector

bundles over the same topological space X. The Whitney sum E & F will be the triple
denoted by E®@ F = (E® F,p® q,X). Now, we define each term in the triple.

EaF ={(ef):ple) =q(f)}.

p®dq: E®F — X is given by

(p®q)(e, f) = ple),
and we note that by definition of E @ F, it is equivalent to replace p(e) with ¢(f).
The Fibers of E & F are
(B®F)s:=(p®q) " ({z})
={(e, f) 1 ple) = = = q(f)}
={(e,f) e € By, f € i}
=FE, & F;.
And, thus, the definition of Whitney sum is consistent with the vector spaces structure

of the fibers of E and F'.

Easy Observations:

(1) E® F is locally trivial.

(2) E® F = F & E by the map (e, f) — (f,e)

(3) If E f: E' and F % F', then E® F = E' & F' by the map (e, f) —>

(pr(e), wr(f))-

(4) [n] ® [m] = [n 4+ m]. Hence, V(X) D No = NU{0}.
Now, we define the sum of isomorphism classes by [E|@[F] := [E® F], which well-defined
by observation (3).

So, V(X)) is a semigroup with the Whitney sum, and by observation (2), V(X) is an
abelian semigroup. Sometimes we will write Vg (X) or V(X)) if a distinction needs to be

made.

Ezample 4.2. (1) If X is paracompact and contractible, then V(X) = INg by (4)
from last lecture.

(2) Ve(S) = INg by Theorem (3.5).
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4.1. Vg(S1). By the end of this section, we will prove that Vg(S') =?7?. Since the
Mébius strip M is a real vector bundle over S', our approach to answering this question
will rely on understanding the Whitney sum of M with other vector bundles. These are

the following propositions.

Proposition 4.3. M & M = [2]

Proposition 4.4. M @ [n] is not trivial.

Proposition 4.5. Any real vector bundle over S* is either [n] or M @ [n] for some n.

Propositions (4.3, 4.5) will be left as exercises. We now prove Proposition (4.4).

Proof of Proposition (4.4). First, we show M @ [1] # [2] and the proof that M & [n] #
[n + 1] is absolutely similar.
Recall that M = ([0,1] x R)/((0,¢) ~ (1,—t)) = {(x,t) : (0,t) ~ (1, —t)}, but
1] = {(z,t) : (0,t) ~ (1,t)}. Therefore, by definition of the Whitney sum
M@ 1] = {((z, 1), (", t') sz =2, (0,¢) ~ (1,—¢),(0,¢") ~ (1,¢')}
={(z,t,t') : (0,,t') ~ (1, —t,t')}.
We approach with transition functions. Let U, = (0,1) and Ug = [0, %) U (%, 1]. Define

(4.1)

Yot Uy x R — M @& [1]|y,, by p(x,t,t') = (z,t,t') which is an isomorphism since
we avoid {0, 1}.
Next, define @g : Ug x R — M @ [1]|v, by
) (@, t,t) ,T € [O,é)
ve = {(x, —t,t) we(2,1]
We only check that this function is well-defined since isomorphism is clear. For well-
defined, since 0 ~ 1, we only need to check what happens for these z-values. But, by

Expression (4.1), we have
0p(0,t,t") = (0,t,t") = (1, —t,t') = pp(1,t,t).

Recall, that the transition function g, is defined on U, N Ug. Now,

tt) L,z e(0,3)
4.2 alz, t,t) =zt ooz, t,t) = (2,1, ’ '3
(4.2) Ppal )= @5 °al ) {(x,—t,t’) ze(2,1).
But, ©5a(2) = @gal{z}xr2 is a matrix-valued function of invertible matrices, as the

maps determines linear bijections.

Now, the transition function for [2] is the identity map, thus to show that M ®[1] # [2]
it is necessary and sufficient (by Theorem (3.4)) to show that g, # hgl o h, for some
hg:Us x R? — Ug x R? and h, : U, x R? — U, x R?.

For such functions, we would have that hq(z) := hal{z}xr2 and similarly for hg,
which implies that they are also matrix-valued functions of invertible matrices. Therefore,
det ho(z) # 0 is a non-vanishing function, so it is either all positive or all negative.

Therefore, sign(det ho(z)) is a constant function on (0, 1). Similarly, sign(det hg(z)) is a
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constant function on [0, 1) U (2,1]. But, this also imples that sign(det(hé1 ohy)) is a
constant function on U, NUg = (07 %) U (%, 1).

However, a closer look at ¢g, in Equation (4.2), reveals that

10
12:<0 1> ,x € (0,%)

(4.3) ©Ba(T) == Val{zyxR2 = 1o
( > ,x e (2,1)

0 1
where I denotes the 2 x 2- identity matrix. Therefore, sign(det ¢g,) is not constant on
UsNUg = (0,3) U (2,1). Hence, ppa # h;l o hq, and thus M @ [1] # [2] by Theorem
(3.4).
We note that for the argument for M @ [n] # [n + 1] , the argument would be the
same and we would simply replace the top matrix in Equation (4.3) with I,,41 and the
bottom matrix with —1 in the top left entry and 1’s on the remaining diagonal entries

with 0’s elsewhere. And, it is easy to see that we would reach the same conclusion. [

Remark 4.6. We note that M @ [n] is the sum of a not trivial vector bundle with a
trivial vector bundle that is not trivial. But, this is not always the case. For instance,
TS% & [1] = [3] = [2] @ [1], which also provides that in general V(X) might not have the

cancellation property.
To finish our discussion of real vector bundles over S*, we present.
Theorem 4.7. Vi(S!) = (Zy x N) U (0,0).

Proof. Define f : (Zo x IN) U (0,0) — Vr(S*) by
f(0,n) :=[n] and f(1,n) =M & [n — 1]

Note that (1,0) € (Zs x IN) U (0,0) and f is well-defined by Proposition (4.3). To show
that f is a homomorphism is easy. Surjectivity is provided by Proposition (4.5). And,
injecvitivity is Proposition (4.4). O

5. 23 SEPTEMBER 2016

The first objectvie of today is to show that the map X —— V(X) is a contravari-
ant functor between the category of topolocial spaces (with continuous maps) and the
category of abelian semigroups (with homomorphisms). We will cover the defininition of
contravariant functor as well.

Now, the map X —— V(X) already sends objects to objects, but how do we send a
morphism (continuous maps) X % Y to a morphism (homomorphism) V (X) & V().
We note that the fact the arrow is in the opposite direction is why we will have a

contravariant functor and not a covariant functor. Now, let £ = (E,p,Y) be a vector
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bundle over Y. Let X be a topological space and let X %5 Y be a continuous function.

E
|s
Y

Consider the diagram

)

This diagram suggests the following definition.

Definition 5.1. Let E = (E,p,Y) be a vector bundle over Y. Let X be a topological
space and let X 2 Y be a continuous function.

Define " E = (¢"E, ¢*p, X) by
o E={(z,e): p(x) =ple)},
which is motivated by the above diagram.
Let p*p: p*E — X be given by ¢*p(x,e) := .
Next, we establish that this defines a vector bundle.

Proposition 5.2. ¢©*F is a vector bundle.

Proof. What remains is to check that we produce fibers that are vector spaces and that
we have local triviality (recall that all our vector bundles are assumed to be locally
trivial).

Fibers: Fix xg € X. Then,

(5.1) ("E),, = ¢ o '({z0}) = {(z0,€) : o(w0) = p(€)} = Ep(a),

which is therefore a vector space that satisfies the definition of a fiber of a vector bundle.
Local triviality: Let zo € X, then ¢(z¢) € Y. Since F is locally trival, we have that there
exists a neighborhood U of () such that U x V = E|y;, where V is a vector space. By
continuity, ¢ =1 (U) is a neigborhood of zg. Thus, W(;Y will show that p* E| -1y is trivial.

Define 7 : =1 (U) X V. — ¢@*E|,-1 1) by

?(xa U) = (:Ca 7(90(1')7 U))

We show that this map is well-defined. So, we show that (z,v(¢(x),v)) € ¢*E. But, by
triviality of Ey, we have that v(o(x),v) € E, ;. But, then we have that p(y(¢(z),v)) =
o(z). Therefore, (x,v(¢(z),v)) € ¢*E, where x € o~ 1(U). O

Consider the following 2 propositions. Recall the Whitney sum from the previous

lecture.
Proposition 5.3. ¢*(E® F) = ¢*E ¢ ¢*F.

Proposition 5.4. If E = E’, then ¢*FE = p*F'.
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We note the following consequence of these results.

First, by Proposition (5.4), the map ¢* : V(Y) — V(X)) defined by ¢*[E] := [p*E]
is well-defined.

Second, by Proposition (5.3), the map ¢* is a semigroup homomorphism.

Now, we are in a position to discuss our contravariant functor, but first let’s recall

the definition.

Definition 5.5. Let C,D. Denote the class of objects of C by obj(C), and similarly for
D, and the class of morphisms C by hom(C) and similarly for D. A contraviant functor
F from C to D is a function that acts on both objects and morphisms by:

(1) X € obj(C) — F(X) € obj(D.

(2) If X,Y € obj(C) and ¢ € hom(C) such that X % Y, then F(¢) € hom(D) such

that F(Y) 2% F(X).
(3) If X € obj(C), then F(idx) = idp(x).
(4) If ¢, € hom(C), then F(¢ o p) = F(p) o F(v).

Therefore, let V' denote our contravariant functor from the category of topological
spaces with continuous maps as the morphisms to the category of abelian semigroups with
homomorphisms as the morphism. On objects, V' : X —— V(X)) and on morphisms V :
» — ©*. We have already establised properites (1) and (2) for V' to be a contravariant

functor. We leave the remaining 2 properties as exercises, which we list a propositions.
Proposition 5.6. (idx)" = idy(x).
Proposition 5.7. (o p)* = p* op*.

5.1. Grothendieck Group. To move towards K-theory, we need to build an abelian
group from an abelian semigroup. For example, this construction will provide the group
7, with addition from the semigroup IN with addition.

Grothendieck Group construction

Let H be an abelian semigroup.

Let x — y denote formal differences of z,y € H. We introduce the following relation.
(5.2) r—y~a —y = x+y +z2=2+y+ 2 for some z € H.
The proof of the next proposition will be left as an exercise, in which the proof of
transitivity will reveal why we have the z in the above relation.

Proposition 5.8. Show that Relation (5.2) is an equivalence relation.

Therefore, let [z — y] denote the equivalence class of x — y with respect to the equiv-
alence relation ~.

Define [z —y] + [z1 —y1] := [(x + 21) — (y +91)].
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The neutral element is [x — x|, which is independent of x. Indeed, x — x ~ y — y since
T+ y =y + x by abelian.

Finally, we define the inverse [x — y]™! := [y — ].

Definition 5.9. Let H be an abelian semigroup, then the Grothendieck group of H is
o(H)={[x—y]:x,y€ H}

with operations defined above.

Ezample 5.10. (1) If H = (N, +), then o(H) = (Z,+) by the map [n1 — ng] —
ni — ne.

(2) If H = (IN, ), then o(H) = (Q4,-) by the map [n; — no] — .

(3) Let H = (NU {00}, +). Since (0o + n = o0), for all ny, na, my, me we have that

ny + mo + 00 = 00 = Mg + ng + oo implies that ny — ny ~ my; — mo. Thus, the

group o(H) = 0, the trivial group. This leads to the following proposition.
Proposition 5.11. If H has an oo element (co+h = oo,Vh € H), then o(H) = 0.

(4) If H = (INg, -), then 0-n = 0 for all n € INy. Therefore, 0 is an co element and
o(H) = 0 by the previous proposition.

Let H be an abelian semigroup. Fix k € H. Consider the following map i : H —
o(H) defined by i(z) = [(x + k) — k]

We note that this map is independent of the choice of k. Indeed, z+k—k ~ z+m—m
since £ + k +m = x +m + k by abelian. Also, in the case that H has a neutral element,

we can define i(z) = [z — 0].

Proposition 5.12. i is injective if and only if H has cancellation.

Proof. If:
i(x) =i(y) = [(x+k) =kl =[(y + k) — K]
= (z+k)—k~(y+k) —k
= x+2k+z=1y+ 2k + z for some z € H
—> z = y by cancellation

e+m=y+m = [(z+m)—m|=|y+m)—m]|
= i(z) =i(y)

—> x = y by injectivity.

Universal property of o(H)
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Theorem 5.13. Let H be an abelian semigroup and let G be an abelian group. If ¢ :
H — G is a homomorphism, then there exists a unique homorphism v : o(H) — G

such that the following diagram commutes.

H—G

In other words, any homomorphism @ : H — G can be extended in a unique way to a

homomorphism v : 0(H) — G viai: H — o(H).

Proof. Define ¢([z — y]) := p(x) — (y). Well-defined is clear. Now, we check that the

diagram commutes.

Yoi(x) = (i(x))
=¢([(z+ k) — k)
=p(z+ k) — p(k)
= o(x) + ¢(k) — o(k)
= p().

For uniqueness, let 1:/; be another extension.
First, we show that [z — y] = i(z) —i(y).

i(z) —i(y) = [(& + k) — k] = [(y + k) — K]
[+ k) =kl + [k = (y + &)]

(x + 2k) — (y + 2k)

=z —yl.
Therefore,
U([z —y)) = dli(x) — i(y))
= (i(x)) — Pli(y))
= p(z) — »(y)
=¢([z —y))

6. 26 SEPTEMBER 2016

Today, given a topological space X (compact or locally compact), we will construct
the group K°(X) from the Grothendieck groups of the previous day. First, we need some

more properties of extending maps. The next serves as a Corollary to Theorem (5.13).

Corollary 6.1. Let Hy, Hy be two abelian semigroups. Recall the map i from Proposition

(5.12). If ¢ : Hi — Hy is a homomorphism, then there exists a unique homomorphism
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Y o(Hy) — o(Ha) such that the following diagram commutes.

H, —¢>H2

|

P
O'(Hl) - = > U(HQ)
Proof. Apply Theorem (5.13) to the map i o . O

Definition 6.2 (K-theory). Let X be a compact Hausdorff space. Define K%(X) :
a(V(X)).

Proposition 6.3. K° is a contravariant functor from the category of compact Hausdorff

spaces with continuous maps to the category of groups with homomorphisms.

Proof. Let ¢ : X — Y be a continuous map, then by Corollary (6.1)), we have that

there exists a unique map 1 such that the following diagram commutes.

V) — S V(X)

KO(Y) Jo(V(Y)) to- a<vl<x>>
Define K%(y) := 1.

It remains to check that K%(p o) = K%1) o K°(¢p). But, K%(¢ o 1) is the unique
extension of (po1)*. However, K°(), K°(¢) are unique extension of ¢*, 1*, respectively.
Proposition (5.7) showed that (¢ o 9)* = 9* o ¢*, which implies that K°(p o 1)) =
K1) o K°(¢) by uniqueness of extenstions by Corollary (6.1). O

We note that by K9, we mean the complex case whereas KJ} is reserved for the real

case.

Ezample 6.4. (1) K°({zo}) = c(INg) = Z.
(2) K°(St) =Z.
(3) K} (S') = o0(Zs x NU{(0,0)}) = Zs x Z.

The next proposition will lead us to the lcoally compact case.

Proposition 6.5. If X is a compact space, then K°(X) contains Z as a direct summand.

And, we denote K(X) =7Z & I,(VO(X).

(Caution: V(X) 2 Ny /= K°(X) D Z. For instance, Ny U {oco} D INg but o(INg U
{o0}) =0 and o(INg) = Z).

Proof. Fix xg € X. Consider

{20} X —5= {0}
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and we note that ¢ is an injection and p is a surjection. By Theorem (6.3), we have

KO({0}) S 50 (x) <P KO({a})

However, p oi = id,,, = K°(i) o K°(p) = idgo({z,}) = K°(i) is a surjection and
K°(p) is an injection. Hence, since Z = K°({xz¢}),

0 i 0
7 <L Vo xy' P oy,

Thus, if we show that there is an isomorphism v : K°(X) — K°(i)(K°(X)) @ker K°(i),
then we would be done since K°(i)(K°(X)) = Z. Define v by

(g) = (K°(i)(9), 9 — K°(p) (K°(i)(9))) -
To check that this is well-defined, note that
K°(i) (9 — K°(p) (K°(0)(9))) = K°(i)(g) — (K°(i) o K°(p)) o K°(i)(9)
= K°(i)(9) — idxo({zy}) © K°(i)(g) = 0.

Therefore, g — K°(p) (K°(i)(g)) € ker K°(i).

It is left as an exercise to prove that « is an isomorphism.

We note that IA(B(X) := ker K°(i) and that this is independent of the choice of x
since if G =Z @& G1 = 7Z ® G4, then G1 = Gs. [l

Now, assume that X is a non-compact locally compact Hausdorff space. Let X+

denote its one-point compactification. By Proposition (6.5), we have that
K%X*)=Za& Ko(XT).
Thus, we define.

Definition 6.6. Let X be a non-compact locally compact space and denote its one-point

compactification by X*. Define
K°(X) = KO(X ).

We note that in order for this K° to be a contravariant functor, we need to consider
instead the category of locally compact Huasdorfl spaces with *proper* continuous maps
because a proper continuous map on a locally compact Hausdorff space extendts to a
continuous map on the one-point compactification, which is not the case if our map is
only assumed to be continuous.

Homotopy invariance If f,g : X — Y are homotopic, then K°(f) = K%(g). (We will

prove this later in the the more general context of K-theory for C*-algebras.)

Fact: Let X be a locally compact space. If Y C X is closed, then the sequence
KYX\Y)— K°%X) — K°Y)
is exact.

Definition 6.7. K~ !(X) := K°(X x R)
K—"(X) = KO(X x R").
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Note that if Y C X is closed, then Y x R"™ is closed in X x R"™. Furthermore, there

exist maps ¢ such that the following is a long exact sequence.

K2(X\Y)—= K~ 2(X) —= K~2(Y)

(6.1)

§
KX \Y) —= K 1(X) —>= K~\(Y)

§
KOX\Y) = K%(X) —> K(Y)

One of the main benefits to working with the groups K° instead of semigroups is that
we can use Bott periodicity, which proves very useful for calclating K-theory.

Bott periodicity: There is a natural isomorphism between K°(X) and K~2(X) and hence

between K ~"(X) and K ~"~2(X). By natural isomorphism, we mean a natural transfor-
mation, which satisfues the following. Given a map X — Y there exist maps nx and

1y such that the following diagram commutes.

KO(X) KO(Y)

o

K2(X)<=— K2(Y)
With this the Sequence (6.1) becomes the 6-term exact sequence.

K HX\Y)—= K }X)—= K1(Y)

i |

KO(Y)<— K%(X)=—— K%X\Y)

By Bott periodicity we may calculate the following K-groups.

Example 6.8. (1) K°(R?) = K°({xo}) = Z.
(2) Since S?% = R2", we have K°(S?) =Z o K°(R?) = 72.

Next, to move toward K-theory of C*-algebras, we must describe vector bundles in

algebrac terms. We begin with

Theorem 6.9 (Swan’s theorem). Let X be a compact Hausdorff space. If E is a vector

bundle over X, then there exists a vector bundle E' over X such that E @ E' = trivial.

We already observed this phenomenon in the case of the non-trivial vector bundle

M. Indeed, M ® M = [2].
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7. 27 SEPTEMBER 2016

We continue our journey to reformulate K-theory in a more algebraic way to translate
to C*-algebras. This begins with Swan’s Theorem (6.9). In order to prove Swan’s theorem
we will spend the day proving results that will lead to Swan’s theorem. The first of which
is:

Theorem 7.1. Let E be a vector bundle over X. Let p : E — E be an idempotent
morphism (that is, p is a morphism such that p?> = p, where p*> = pop.) Recall that for
a morphism, p, :=p|g, for all x € X. Then,

(i) Ran p = Uzexp. and

(ii) kerp = Upexpa

are vector bundles over X.

Remark 7.2. In general, range (and kernel) over morphism needn’t be a vector bundle.
For example, consider X = [0,1] and the mprhism ¢ : X x R — X X R defined by
o(z,t) = (x,zt). Now, if

x # 0, then Ran(y,) = R and if

x = 0, then Ran(y;) = 0, which breaks localy triviality. The philosophy for why this
does not work is because the map from linear transformations 7' — dim(RanT’) is not

continuous (although, it is semicontinuous).
Proof. We need to establish local triviality. First note that p2 = p, for all z € X.

Claim 7.3. If z,z9 € X are close, then there exists an invertible linear map f. such

that Pz = f;lpmofz'

Proof of claim. Define fy, := 1 — pyy, — Do + 2Py Pz Now, if 2 is close to zg, then p, is
close to p,, and hence —p,, — p, is close to —2p, = —2p2 by idempotent. But, this is
close to —2pg,p,. Therefore, f, is close to 1 — 2p, ps + 2Pz, 0. = 1, the identity. This
implies that f, is invertible. But, by idempotent,

Paofo = Pao (1 = Prg = Do + 2PuePz)

= Py — Pay — PaoPaz + 2D2,Pa
= Dz — Pz — PaoPa T 2PzoPa
= —PzoPx + 2Dz Px

= (1= Pay — Pz + 2PwoPa)Pa

= fuoDa,
and thus, p,,p. = fp. implies that p, = f 'pu, fe- O

Hence, let U be a neighborhood of xg such that for x € U, f, is invertible and
Pe = fi 1Py fo- Now, define

Ran p|y = UycpRan p, = U x Ran p,,
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by v((z,v)) := (z, fzv). For well-defined, let v € Ran p, = Ran f, 'p,, f.. Then, v =

fa;_lpasofww = fzv = pzofww € Ran Dz -
Next, define

ker ply = Uzeu ker py % U x ker Do

by 0((x,v)) = (x, f; 'v). The proof of well-defined follows similarly. O

We can think of Swan’s theorem as a way to find a complement of FE denoted E’ such
that £ & E' is trivial. The next theorem establishes a notion of complement for vector
bundles, which transfers the difficulty of finding a complement to finding a suitable

morphism, which is part (3) of the following theorem.

Theorem 7.4. Let E, F be vector bundles over X. The following are equivalent.
(1) There exists a vector bundle E' over X such that E® E' = F.
(2) There exist morphisms a: F — E and 8: E — F such that « o = idg.

(3) There exists a morphism o : F — E such that o, is surjective for all x € X.

Before we prove this theorem, let’s begin with a remark of the case of vector spaces

instead of vector bundles to motiviate the proof of (3) = (2).

Remark 7.5. Let M, N be vector spaces and let o : M — N be a surjective linear map.
We want to find 8 : N — M linear such that v o 8 = idy. As we are in the case of
vectro spaces M/kera =2 N and M = N @ ker a. Since we are only considering finite

dimensional case, we can view « as a rectangular matrix

a=[~7[0],

where v : N — N denotes an isomorphism and 0 denotes ker a. Now, define 5 as

5= |25

where 0 represents ker . Therefore,

aoﬂ['y()]{’yol]]ljv.

Proof. We start with the hardest implication (3) = (2). Now, condition (3) implies
that a(E,) = F, for all # € X. As E, and F, are vector spaces, we will apply the
techniques of the above remark in a consistent way between different x’s.

By locally trivial, there exists a cover {U;} of X such that F|y, = U; x M and
Ely, = U; x N. Let « € U;. First, we construct 8 on U;. Now, M = N @ ker a;. Thus,

following the remark, there is an isomorphism ~, : N — N such that
Qg = [ Yz ‘ 0 } 5
where 0 denotes ker «,, and for all y € U,

O‘y:[%‘ey]'
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vy is close to 7., and hence 7, is an isomorphism. We note that it might be the case
that we need a finer cover than {U;} for this, but this can be done without consequence.

Thus, we may define

Therefore, ay, 0 8, = [ Vy ‘ 0y ] {L

] = Ly
We define §; : B u; by (Bi)z := By. We thus have

Ui—>F

(7.1) aly, o Bi = idg, -
Next, we need to glue the ;’s together to obtain 8 : E — F.

To do this, let {n;} be a partition of unity corresponding to {U;}. Define 8 : E — F
by if e € E,, then

Ble) i= S mi(@)Bie),
(assuming that 7;(2)B:(¢) = 0 when 7;(z) = 0). Therefore, if ¢ € E,, then
aople) =a (Y m@pie)
=Y mi(@)alv, (Bi(e))
= ni(x)e by Equation (7.1)

= le = e by partition of unity.

Thus, ao 8 =idg.
(2) = (1). For this, we will prove that F' = E @ ker(5 o ). By assumption,
(ﬁoa)2 =fBoaofoa=Loux
——
—idp
is idempotent. Thus, by the previous theorem, ker(S o a) is a vector bundle. Therefore,

E @ ker(8 o «) is a vector bundle. Hence, we can show that the following map is an

isomorphism.
Let v : F — E®ker(Soa) be defined by v(f) = (a(f), f — Boa(f)). Easy exercise.
(1) = (3). Define a: F — E by a((e, €')) =e. 0

8. 28 SEPTEMBER 2016

Today, we will prove Swan’s Theorem (6.9). But first, we need one more notion.

Definition 8.1. A section of a vector bundle E = (E,p, X) is a continuous map s :
X — FE such that s(z) € E, for all x € X. That is, po s(z) =z for all z € X.

We let I'(E) be the set of all sections. And, I'(E) is an abelian group with addition
defined point-wise (s + t)(z) = s(z) + t(x) for s,t € T'(E),z € X, which is well-defined

since F, is a vector space.

For example, if we consider the trivial bundle S* x R, then a section is a continuous
map s that assigns to each x € S! some value s(x) € E, = R such that s is continuous.

Consider the following figure:
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NG /'/h\ .

FIGURE 3. Section of S' x R

Definition 8.2. Sections si,...,sy € I'(E) are linearly independent if for x € X, the

vectors s1(x), s2(x),...,sny(z) € E, are linearly independent.
Proposition 8.3. The vector bundle [n] has n linearly independent sections.

Proof. First consider the trival bundle X x V, where dim V' = n. Fix some basis of V'

denoted vy, ...,v,. For i =1,...,n, define constant sections s; by
si(z) = (z,v:)
which are linearly independent since vy, ..., v, are linearly independent.

Next, assume that F is a vector bundle such that X x V' = B
¥

Fori=1,...,n, define §; € I'(E) by §;(x) =~vos,. O
We list two observation, which will be useful in the proof of Swan’s theorem.

Observation 8.4. Let FE be a vector bundle over X. If f € C(X) and s € T'(F), then
fs € T(F) since f(z) € C and s(z) € E,, which is a vector space, and (fs)(z) =
f(z)s(z) € E,.

Observation 8.5. Let E be a vector bundle over X. If s1,...,sy € I'(E), then we can
define o : X x RV — E by

N
O‘((%Mla s a/'LN)) = Z,ul Sl(x) € E,.

We rewrite Swan’s theorem and we note that Swan’s theorem is valid for either the

C or R case.

Theorem 8.6 (Swan’s Theorem). Let X be a compact Hausdorff space. If E is a vector

bundle over X, then there exists a vector bundle E' over X such that E ® E' is trivial.

Proof. By Theorem (7.4) from yesterday, it is enough to construct o : X x RN — E

such that o is a surjection for all x € X for some N.
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Let {U;}7_; be a cover of X such that E|y, = U; x R™. (We note that if X is
connected, then n;, = n; for 4,5 = 1,...,r). By Proposition (8.3), E|y, has n; linearly
independent sections s( D ..., s Therefore, for x € U;, the vectors s( )(o:), . sgl)(x) €

R™ are n; linearly 1ndependent vectors, which thus form a basis for R™i. Hence, we note

for all x € U;, ¢ € By, A AY) € R such that
(8.1) €= AV (a)
j=1

From this, we build sections on all of E. Let {7;} be a partition of unity corresponding

to {U;}, then fori=1,...,r,j =1,...,n; define
5 =mnisy € D(E)

by Observation (8.5). Therefore, we have (ny + - - - + n,) sections. This will be our N in
the definition of a. Indeed, define
a: X x Rmttne g
by
1 T r
oz(:v,u( LSRRI T ,M%T)) ZZM(” e
=1 j=1
By Theorem (7.4), all that remains to check is that for € X, the map «, is surjective.
Now, there exists n; such that 7;(z) #0 = z € U;. By Equation (8.1), for £ € E,., we
have since n;(z) # 0
n; . n; )\(i)a(i) (z)
€= N @) =3 S
j=1 = @)

and by definition of «,

it"-block
AP )
« an s Yy ! 7"'777/, ) _€
ni(x) ni(@)

O

Remark 8.7. In general, we don’t know what N is for the trivial bundle X x RY in the
proof of Swan’s theorem. But, we can find calculate an N (not necessarily the smallest
N) in the case that the covering dimension of X is finite (dimcoy X < 00). This is an

application of Ostrand’s theorem, which states:

Let X be compact. Then, dim.,, X = n < oo if and only if for every cover {17172} there
exists a refinement {W;} such that this refinement can be split into n + 1 families,
Wi, ..., Wy1 such that for fixed j = 1,...,n+1, we have that UNV =0if U,V € W;.

Now, if W; "\ W; = () and E|w, trivial and Elw, trivial, then E|w,w, trivial. With

this observation in mind, in the proof of Swan’s theorem, consider the cover {U;} such
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that U is the union of all subsets in in the first family W; and so on. In the connected

case, this produces the following formula.
(dimeoy X + 1) - dim(fiber).

If not connected, then by compactness there are only finitely many connected components
and by locally triviality, we can replace dim(fiber) with the maximum dimension of all
the fibers.

For example, if £ = M, since the covering dimension of S is 1 and the dimension of
the fiber is 1, then (1 + 1) - 2 implies that M & E’ = [2].

In the case when E = T'S?. The covering dimension of 52 is 2 and the dimension of
the fiber is 2 since the fibers are planes from the second lecture. Thus, (2+1)-2 =6 and
TS?® E' = [6]. But, of course, we were already able to do better. Indeed, T'S? & [1] = [3].

Next, we move to the realm of modules.

An abelian group M is a (left)module over an algebra A ( with product e) if there
is a map (a,m) € Ax M — am € M that satisifes, (a1 ® az)m = aj(azm) and
(a1 + az)m = aym + agm.

We already have an example of such a structure.
Proposition 8.8. If E is a vector bundle over X, then T'(E) is a module over C(X).

Proof. Note that we already stated in the definition of sections that I'(E) is an abelian
group. For the rest, use Observation (8.5). O

Let’s cover some more examples of modules.

Ezample 8.9. (1) @), C(X) =: C(X)™ is a module over C'(X) (free-module of rank

n) by the operation f(f1,...,fn) = (ff1,-- s ffn)
(2) Free-module Let A be an algebra and I a set. Then

A" := {(ay)acr : only finitely many a, are # 0}

is a module over A be the operation a(aq)acs = (a4 )ac-
(3) Let X = [0,1], then Cy((0,1]) is a module over C(X) since if f(0) = 0, then
fg(0) =0 for any f € C(X).

9. 29 SEPTEMBER 2016

The goal of today is to state the Serre-Swan theorem and prove a part of it. This
theorem provides an equivalence between the category of vector bundles over a fixed
compact Hausdorff space and the category of finitely generated projective modules over
C(X), which is another important step to our move to K-theory of C*-algebras.

The majority of today will be taken up by proving a proposition that holds many of

the important properties used to prove Serre-Swan. But, first some definitions.
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Definition 9.1. Let M, N be modules over A. v : M — N is a module homomorphism
if y(am) = ay(m) for alla € A,m € M.

Definition 9.2. A module P over A is projective if it is a direct summand of a free

module. That is, 3 a module N over A such that P & N is free.

This definition is not the same a saying that P is a submodule of a free module. Indeed,
Co((0,1]) is a submodule of the free module C([0,1]) but it is not a direct summand of
C([0,1]). This is because C([0,1]) has codimension 1 in C([0,1]) and thus any vector
space to complement of Cy((0,1]) in C([0,1]) has the form Cy((0,1]) ® Cfo = C([0,1])
for some fy € C([0,1]). But, Cfo is not a submodule of C([0,1]). This is because there
exists f € C([0,1]) such that fof & Cfo.

Next, we give an equivalent definition to projective module, in which the proof of

equivalence is left as an exercise.

Definition 9.3. A module P over A is projective if for all modules M over A and any
surjective module homomorphism ~ : M — P there exists a module homomorphism

h: P — M such that yoh =idp.
We note that we always assume that the algebra A is unital.

Definition 9.4. A module M over A is finitely generated if there exists finitely many
mi,...,my, € M such that for each m € M there exist aq,...,a, € A such that

n
m = E ajmj.
j=1

Ezample 9.5. (1) The free module of rank n, A™ is n-generated. Consider the ele-

ments of the form (0,...,0, 1 ,0,...,0)for j=1,...,n.
~~

J
(2) (non-example) Cy((0,1]) is not a finitely generated module over C([0,1]). The

proof of this is left as an exercise.
Now, we are ready to state the large proposition.

Proposition 9.6. Let E, F be vector bundles over a compact Hausdorff space X.
(1) T(E) is a module over C(X).
(2) A (iso)morphism ¢ : E — F induces a module (iso)homomorphism ¢, :
[(E) — T(F).
(3) T'([n]) = C(X)™.
4) T(E@F)=T(E)®T(F).
(5) T'(E) is a finitely generated projective module.

Proof of (1). was done yesterday as Proposition (8.8). O
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Proof of (2). Cousider the following diagram where ¢ : E — F' is a morhpism and
s e(E).

E-*-F

X
Therefore, p o s € I'(F) since g o s(z) = p(s(x)) € F, by definition of morphism. Thus,
——

€E,
define

v« :sED(E)— pos el (F),
which we already showed to be well-defined. For the module homomoprhism property.
Let f € C(X),s € T(E). Recall that ¢ is linear on fibers.Therefore,
P« (fs)(x) = (po(fs))(x)
= ¢(f(x)s(z))
—

c€E,

= ¢a(f(2)s(2))
= [(@)pa(s(x))
= ¢(f5) = fp(s).

If ¢ were an isomorphism, then ¢! = (¢71) . O

Proof of (3). Let [n] = X x C". Fix s € I'([n]). Then, s is of the form s(z) = (z, fs(z))
for each = € X, where fi(x) € C". But then , f; € C(X,C") = &7_,C(X) = C(X)™.
Thus, there exist f1,..., f, € C(X) such that fs(z) = (fi(z),..., fu(z)). Therefore, it
follows that

s € [([n]) — fs € C(X)"

is a bijection, and the fact that this map is a module homomorphism follows easily. [

Proof of (4). Let s € I'(E @ F'). Then, recalling the properties of the (Whitney) sum of
vector bundles, we have that s(z) € (E® F), = E, ® F,. Hence, define s : X —
E,so9: X — F by s(z) = (s1(2), s2(z)) € E; ® F, for all z € X. Then, s; € I'(E), s2 €
L(F). O

Proof of (5). First, we establish the following claim.
Claim 9.7. A direct summand of a finitely generated module is finitely generated.

Proof of claim. Assume that M, N are modules over A and R is a finitely generated
module over A such that M & N = R. Let r1,...,r, € R be a finte set of generators.
Then, for each j =1,...,n we have r; = (m;,n;) and mq,...,m, is a finite gerating set

for M. O
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By Swan’s theorem, there exists a vector bundle E' over X such that E @ E’ = [n]

for some n. Therefore,

@) N ,
CX)"2I(n) =T(E® E') 2 T(E)®(E.

Hence, by the claim, since C'(X)™ is finitely generated, we have that I'(E) is finitely

generated projective. O
As a corollary to this proposition, we have.

Corollary 9.8. Let X be a compact Hausdorff space. Then, I : E —— T'(E) is a covariant
functor from the category of vector bundles over X with morphisms to the category of

finitely generated projective modules over C(X).
Proof. Tt remains to check composition. (@ o ).(s) = p o1 o s = @.(.(s)). O

Remark 9.9. If X were not compact (locally compact), then we could not use Swan’s
theorem, which in the compact case shows that I'(E) is a finitely generated projective

module. Also, Swan’s theorem is used to provide injectivity in the following result.
Now, we state the Serre-Swan theorem, and proof some of it today.

Theorem 9.10 (Serre-Swan Theorem). With the same setting of the previous Corollary,
the map T' : E+—— T'(E) is a bijection.

Proof. We start with injectivity. So, we will show that if I'(E) 2 T'(F), then E = F. We
will begin by showing something stronger. We will show that any module homomorphism
v:T(E) — T'(F) is induced by some morphism ¢ : E — F such that v = p,. We will
then establish the same for isomorphisms. First, we show take care of the case of trivial
bundles.

Lemma 9.11. If v :T'([n]) — T'(Im]) is @ module homomorphism, then there exists a

morphism ¢ : E — F such that p. = .

Proof of Lemma. Let [n] = X x C™ (or R™) and [m] = X x C™ (or R™).

Let v1,...,v, € C™ be a basis and w1, ...,w, € C™ be a basis. We define constant
sections 7; € I'([n]) by v;(z) = (x,v;) and similarly define w; € T'([m]). Let s € T'([m]).
Fix z € X, then s(z) = (z,y) such that y € C™. Hence, there exist A1 (z),..., Ap(z) € C
such that

s(z) = (z,y) = (x,Z)\m(x)wi> )
i=1

Therefore, s = > ; \;(-)w; and we only need to see how ~y acts on the constant sections.

Y(@7) =Y N ).
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Now, by linearity, we only need to define the morphism ¢ : [n] — [m] on the basis. So,
define

(9.1) pa(vi) = D Ny(@)w;.
j=1
It is left as an exercise to check that ¢, = 7. O

Now, let v : I'(E) — I'(F). By Swan’s theorem E & E’ = [n] and F & F' = [m)].
In particular, by (4) of Proposition (9.6), we have that T'(E) @ T'(E’) = T'([n]) and
I'(F) @ T'(F') =T'([m]). Thus, we may define

v 0.
(30 )Tt — (.
By the above lemma, there exists ¢ : [n] — [m] such that ¢, = < g 8 ) But, as

E® E =[n] and F & F' = [m], we may write ¢ = ( b1 P2 >,wheretp1:E—>F.

P3 P4
And,
Oy = Pl P24 _ Y 0 )
* P3x Pdx 00
implies that ¢,, = 7.
Tomorrow, we will begin by verifying the case of isomorphism. O

10. 30 SEPTEMBER 2016

Today we finish the proof of the Serre-Swan Theorem (9.10).

Continuation of proof of Theorem (9.10). Last time we proved that a module homomor-

phism « : I'(E) — I'(F) is induced by a morphism ¢ : E — F such that v = @,.
Today, we begin by show that if v is an isomorphism then so is ¢. Assume that ~ is an

isomorphism, then y~1 : I'(F)) — I'(E) is an isomoprhism and there exists a morphism

1 : F — F such that y~! = +,. But, then

(po)s = pu 0 thy = idppy and (Y 0 @)s = idp(g).

Therefore, the following claim would complete our proof of injectivity of the functor ~.
Claim 10.1. If ., = id, then § = id.

Proof of claim. By definition and assumption, d.(s) = §os = s for all s € I'(E). In
particular, we have that if € X, then s(z) € E, and 6(s(x)) = d,(s(x)) = s(z). But,
we want 0(z) = e where e € E,. Thus, it is enough to find s € I'(E) such that s(z) =e.

Fix e € E = Uzex E,. So, there exists € S such that e € E,. By local triviality, let
U, be a neighborhood of = such that E|y, is trivial. Let €(z) denote the constant section

on E|y,. Let n be a function with support U, such that n(z) = 1. Define s = ne. O

Therefore, injectivity is complete.
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Surjectivity: Let M be a finitely generated projective module over C'(X). Assume that
M is n-generated. We want to show that there exists a vector bundle over X such that

I'(E) = M. To prove this, we use a lemma.

Lemma 10.2. If M is an n-generated projective module over A, then M is a direct

summand of A™ (the free module of rank n.)

Proof. We will use the second definition of projective module Definition (9.3). Let mq, ..., m,

be the generators of M. Define a surjection v : A” — M by
m
v(ay,...,a,) = Zajmj.
j=1
Thus, since M is projective, there exists h : M — A™ such that v o h = idy;. Therefore,
one can show that
x€ A" — (y(z),x —hovy(x)) € M Dkery
is an isomorphism. O
By the lemma, M @& R = C(X)"™. We define a skew projection
p:(m,r) e C(X)" — (m,0) € C(X)",

and thus p? = p. But, by Proposition (9.6) (3), p : I'([n]) — I'([m]) is a morphism.
Therefore, by the part of the proof of Serre-Swan from yesterday there exists ¢ : [n] —
[n] such that p = p.. And, ¢? = ¢ is idempotent since p is idempotent. Therefore, by
Theorem (7.1), we have that Ran ¢ is a vector bundle.
We will show that M = T'(Ran ¢). We can already day that M = Ran p. But,
Ran p=Ran ¢, = {pos:seT([n])} ={z— ¢.(s(x)) : s € C(X,C")}.

And, T(Ran ¢) = {g : X — C" : g(x) € Ran ¢,}. Thus, we have that Ran p C
I' (Ran ¢). Let g € T' (Ran ¢). Since ¢ is idempotent and g(z) € Ran ¢,, we have

pyg(x) = ¢x(g(x)) = g(x).

Thus, pg = g and g € Ran p, which completes the proof. O

Corollary 10.3. Let X be a compact Hausdorff space. Then, V(X) = the semigroup of
finitely generated projective modules over C(X). Hence,

Ko(X) = o(the semigroup of finitely generated projective modules over C(X)).

Now, the right-hand side of V(X)) of the above corollary is a statement that makes

sense for any ring, and this gives algebraic Kj.

Definition 10.4 (Algebraic Kp). Let A be a ring. Define

Kglg(A) := o(semigroup of finitely generated projective modules over A).

Corollary 10.5. K°(X) = K3'(C(X)).
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To move to C*-algebras we will formulate algebraic K, in C*-algebraic terms. We

begin with a definition.

Definition 10.6. Let A be a C*-algebra. We define Mo (A) := Upen M, (A), where for
each n € IN, we have M,,(A) — M, 41 by the map a — ( 8 8 )
Also, if p € M,(A),q € M,,(A) are projections (p> = p =

( g 2 ) € Mp+m(A) is a projection.

p*), then p ® q :=

Theorem 10.7. Let A be a unital C*-algebra. The following three semigroups are iso-

morphic.

(1) Vi(A) ={[M]: M is a finitely generated projective module over A}, where [M]
[M'] when M = M as modules.

(2) Va(A) = {ld] ¢ € Mwo(A),® = g} and [q] = [¢] i there exist 2,y € Moo(A)
such that ¢ = zy and ¢’ = yx.

(3) Va(A) = {[p] : p € Muo(A),p* = p = p*}, where [p] = [p'] if there exists v €
My (A) such that p = vv* and p’ = v*v.

We will prove these isomorphisms and use (3) to define K-theory for C*-algebras.

Proof. (1) <= (2). Let M be a finitely generated projective module of d-generators.
By Lemma (10.2), we have that M & N = A% Define py : A? — A? by pyr((m,n)) :=

(m,0), which is a module homomorphism.

Lemma 10.8. Consider A as the rank 1 module A*. If f : A — A is module homo-
morphism, then there exists ag € A such that f(a) = aag for all a € A.

Proof. By definition, f(ab) = af(b). If b =1, then for all a € A, we have
fla) = f(al) = af(1).
Let ag = f(l) O

We will continue the proof the next day... (]

11. 3 OCTOBER 2016

We continue with the proof of the following theorem.

Theorem 11.1. Let A be a unital C*-algebra. The following three semigroups are iso-
morphic.
(1) Vi(A) = {[M] : M is a finitely generated projective module over A}, where [M] =
[M'] when M = M as modules.
(2) Va(A) = {[q] : ¢ € Muo(A),q*> = q} and [q] = [¢] if there exist z,y € My (A)
such that ¢ = xy and ¢’ = yzx.
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(3) V3(A) = {[p] : p € Moo (A),p*> = p = p*}, where [p| = [p'] if there exists v €
Moo (A) such that p = vv* and p’ = v*v.

Proof. (1) <= (2). Let M be a finitely generated projective module of d-generators.
By Lemma (10.2), we have that M & N = A?. Define pys : A? — A? by par((m,n)) :=
(m,0), which is a module homomorphism. Last time we already prooved part (1) of the

following lemma.

Lemma 11.2. Consider A as the rank 1 module, A'.

(1) If f : A — A is module homomorphism, then there exists ag € A such that
f(a) = aag for all a € A.

(2) If f: A — A% is a module homomorphism, then there exists b = (b;;) € My(A)

such that 4
ar > i1 b
! :
d
ad Zj:l a;bg
fir o fua
Proof of part (2) of Lemma. f can be written as f = oo where f;; :
fao o fad

A — A. It follows easily from f being a module homomoprhism that all f;;’s are
module homomorphisms.

Thus, by part (1) of the Lemma, there exist b;; € A such that f;;(a) = ab;; for all
a € A. Therefore,

a1 f11 fld ay

ag far - faa aq

> f1(a;)

L
> =1 fai(aj)
Yoy ajby

=
Zj:l a;bg
O

Hence, by the Lemma, pys is defined by some matrix (b;;) € My(A). Also, p3, =
pv = (bij)? = (bi;) and is thus an idempotent in M. (A). To construct our map from
V1(A) to V5(A), we use the following claim.

Claim 11.3. If M, M’ are two finitely generated projective modules over A such that
M = M', then (bij) ~ (b;) as idempotents.

Proof of claim. By construction of the (b;;), is is enough to show that there exist F, G :
A% — A4 such that py; = FG and pyy = GF.
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Now, by projective modules, M @& N = A% and M’ & N’ = A?. By assumption, there
exist isomorphisms Fy : M’ — M and Go : M — M’. On A%, define
F : M’ G : M
F(a) = bla) :a€ and G(a) = ofa) :a€ ,
0 ae N’ 0 ca €N

F()G()(a):a ZCLGM_

0 aeN = pa(a). Simliarly, GF = pyy. O

then FG(a) = {

By the claim, the map [M] € Vi(A) — [(bi;)] € Va(A) is well-defined.
Injectivity: We want to show that (b;;) ~ (bj;) == M = M'. But, by construction, we
can see that (b;;) ~ (b;;
G,F: AY — A Now, G|y : M — A% and F|pp - M’ — A?. Next, we check that
G(M) C M’ and F(M') C M. For the first containment,
py =FG = M =py(M)=FG(M)

) <= pum ~ par in the sense that py; = F'G and pyp = GF for

= G(M)=GFGM) =puG(M)
= G(M)C M.
The argument is similar for F'(M’) C M.
Therefore, F|pr 0 Glpr = (F o G)|v = pulav = idpyr and Glag o F|p = idpyr, which
shows that M = M’.
Surjectivity: Let (b;;) € Moo(A) be an idempotent. There exists d such that (b;;) €
Mgy(A). Define p : A2 — A? by

ap Eajblj

aq Z a; bdj

By idempotence, AY = Ran p ® ker p. Now, Ran p is a module since

ay aq aaq
ap =p|a =p € Ran p.
aq Qaq aaq
ai aaq ay
For kerp. p =0 = »p = ap = 0. Hence, Ran p is a
aq aaq aq

finitely generated projective module such that pran , = p and Ran p — (b;;).

(2) < (3) We start with 2 steps.
Step 1. Fach idempotent q is equivalent (as idempotents) to some projection p.

Step 2. If p1,p2 are projections that are equivalent as idempotents, then they are equiv-

alent as projections.

We will prove Step 1 now and leave Step 2 as an exercise, which is exercise 5B(f)

from Wegge-Olsen.
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Proof of Step 1. Assume that ¢ = ¢. Define s := ¢*¢ + (1 — ¢)*(1 — ¢). One can show
that

(11.1) q"s =q"q = sq.
Now,
s=1-¢"—q+2¢"q¢= 5+ 5(1+2¢)"(1 +2q).
But, (1 +2¢)*(1 + 2g) > 0 is positive. Therefore, by spectral mapping theorem, s is
positive such that 0 & spec(s) (the spectrum of s), and thus s is invertible. Furthermore,

—1/2

57! is positive and has a unique positive square root s . Now,

Equation (11.1) = s~ Y2(¢%s)s™ /2 = s71/2(s¢)s™1/2
(11.2) s V212 120612
— (sY2gs7 V) = §M/2s
Next, define p = s'/2¢s~1/2. Note that ¢ = s~*/?ps'/2. By Expression (11.2) and idem-
potence of ¢, we have p* = p = p?, which is a projection. Furthermore,
p=p"=(ps'*)(qs"/*) = (a)(D)

q=q*=q(s7/?ps'/?) = (b)(a).

Therefore, p is a projection such that p ~ ¢ as idempotents. O

12. 4 OCTOBER 2016

Motivated by Theorem (11.1), we define.

Definition 12.1. Let 2 be a unital C*-algebra. Define
Ko(2) := o (Vs(21)),

the Grothendieck group of the semigroup V3(A).

Thus, in particular, we have that Ko(C(X)) = K%(X), where X is compact Hausdorff.

We present some other examples.

Ezample 12.2. For the first 3 examples, we note that projections in B(H) (C*-algebra
of bounded operators on a Hilbert space) are equivalent if they have the same rank.
(1) Ko(C) = o(No) = Z.
(2) Ko(M,(C)) = Z, which follows from the first example since M, (C) = My (M, (C)).
(3) If H is infinite dimensional then there exist projections with infinite rank and
Ky(B(H)) =0(NgU{oc}) =0.
(4) This example considers von Neumann algebras. In a II;-factor, prjections are
equivalent when the trace are the same. Thus, Ko (II;-factor) = o(R4+) = R.
In a IT.-factor, semi-finite traces can take infinite value, and thus, Ky (II.-factor) =

o(Ry U{oo}) =0.
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In a ITI-factor, all non-zero projections are equivalent. Hence, K (I1I-factor) =
o(0U {o0}) =0.
(5) (Cuntz) Ko(O,) = Zp—1, where O,, is the Cuntz algebra.

Example (4) shows that K-theory is not useful in the setting of von Neumann algebras.
Theorem 12.3. Ky is a covariant functor.

Proof. Let ¢ : 2 — B be a *-homomorphism. We may extend ¢ to a map from M, (2
to M, (B) by defining (a;;) € M,(2A) — (p(ai;) € M,(B). Thus, for p € M,(A) a
projection, we have that ¢(p) € M, (B) is a projection. Hence, [p] € V3(2) — [p(p)] €
V3(B) is well-defined. And, by a previous lecture, we may uniquely extend this map to

the associated Grothendieck groups. Denote this map by
Ko@) 2%, Ko (98).
U
Next, we provide K for nonunital C*-algebras. Assume that 2( is a non-unital C*-
algebra. Let AT denote its unitlization (with multiplication (a, A)(b,u) := (ab + Ab +
pa, Ap)). Consider
c—sa+ s g,
where i(\) = (0, A) and p(a,A) = A and note that p o i = id¢. By Theorem (12.3) and

K(C) = Z, we have

Ko(i K
2" g

and thus, Ky(p) o Ky(i) = idz. Hence,
Ko(A") = Z & ker Ko(p).
This allows us to define K for nonunital C*-algebras.

Definition 12.4. Let 2 be a nonunital C*-algebra. Define p : AT — C by p(a, A) = A.
Define

Ko(2) :=ker Ko(p).

(This works also for unital 21 assuming that 2T =A@ C.)

Hence, if X is not compact but locally compact, then Cy(X) is nonunital. Also,

C(XT)=(Co(X))", where X denotes the one-point compactification of X. Therefore,
Ko(Co(X)) = K°(X).

Proposition 12.5. K is a covariant functor.

Proof. Let ¢ : 2 — B. Extend ¢ to o : AT — BT by pt(a,\) = (¢(a), \). Consider

.
Ko(at) 2220 e ().



38 TATIANA SHULMAN (NOTES TEX'D BY KONRAD AGUILAR)

Let pg : (a,\) € AT —— X € € and similarly for pgs. It remains to check that Ko(¢™)
sends ker Ko(pg) to ker Ko(pss ). Let [(aij, Aij)] — [(bij, piz)] € Ko(2A). Then,

Ko(pa)([(@izs Aij)] = [(bigs 1i5)]) = [(Ai)] = [(wig)],

which equals 0 if \;; = p1;;. Hence, let [(a;j, Aij)] — [(bij, Aij)] € ker(¢™)(pa). Then,

Ko(¢™) ([(@iz, Mig)] = [(0ig Xi)]) = [(@(aiz), Ai)] = [(p(bij), Aig)] € ker Ko(pm)-

Properties of the functor Kjy:

(1) Homotopy invariance: Let f, g : 2 — 9B be homotopic. That is, for all ¢ € [0, 1]

there exist f; : A — B such that f; is a continuous path with fy = f and
f1 = g. (Idea of proof: fix a projection p € M, (). Extend the f; to M, () we
have that f;(p) forms a continuous path of projections. But, if 2 projections are
close, then they are equivalent. Thus, [f(p)] = [g(p)] and Ko(f) = Ko(g).)

(2) Continuity: Ko(lién A, = lim Ko(2,,). (Idea of proof: let p € My(A) = U, My(2,,).
One can prove there exists p, € My(2l,) such that p — p,, is small, which implies
equivalence. Thus, [p] = [p,], where [p,] € Ko(2,).)

(3) Half-exactness: Assume that we have a short exact sequence
0—A—B —D—0,
then the following sequence is exact
Ko(2) — Ko(B) — Ko(D).

(4) Stability: Ko() = Ko ® K(H)), where K(H) is the C*-algebra of compact
operators. The isomorphism is given by [p] — [p] ® [1], where 1 denotes a rank
1 projection. (Vague explanation: K (H) is AF and K(H) = lim M,,(C). Hence,

A K(H) = Awlim M,(C) = limy (A M,(C)) = ling M, (2)).

The next theorem shows that the above properties along with values on the C*-algebras

C and Cy(RR) completely characterize the functor K.

Theorem 12.6 (Cuntz). If K is a covariant functor from from the category of C*-
algebras to the category of abelian groups that satisfies properties (1)-(4) above and
K(C) = Z,K(Cy(R)) = 0, then K() = Ko(2A) for all C*-algebras A from a bootstrap

class.

Definition 12.7. K;(2) := Ko ® Cp(R)) and K,(2A) = (A ® Co(R™)) , but Bott
periodicity for C*-algebras gives that K5(A) = Ko(2).
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13. 5 OCTOBER 2016

Today we present some standard results for Fredholm operators in preparation for

Brown-Douglas-Filmore theory.

Notation 13.1. Let H be a Hilbert space.
B(H)={T:H — H : T is linear and bounded }.
Let O1(H) :={h € H : ||h||lg < 1} denote the unit ball of H. Define
RH) = {T €B(H): T (0, (H))H-HB(H) is compact in norm} .

R(H) is an ideal (norm-closed two-sided ideal) of B(H). Then, B(H)/A(H) is a C*-
algebra called the Calkin algebra denoted by Q(H).
Let m : B(H) — B(H)/A(H) denote the quotien surjection. If T € B(H), then

instead of 7(T") we write T'.

Definition 13.2. T € B(H) is Fredholm if dimker T < oo, dimker T* < oo, and Ran T
is closed.
Denote set of all Fredholm operators by §(H).

Index of a Freholm operator T is
J(T) := dimker T' — dim ker T*

= dimker T — codim Ran T
since ker T* = (Ran 7).

Let’s note some examples and observations.

Observation 13.3. (1) If A is invertible, then j(A) = 0.
(2) Let Uy € B(H) denote the unilateral shift. That is,
UJr(iL'l,ZL'Q, . ) = (071'1,$2, . )

Hence, ker U = 0 and it’s range is closed of codimension 1. Thus, j(Uy) = —1.

(3) J(1%) = (D).
@iy §)=im+is),

(5) If T is Fredholm and S is invertible, then
J(T'S) = j(ST) = j(T).

(6) If T: C* — C™, then
Jj(T') = dimker T — codim Ran T

=dimker7T — (m —dimRan T)
=dimkerT 4+ dimRan T — m
=n—m

since C™/kerT = Ran T. Thus, the finite dimensional case is not of interest.

Theorem 13.4. T is Fredholm if and only if T is invertible.
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Proof. If: Assume that T is invertible. So, there exists S € B(H) such that TS = 1oz =
ST, and thus (T'S) = Loy = (ST) . Hence, there exist K, K’ € &(H) such that

TS = 13(7_[) + K and ST = 13(7_[) + K.
Claim 13.5. ker T is finite dimensional.

Proof of claim. Suppose ker T is not finite dimensional. Thus, there exists an infinite

orthonormal basis {z,}52; for ker T. Therefore, for each n € IN, we have
Tzn =0 = STz, =0 = (lpgy + K')zn =0.

However, by definition of compact operator, there exists a subsequence {z,, }5°_; such

that K'x,  ——— x. But, the last in the above string of implications implies that

m—r o0

X, + K'x,, — 0.

m—r o0

Therefore, x,,, — x. But, no subsequence of an orthonormal basis can converge
- m—00

as no subsequence is Cauchy. Indeed, by Pythagoreans theorem, |z — 2|/ = v/2 for all

k,l € N,k # [. Thus, we have reached a contradiction. O

The proof that ker T* is finite dimensional is similar as one would consider S*T* =

1) + K* and so on.
Claim 13.6. Ran T s closed.

Proof of claim. Assume that Ty, —— y. We want to show that y € Ran T.

n—oo

Ty, ——y = STy, — Sy = (I + K')y, —— Sy.
n o0 n— oo

n—oo

As above, there exists some subsequence such that K'y,, ——— z. Therefore, y,,, —
m—»o0

m—r o0

Sy —z = Ty,, —— T(Sy—z2). But, Ty,,, — y. Hence, y = T(Sy — z) €
m— o0 m— o0
Ran T. (]

Only if: Assume T is Fredholm. We may decompose H = (ker T)* @ ker T, and since
Ran T is closed by Fredholm, # = Ran T' @& (Ran T)~*. Therefore, we may decompose T

in the following way
(ker T)* | ker T

T= RanT A 0
(Ran T)+ 0 0
where A is invertible as it is surjective and injective. Define and operator S with respect

to the same decomposition as

A T]o
S = o To
Therefore,
T5=5T=|121_14R
00 ’

where R is finite rank and therefore compact. Hence, in Q(#), we have

7S =28T=1.
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Corollary 13.7. §(H) is closed under compact perturbations and small perturbations.

Proof. It T € §(H), K € R(H), then by definition 7' = (T + K)'. Hence, invertibility of
T implies invertibility of (T + K.

Next, assume that S is small in norm. Then, S is small in norm. Now, if T is Fredholm,
then 7T is invertible. But, the set of invertible elements is open, so we would could take

S sufficiently small such that 7'+ S = (T'+ S)' is invertible. O

Theorem 13.8. If Ty € §(H), then 3¢ > 0 such that VT with ||T — To|lpu) < €, we
have T € F(H) and j(T) = j(Tv).

Proof. We decompose T as

(ker Ty)* | ker Ty
T = Ran TO A B
(Ran Tp)* C D

and under the same decomposition, as in the proof of the above theorem,

[4gT0
To: =107

where Ag is invertible. Since T is close to Ty, then A is close to Ag, which implies that
A is invertible since the set of invertibles is open.

Thus, we define invertible operators R, S.

Ran T, | (Ran Tp)*

R= RanTj 1
(Ran Tp)*t | —CA~! 1
and
(ker Tp)* | ker Ty
S = (ker Tp)t 1 —-A"'B
ker T 0 1

Hence, by (5) of Observation (13.3) and matrix multiplication
J(T) = j(RTS)

(5 —catpin)s)
:j<< 0 4184 D ))

=j(A) +j(-CAT'B + D),
where the last equality is given by (4) of Observation (13.3). But, by (1) of Observa-
tion (13.3), we have j(A) = 0 since A is invertible and ~CA™'B + D : kerT, —
(Ran Tp)+, which are finite dimensional space. Hence, by (6) of Obseravation (13.3), we
have j(—CA~'B+D) = dim ker Ty —codim Ran Ty = j(Ty). Therefore, j(T) = j(Tp). O

Corollary 13.9. If A, B are Fredholm and A: is a path of Fredholm operators with
Ap = A and Ay = B, then j(A) = j(B).
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The idea of this proof is that we may find s € (0, 1] such that Ay is close enough
to A and apply the previous theorem to achieve j(A) = j(A;). We can do this again
for r € (s, 1], and continue until we reach B. In other words, Index is a locally constant

function.
Corollary 13.10. If T is Fredholm and K is compact, then j(T + K) = j(T).
The idea of the proof of this is to consider the path T'+ tK from T to T + K.

Corollary 13.11. If a € Q(H) is invertible, then we may define j(a) := j(T) such that
T =a.

The previous Corollary shows that this is well-defined by definition of the Calkin
algebra.

14. 06 OCTOBER 2016

Brown-Douglas-Filmore theory came about for the classification of essentially normal
operators. Today we will discuss how the classification of essentially normal operators

became a problem about C*-algebras.

Definition 14.1. T € B(H) is essentially normal if T*T — TT* € K(H). But, this is
equivalent to (T'T* — T*T)" = 0, where " denotes the image of an operator in the Calkin
algebra B(H)/R(H) =: Q(H). Also,

(TT* —T*T) =0 <= T*T =TT* <= T is normal.

Ezample 14.2. (1) If N is normal and K is compact, then N+ K is essentially normal.
(2) Recall the unilateral shift U, . Now,
Ul(xy,xg,...) = (v2,23,...) = UlUi(21,22,...) = (T1,22,...)
= UiU; =1.
But, U U} (z1,22,...) = (0,22,23,...). Hence, U U} = 1 — Py, where P; is a
rank 1 projection. Therefore, U, is unitary in the Calkin algebra and thus normal

in the Calkin algebra. Hence, U, is essentially normal.

We note that the example (2) is different than (1) since if we could write Uy = N+ K,
then the index —1 = j(U;) = j(N 4+ K) = j(N) = 0 by the results of yesterday along
with an exercise from yesterday. This provides a contradiction. This leads to the natural
question:

Question: When is an essentially normal operator equal to normal + compact? The
answer to this uses Brown-Douglas-Filmore theory. This also motivates the following

equivalence.

Definition 14.3. T'~ S if T'=U*SU + K if U is unitary and K is compact.
This is equivalent to 7' = U*SU where U is unitary in B(#), which is stronger than

assume that U is unitary in Q(H).
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Our main problem is:
(14.1)

Main Problem: to classify essentially normal operators up to the above equivalence.

Definition 14.4. The essential spectrum of an operator T is 0.ss(T) := o(T'), which is
the spectrum of 7" in the C*-algebra Q(#).

Note that since the quotient map is a *-homomorphism, we have o(T) 2 o(T) =
0ess(T). This containment can be strict since o(Us) = {2z € € : |z| < 1}, the unit disc,

and o.s5(Uy) = {z € C: |z| = 1, the unit circle.

Next, note that T ~ § <= T = U*SU implies that Oess(T) = 0ess(S) since
spectrum is preserved under conjugtion by unitary. Therefore, Main Problem (14.1) can
be translated to:
to classify essentially normal operators with given essential spectrum X C C, where X
is compact.

Next, we establish that (up to certain equivalences) there is a one-to-one correspon-
dence between the set of essentially normal operators, T', with a fixed essential spectrum
0ess(T) = X and injective *-homomorphisms 7 : C(X) — Q(H).

Fix essentially normal T such that o.s:(T) = X. For f € C(X), by functional cal-
culus, we define 7(f) := f(T). To show that 7 is injective, assume that f € C(X) such
that f # 0. Then, by functional calculus,

o(7(f)) = o(f(1) = f(o(T)) = f(0ess(T)) = f(X) # {0}
Hence, 7(f) # 0.
Next, assume that 7 : C'(X) — Q(H) is an injective *-homomorphism. Define T’
to be any pre-image of 7(idx) under the quotient map onto the Calkin algebra Q(H).
Hence, T is esstially normal. Let f € C(X) be a polynomial, then since 7 is an injective

*_homomorphism, we have

F(T) = f(r(idx)) = 7(f 0 idx) = 7(f).
And, this can be extended to all of C'(X) by continuity.

Also, again by injective *-homomorphism, we have

Oess(T) = o(T) = o(r(idx) = o(idx) = X.

Now, consider the following equivalence for injective *-homomorphisms from C'(X) —
Q(H).
(14.2)

7 ~ 7' if there exists a unitary U € B(#) such that 7(f) = U*r'(f)U,Vf € C(X).

And, we note that this can be extended to a C*-algebra 2 in place of C(X).
So, we show that our correspondence is injective up to this equivalence and the

equivalence for essentially normal operators. Indeed, assume that T ~ T”. Then, there
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exists unitary U € B(H) such that T' = U*T"U. Note that if f € C(X), then f(U*T'U) =
U*f (T’ )U since U is unitary and one can easily check that this holds on monomials and

thus polynomials, which are dense. Therefore,
T(f) = f(T) = f(UT'0) = U* f(T")U = U7 ())U.
Thus, 7 ~ 7/. Hence, our correspondence is one-to-one up to these equivalences. Hence,
our Main Problem (14.1) translates to:
to classify injective *-homomorphisms C(X) — Q(H) up to ~ where X C C is
compact.

The next definition will help extend this to arbitrary C*-algebras.

Definition 14.5. Let 2 be a C*-algebra. A C*-subalgebra E C B(H) is and extension
of R(H) by A if &(H) C E and E/R(H) = .

Now, consider
B(H)
2 Q)%H)
where 7 is an injective *-homomorphism and 7 is the quotient *-homomorphism. We can
construct an extension by E = 7~ }(7(2A)) D K(H). Therefore, E/&(H) = 7(A) = 2.
Thus, any injective *-homomorphism produces an extension.
Next, assume that R(H) C E C B(H) is an extension of K(H) by 2.
Thus, A % E/R(H) 5 B(H)/R(H) = Q(H), where ¢ is inclusion. Hence, 7 := 101 :
A — O(H) ;s an injective *-homomorphism. Thus, any extension produces an injective

*_homomorphism.

Definition 14.6. Let 2 be a C*-algebra.
Ext(2) := {injective *-homomorphisms 2 — Q(H)}/ ~,
where ~ is given by Equivalence (14.2).
Therefore, Main Problem (14.1) translates to:
to compute Ext(C(X)) where X C C is compact.

But, in order to compute Ext(C(X)), we need Abelian group structure.
Group structure on Ext(2):

Addition: [7]+[7'] := ( 4 o )} , which is possible since H = HEH = B(H) =
My(B(H)) = R(H) = M2(R(H)) = Q(H) = M3(Q(H)). It is left as an exercise to
show that addition is well-defined.

Abelian: Consider 7,7’. A simple calculation shows that

(7 )=o) (7 ) (0 e)

Hence, [7] + [7'] =[] + [7].
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Neutral element: This is non-trivial and due to Voiculescu. We will start towards

finding this neutral element today.

Definition 14.7. 7 is a trivial extension if 3 an injective *-homomorphism p : 2l —

B(H) such that 7 = o p, where 7 : B(H) — Q(H) is the quotient map.

Now, for a C*-algebra 2, since every abstract C*-algebra can be realized as a concrete
C*-algebra as a consequence of GNS, there always exists some Hilbert space H and an
injective *-homomorphism p : 2 — B(#). One might think that the natural choice is
to define 7 = 7o p. But, it may be the case that p(2A) N&(H) # {0}. Hence, 7 would not

be injective in this case. The next proposition remedies this. But, first, a lemma.

A
Lemma 14.8. If A € B(H) and A # 0, then A ¢ R(H), where we view
H=EHOHSD- - by separability.
Proof. Exercise. O

Proposition 14.9. Trivial extensions exist.

Proof. As discussed before the lemma, let p : 24 — B(H) be an injective *~homomorphism.
P
Define p> = p EBHPHD )= B(H). Define 7:=mo p™ : A —

Q(H), where m : B(H) — Q(H) is the quotient map. By the previous lemma, 7 is an

injective *-homomorphism and therefore a trivial extension. O

It remains to show that trivial extensions form 1 equivlance class and that this is a

neutral element, which is due to Voiculescu.

15. 07 OCTOBER 2016, TEX’'D BY KAVEH MOUSAVAND

In the previous lecture, we introduced
Ext(A) ={r: A — B(H)/K(H)|ris an injective *-homomorphism}/ ~,
where 71 ~ 7y if there exists a unitary element v € B(H) such that for every a € A, we

have

11(a) = W m2(a)d.

We remark that our main goal in the following is computing Ext(C(X)), since it is

equivalent to the classification of essential normal operators with essential spectrum X.

Recall that for 71 and 75 € Ext(A), we previously defined

[r1] + [ra) := K [ )] =n @,
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and 7 : A — B(H)/K(H) was called trivial if there exists a *-homomorphism p : A —

B(H) such that 7 = p = 7o p. i.e., the following diagram commutes:

B(H)
AL BOOK ()

Definition 15.1. Two representations p1, pe : A — B(H) are called approximately uni-
tary equivalent and denoted by p; ~, ps if there exist unitaries u,, € B(H) such that for

every a € A and every n,
pi(a) — upp2(a)un € K(H),
and furthermore,

lp1(a) = uzpa(@)un — 0,

as n — oQ.

Theorem 15.2. (Voiculescu)
If p1 and py are two representations of a C*-algebra A, then p1 ~q4 p2 if and only if
rankpi(a) = rankpa(a), for every a € A.

Remark 15.3. We do not prove the Voiculescu’s theorem here. However, we remark that

the "only if" side of the theorem is easy to prove, whereas the "if" side is very hard.

Lemma 15.4. All trivial extensions are equivalent to each other.

Proof. Let g1 and ps be two trivial extensions. We want to show that pp ~ gs.

We claim gy ~, pa, because g; and gy are injective and therefore for every a € A,
rankpi(a) = co = rankpa(a).
Hence, there exist unitaries u,, such that for every a € A and every n,
pi(a) = upp2(a)un € K(H).
In particular, for n = 1 we have p1(a) — uip2(a)u; € K(H), which implies
p1(a) = 1" p2(a)is.
Thus, p; ~ p2 and we are done. O
Lemma 15.5. Fvery extension equivalent to a trivial extension is trivial itself.

Proof. If 7 ~ p, there exists u such that 7(a) = @*p(a)u, for every a € A. Define a
s-homomorphism p; by p1(a) := u*p(a)u, for every a € A. Hence, 7(a) = p(a) for every

a € A, and consequently 7 = p; is trivial. O

Corollary 15.6. Trivial extensions form a single equivalence class.
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Theorem 15.7. The class of all trivial extensions is the neutral element in Ext(A).

Proof. We want to show that [7] @ [trivial] = [7], for every arbitrary extension 7. Equiv-
alently, we must show 7@ p ~ 7.
We have the following diagram (note that we do not claim commutativity of the dia-
gram!):
B(H)
//;/1iﬂ
A7 BH)/K(H)
Let’s assume E := 7~ *(7(A)), and consider po7~'om, ®id), and idg as two represen-
tations of E.
Claim: po7~—'o |, @ id), and idg are approximately equivalent.

For T' € E and we should show that
rankp(t=1(n(T))) ® T = rankT.

We consider two cases:
Case 1: If T € K(H), then p(r—!(7(T)) = 0, and there is nothing to show.
Case 2: If T ¢ KC(H), then we get oo = oo and we are done.
Thus, there exist unitaries u,, such that p(7=1(7(T)) ®T —u};Tu, € K(H). In particular,

forn=1,

p(r Y (m(T) & T — uiTuy € K(H)
pir @ (D) & T =iiTw
5(a) © (a) = ifr(a)in
pOT~T,

where we used the fact that T € E = 7 (7(A)) implies 7(T) = 7(a) for some a € A,
such that p(7—H(7(T)) @ T = p(a) ® 7(a).
O

Theorem 15.8. [7] € Ext(A) is invertible if and only if T lifts to a completely positive
map, i.e., T = ¢, for some ¢ : A — B(H).

Proof. We postpone the proof until we have the required tools which will be presented
in the following. O

Definition 15.9. A linear map between C*-algebras ¢ : A — B is called positive if for
every a € Ay, we have ¢(a) € B.
Moreover, the n-th inflation of ¢ is denoted by (™ : M, (A) — M, (B) such that ¢ acts
entry-wise:
ayl ... Qip vla11) ... wlan)
2l R

anl ... Qpn o(an1) o @lann)
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and ¢ is called n-positive if (™) is positive.

Example 15.10. If we consider ¢ : My — My, given by o(T) = T, it is clear that ¢
is positive. However, ¢ is not a 2-positive map. To see that, consider the following

non-example:

¢(2)

where the central (2 x 2)-block of the matrix on the right takes A = 1 as the eigenvalues,

thus the image is not positive!
Definition 15.11. ¢ is called completely positive if (™ is positive, for every n.

Exercise 15.12. Show that the following maps are completely positive:

e x-homomorphisms;
e Let p: A — B be a x-homomorphism and for a fixed by € B, define ¢ : A — B,
such that ¢(a) = bp(a)bo;

e BEach positive functional ¢ : A — C.

Theorem 15.13. (Stinespring)
Let A be a unital C*-algebra and ¢ : A — B(H) is a unital completely positive map.
There exists a Hilbert space K with an isometry V : H — K and a *-homomorphism

f i+ A— B(K) such that for every a € A, we have
pla) =V f(a)V.

Remark 15.14. Informally speaking, the previous theorem implies that for a unital com-

pletely positive map ¢ : A — B(H), we can always find a representation f such that:
fla) = ( pla) | : )
16. 10 OCTOBER 2016, TEX’D BY KAVEH MOUSAVAND
We finished the last lecture by the following theorem:

Theorem 16.1. (Stinespring)
Let A be a unital C*-algebra and ¢ : A — B(H) a unital completely positive map.
There exists a Hilbert space K with an isometry V : H — K and a *-homomorphism

p:A— B(K) such that o(a) = V*p(a)V, for every a € A.
Proof. The proof is given via the following four steps:

Construction of K:

Let’s consider A ® H, equipped with the following inner product:

(@i ® G, 2 by @my) =300 Y (e(bFai)Gisng),
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where the inner product on the right-hand side of the equation comes from H.

To show that the new inner product is semi-positive definite, we must prove that for

every > ., a; ® (; in A® H, the following is non-negative:

O ai®6,> i) =ZZ (a5ai)Gis G5)
i=1 i=1

i j=1
(16.1) = | (plqjad);;, )
CTL C”L
C1 G
= [ ((@50)",_,) N :

Cn Cn
where the fact that (a az) i e > 0 implies go(") ((ajai)jjzl) > 0, hence the above in-
ner product is non-negative. However, we should remark that (—, —) is not necessarily

positive definite!

Now, consider all elements of A ® H whose paring with themselves with respect to

the inner product (—, —) is zero, and denote the set of all such elements by
Ny ={>" 1a;9¢| O ai®¢G, > a,®¢)=0fora; € A,¢; € H,n € N}.
By Cauchy-Schwartz inequality we have
(@, 9)? < (2, 2).(y, 1),
which implies that if (x,2) = 0, then (z,y) = 0, for every y. Therefore, we have
(i ai@Gl (i e ® G, Y05, bj@n;) =0 forb; € A,n; € H,m € N},
which shows that N, is a subspace of A ® H. Hence, we can consider the quotient space

(A®M)/N,, on which the inner product (—, —) is positive definite.

Now, we consider K as the completion of (A ® #H)/N, with respect to the norm
1
== (==)2
Construction of V:

Consider V : H — K, given by V() := [1 ® n]. We must show that V is an isometry.
Le, [Vl = [Inl|, for every n € H.

To show the desired equality, we note that

(Vn, V) = (1@n,1@n) = (p(1),n) = (n,7) = [0l
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Construction of p: A — B(K):
Define

pla) (2 ai @ ni]) = [ aa; @ n,].

In order to prove that p is a well-defined map, we must show ) a; ® n; € N, implies
>oaa; @n; € No,.

It is enough to notice that we have the following:

O aai G,y bion) = (pb;aa)G,n;)
(16.2) i=1 i=1 i

= (Zaz X Q,Za*bj X ’I]j> =0,
i=1 i=1
where we used baa; = (a*b;)*a;.

Exercise 16.2. Show that |[p(a)|| < ||a-

Now, we can extend p(a) on K, for every a € A. We also have p is linear and

multiplicative.

Exercise 16.3. Show that p(a*) = p(a)*, for every a € A.

Checking that ¢(a) = V*p(a)V:
We have V : H — K and V* : K — H. Moreover, from

(V* [Zai ®Ci:| ,77) = ({Zai ®Q} V)
(16.3) = <{Z @i & Cz} L))
= <Z <P(ai)CiJ]> )

we get
V(i @ Gl) =32, 0(ai) G
Hence,
Vip(a)Vn = V=pla) L @0 = V*[a@n] = p(a)n.
This shows the desired result and finishes the proof. O

Remark 16.4. If ¢ : A — C is a positive functional, then Stienspring’s theorem gives the

GNS-construction for ¢.
Remark 16.5. If A and ‘H are separable, then so is K, and furthermore, K ~ H.

Remark 16.6. K =V (H) ® V(H)1. With respect to this decomposition, we have
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Convention: From now on, all algebras are assumed to be unital.

Theorem 16.7. 1] € Ext(A) has an inverse element if and only if there exists a unital

completely positive map ¢ : A — B(H), such that T =m0 @ = ¢.

Proof. (If): Let’s assume 7 = ¢ and ¢ is completely positive. By Stinespring’s theorem,

there exists a unital *-homomorphism p : A — B(H) such that

_ [ ¥ 2
p_<¢3 Py >

(¢
p_<?/13 ¢4>'

Claim: w.g =0= ¢3 and ¢4 is a *-homomorphism.

Therefore,

p(a)*. Therefore,

proof of the claim: p is a *-homomorphism. Then, it preserves involution, i.e., p(a*) =
( p(a®)  Pa(a”) )

( p(a)”  ¢s(a)” )
Y3(a®)  tha(a”) Ya(a)” tpa(a) )7
which implies 14(a*) = 14(a)* and a(a*) = ¥3(a)*.

Since p(ab) = p(a)p(b), we get

(8w ) - (0w (56 &)

( p(a)p(b) + 1ha(a)is(b)

s(a)yba(b) + 1 (a)a (D) )

Hence, ¢(ab) = ¢(a)3(5) + a(a) s (b)-

But, ¢ = 7 implies 7(ab) = 7(a)7(b) 4 12(a))3(b), which simplifies to

1&2(a)¢3(b) =0, for Va,b € A.
Therefore, assuming a = b*, we get

Yo (b*)15(b) = 0, for Vb € A.
Since we previously showed that ¥y(a*) = th3(a)*, we have 1hy(a*) = v¥3(a)*, and con-
sequently 1/}3(b)*¢3(b) = 0, which implies ¢3(b) = 0, Vb € A, hence ¢35 = 0. Since
da(a*) = 4s(a®), we conclude that 4 = 0. Since 4 (ab) = da(a)ia(b) + du()da(b), we

conclude that 94 is a *-homomorphism.

Therefore,
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. (T 0
p_(o 1/'}4)7

where )4 is a *-homomorphism, but it may not be injective!
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At the end of the previous lecture we wanted to prove the following theorem:

Theorem 17.1. [1] € Ext(A) is invertible if and only if there exists a unital completely
positive map p : A — B(H), such that T =m0 p = ¢.

. (7 0
p_<0 1/'}4)7

where ¢4 is a *-homomorphism. However, we pointed out that it may not be injective!

We already showed that

In order to tackle this issue, we consider
7|10 O

p 0 p 0\
o) =0 )-8 )
0l 0 p 0 m 0 m
such that the bottom right block is injective and we get

[7] ® {1/.14 @ pl} = [trivial].

Namely, [1&4 ® ,0'1] is the inverse for [r].

We complete the proof by showing the other side of the assertion, as following:

Proof. (< Only if)
Suppose [7] ® [0] = [trivial]. Then

()2 8)
0 o s s )’

(Y1 Y2
p_<¢3 1/14)'

Then 7 = 1)y, where v is unital and completely positive. O

where

In the following, we show that if A is a nuclear and separable algebra, then every uni-
tal completely positive map A — B/I lifts to a unital completely positive map A — B,
here B is any unital C*-algebra and I an arbitrary ideal of B.

Before we get to the details, we recall some definitions.

Definition 17.2. A is called a nuclear C*-algebra if there exist unital completely positive
maps 6, : A — M, and =, : M,, — A, such that for every a € A, we have lim,, oo ¥, ©
on(a) = a.

A i A
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Exercise 17.3. Show that C'(X) is nuclear.

Definition 17.4. If o : A — B/I is a unital completely positive map, it is called liftable
if there exists a unital completely positive 1) : A — B such that ¢ = 7 0t = ). Thus we

have the following diagram commutes:

B

Theorem 17.5. (Choi-Effros)
Let A be a unital nuclear and separable C*-algebra. If B is a unital C*-algebra and I is

an ideal of B, then every unital completely positive map A — B/I is liftable to A — B.

The following proof is given by Arveson:

Proof. The proof of this theorem requires the following steps:

Step 1: The set of all liftable unital completely positive maps from A to B/I is a
closed set in the pointwise convergence topology. i.e., if ¢, (a) = ¢(a) for every a € A,

and ¢,, are liftable, then so is .
Step 2: Every unital completely positive M,, — B/I is liftable.

Before we prove the above-mentioned assertions, let’s check that they will finish the
proof of the theorem.
Let’s assume the statements of 1 and 2 both hold. Let ¢ : A — B/I be a unital

completely positive map. Consider the following diagram.

By nuclearity, id4 is the pointwose limit of ~, o d,,. Hence, ¢ is the pointwise limit of
© 07y, 0 d,. Note that ¢ o+, : M,, — B/I. Hence by the 2"? assumption, there exist
unital c.p. maps ¥, : M,, — B such that ¥, = ¢ 0 ~,. Thus, ¢ 0y, 0 8, = (¥, 0 Yn) -
Therefore, ¢ is the pointwise limit of liftable unital c.p. maps. By the 15! assumption, ¢

is liftable. O

Now we prove each of the assertions separately.
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Proof of Step 2. We need to use Choi’s Criterion, which is the following:

Let ¢ : M, — D be a linear map, then ¢ is completely positive if and only if
((p(eij))zjzl > 0, where e;; is the elementary matrix with 1 as the (¢, j)-th entry and 0

elsewhere.

Now, if we suppose ¢, : M,, — B/I is a unital completely positive map, by Choi’s
criterion we have (¢(ei;));’;_, = 0 in Mn(B/I) = Mp(B)/My(I).
Lemma 17.6. If z € (B/I),, there exists b € By such that b= x.
Proof of Lemma. Suppose = = y*y and take by such that by = y. Then, by =2z. O

By the previous lemma, there exists (b; ;) € M, (B)+ such that

Zj:l
(07 12) = (ele] o

Define 1& : Mn(A) — B by ’Qb(eij) = bij.

By Choi’s criterion v is completely positive, because

(W(ei))jm1 = (big)i =g = 0-

Thus, ¢ is c.p. and ¥ = ¢ since ¢(eij) = ¢(e45), Vi, j. However, ¥ might not be unital.
We note that (1) = 1+ k for k = k*, and use the following fact:

Fact: If k = k*, then k = k1 — ko, for some kq, ko > 0. In fact, k1 = f(k), and ks = g(k),

where f, g are continuous functions and f(0) = g(0) = 0.

Therefore, if ¢(1) = 1+ k, for k = k*, then k = k1 — ko, where k1, ko > 0. Fix a state
o on B and consider ’IZ : A — B defined by

Pla) == (1+ k1)~ 2 (¥(a) + o(a)ks) (1 + k1) 2.
Thus,
(1) = (14 k1) 30+ ky — ko + ko) (1 + k1)~ = 1.

We want to show that 1Z is a lift of . Since 1;(1) =1, we get k = 0 and by the above
Fact, k; = 0 and ky = 1. Consequently, 1F/;(a) = ¢(a), as desired. @Z is ¢.p. by the following
fact:

Exercise 17.7. For a state G and b > 0, the map given by a — G(a)b is completely
positive.

Therefore, due to the above exercise, ¥ is a unital completely positive lift of ¢ and

we are done. O
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18. 12 OCTOBER 2016

Today we finish the proof of the Choi-Effros Theorem (17.5). To do this, all that
remains is to prove Step 1 in the proof of Choi-Effros Theorem (17.5). We restate this
as a Theorem since it is the main tool for the Choi-Effros Theorem and it is most of the

focus of today.

Theorem 18.1. Let A be a unital separable C*-algebra and B be a C*-algebra. If I is
and ideal of B, then the set of liftable u.c.p. ( unital completely positive) A — B/I is

closed in the point-norm topology.
The proof of this Theorem relies on the notion of quasi-central approximate units.

Definition 18.2. Let I be an ideal in a C*-algebra 9B. Let {ux} C I be a net of positive
elements. An approzimate unit {uy} C I is an increasing net such that ||uy|| < 1 and
limy tuy = limy uyi =7 for all 7 € 1.

If in addition, Vb € 9B, ||[ux, b]|| — 0, then {uy} is quasi-central.

Theorem 18.3. [Arveson; Ackemann and Pedersen] Every ideal in every C*-algebra has

a quasi-central approximate unit (g.a.u).

Before we prove our main theorem, we prove a lemma that is useful in general, which
helps us compute norms in quotients. In fact, the following lemma can be used to show
that the quotient norm induced by an ideal of a C*-algebra satisfies the C*-identity, and

therefore quotients are C*-algebras.

Lemma 18.4. Let B be a C*-algebra and I an ideal. For b € B, let b € B/I denote the
image of b under the quotient map.

If {up} is an approzimate unit in I and b € B, then
Iblss,/r = limn [b(1 — wa)|as-
Proof. Tt is enough to prove
i sup (1 — ux) s < [l < T it o1 = )

since clearly the right hand side is less than or equal to the left hand side in general.
By definition, |[b||ss,r = infier [|b+ i[|s.

Now, fix ¢ € I. Note that 1 — u) is a contraction. Thus,
16+ ills = [[(0+ ) (1 —ux)lls = [I6(1 = ux) +i(1 — ).

Hence, the net on the right hand side is bounded above and by the definition of approx.

unit limy i(1 — uy) = lim¢ — tuy = 0. These together imply that

|6+ iljs > limsup ||b(1 — uy)||s, Vi€l
A
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Thus, since the right hand side is a lower bound for the left hand side for all ¢ € I, the
infimum is
1bllosr > lim sup [16(1 = wx)|s-

Next, since I is an ideal and {uy} C I, we have that buy € I for all A. Therefore,
bl /1 = if [|b + ills < 1o —bualls = [16(1 —ur)llw, VA
and [|b]lgs 7 < liminfy [|b(1 — uy)]|s. O
Now, we are in a position to prove Theorem (18.1).

Proof of Theorem (18.1). For n € N, let ¢, : A — B/I be liftable u.c.p. maps such
that there exists ¢ : A — B/I with p,(a) = ¢(a) for all a € 2.

Recall the following general fact from analysis. If z,, — = then there exists a subse-
quence z,,, such that ||2,, —xn,,, || < 1/2%.

Therefore, by separability let ai,as,... € 2 be a dense subset of 2 and passing to

subsequences we can assume for each n € IN, we have

[on(a:) = enti(as)| <1/2", i=1,....n

By assumption, for each n € IN, let v, : A — B be the lift of ¢,,. We will construct new
lifts iZ;n that converge in point-norm. Namely, we will find {Z;n’s such that for all n € IN

andi=1,...,n
thn (@:) = Yngr(as)]| < 1/2772
By Theorem (18.3), let {ux} be a g.a.u. for I. Define
Uy = 1.
For the next map, fix \. We will specify later which A.
Ga(a) = (1 =) 2a(a)(1 =)/ 4 /% (@),

Before we estimate, ||13(a) — 91 (a)]||, we verify some basic limits.

Claim 18.5. Ifb € B, then limy ||b(1—uy)— (1—ux)"/2b(1—uy)"/?|| = 0 and lim, ||buy—

ui/zbuiﬂﬂ = 0.

Proof of claim. By q.a.u., ||[ux, b]|| — 0 implies that ||[(1—uy)"/2,b]|| — 0 since (1—uy)'/?

1/2

is a continuous function of uy. Now, note that (1 —wuy)'/# is contractive since by the C*-

identity ||(1 — ux)'/?||? = ||1 — ux|| < 1. Therefore,
(01 = ) = (1 =) /21 = )2 = [ (B = 0a) 2 = (1= 02) /25) (1 = )|
A2 =)'

= [I[(1 =
< = u) 280 (1 = wa) 2
< —wn) 28] - 1 = 0.

The proof of the second limit is similar. O
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Let € > 0. The =, in the following expression is provided by the Claim and the ~,
is provied by Lemma (18.4).
la(a) — ¥ (a)]| = [1(1 = ur)"20p2(a) (1 — u)/? + 1y *Pn (a)uy? — 1 (a)]
~oge |[W2(a1) (1 — uy) + ¥ (a1)ux — ¢ (ar)|
= [2(ar)(1 = u) — Pr(ar)(1 — uy)|
= | (a(ar) — P(ar))(1 — uy)|
~ () = oy (@)
= [lp2(a1) — p1(ar)| < 1/2

So, fix € = 1/6 and choose A for {/;2 dependent on this . Thus, by the above expression
[a(a) = dr(a)]| < 1/2+3e = 1/2+3(1/6) = 1.

Next, fix n and define
{/;3 =(1- un)1/2¢3(1 - un)l/2 + ué/Q@Zgu}/? And, similarly define 1 such that

s(a:) — a(as)| < 1/2, i=1,2.
Continue in this manner to define Jn for all n € IN.

Recalling another basic analysis fact, if ||z, — z,11]| < 1/2"7! for all n € IN, then z,,
converges. This is an easy exercise.

Thus, define ¢ on the dense subset (a;) C A by ¥ (a;) — ¥ (a;) for all ¢ € IN.
Now, an application of Stinespring’s Theorem (15.13) is that the norm of u.c.p. maps
are bounded by 1. Thus, this uniform bound and the density of (a;) C 2 together with
the above imply that limit that ¢ can be extended to all of 2 with |[¢| < 1. Now,
{En(a) — ¢(a) for all @ € 2 implies that v is unital and positive since positive elements
form a closed set. Also, as 1, are completely positive, one could show that v is completely

positive. Finally,

V(a) = lim (a) = lim @ (a) = p(a).
Thus, ¥ is a u.c.p lift of ¢. O

Theorem 18.6 (1977). If 2 is a nuclear separable C*-algebra, then Ext(2l) is a group.

What about non-nuclear? In 1978, J. Anderson proved that there exists a C*-subalgerba
2A C Cf(F3) such that Ext(2) is not a group, where C}(F2) is the reduced group C*-
algebra of the free group in 2 generators.

In 2005, Haagerup and Thorbjornsen showed that Ext(C} (F3)) is not a group.

Proposition 18.7. Ext : A — Ext(2) is a contravariant functor from the category of

nuclear and separable C*-algebras to the category of abelian groups.

Proof. Let 2 I, 8. We define Ext(B) EMR Ext(2l) in the following way. Let 7 : 8 —
B(H)/A(H) be an injective *-homomorphism. Now, 7o f : 2 — B(H)/R(H) which is
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a *-homomorphism that is not necessarily injective. Thus, define f*([7]) := [T o f & f]

where p is any trivial extension of 2.
Claim 18.8. f* is well-defined

Proof of claim. This proof involves 2 steps that are left as exercises.

(1) Let p; be another trivial extension of 2. Check that 7o f ® p1 ~ 70 f ® p.
(2) fr~7 thento f@p~T1ofdp.

Claim 18.9. f* is a group homomorphism.

Proof of claim. Check that f*([7] @ [o]) = f*([7]) ® f*([o]), which is left as an exercise.
U

The remaining properties of a contravariant functor are easy to check. O

19. 13 OCTOBER 2016
Today, we discuss how we may compute extension groups. Before we continue, we
need one more thing about index.

Proposition 19.1. If T, S are Fredholm operators, then j(T'S) = j(T) + j(S).

Proof. Recall Corollary (13.9), which states that a family of Fredholm operators on a
TS

continuous path have the same index. Now, if 1 and S T ) can be conn-

tected by continuous path of Fredholm operators, then we would be done since Corollary

(13.9) along with Observation (13.3) would imply
) ) ) (TS S , :
sy =) i =i (") =i(5 ) =im s

since 1 is invertible. For the continuous path, for ¢ € [0, 1] define Fredholm operators

F= (o et ) (1 r ) (Snemn ot ) (7 1)

F°:<1 T)(S 1):<S T)

and

I

S~ N 77 N7 N
I o
—_

—o ol o
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The last tool that we need from index theory for today is the following. By Corollary
(13.11), we were able to define index for invertibles in the Calkin algebra. Indeed, if
x € Q(H) is invertible, then j(z) := j(T') such that T € B(#) and T = x. Next, we move

on to our main tool for calculating certian extension groups.

19.1. Fredholm index map. Let 2 be a unital C*-algebra.

Inv(2() is a group under multiplication.

Inv(20)o is defined to be the connected component of 1. It is a normal subgroup of
Inv(2A). Indeed, let a,b € Inv(2A)p, then there are continuouts paths a; from a to 1 and
b; from b to 1. However, a:b; is a continuous path from ab to 1. Now, let ¢ € Inv(2),

1

then ca;c™! is a continuous path from cac™! to 1, which provides that Inv(2() is normal.

Hence, we may define.

Definition 19.2. 71 () := Inv()/Inv(A)o is a group since Inv(2)g is a normal subgroup
of Inv(2A). For a € Inv(2), let [a] € Inv(A)/Inv(2A)y denote its equivalence class.

Fredholm index map: Fix [r] € Ext(2). Fix a € Inv(2). Since 7 : A — Q(H) is an

injective *-isomorphism, 7(a) € Q(#) is invertible and by the comments above, j(7(a))

is defined. We may define
a € Inv(A) — j(7(a)) € Z.

However, we would like to replace Inv(2l) with 71 (2(). We can do this if the above map
vanishes on Inv(2)o. Let a € Inv(2)g. Then, there is a continuous path a; from a to 1y.
Therefore, 7(a;) is a continuous path from 7(a) to 1g(z). Hence, j(7(a)) = j(1gx)) = 0.
Therefore, we may define

vr : [a] € m(A) — j(7(a)) € Z.

Next, we prove some important properties of this map.
Proposition 19.3. v, is a group homomorphism.

Proof. By Proposition (19.1),

V= ([al[b]) = = ([ad]) = j(7(ab)) = j(7(a)7(b)) = j(7(a)) + (T (b)) = 7= (la]) + = ([b]).
O

Proposition 19.4. If 7 ~ 7/, then v, = ;.

Proof. There exists unitary U € B(#) such that 7(-) = U*7'(:)U.
Let a € Inv(2(). By Proposition (19.1) and Observation (13.3),
1= ([a]) = j(7(a))
= j(U*T'(@)U)
J(U") +4(r'(a)) +5(U)

=—j(U) +j(7'(a)) + j(U)
= j(r'(a)) = = ([a]).
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By these last two propositions, the following map is well-defined

[7] € Ext () — v([7]) := v € Hom(m (2A), Z)

in which

(19.1) v([T)([a]) = 7-(a) = j(7(a)).

v is called the Fredholm index map.

61

In general, if G is a (semi)group, then Hom(G, Z) is an abelian group with addition

defined by: if f1, fo € Hom(G, Z) then (f1 + f2)(g) := fi(g) + f2(g). Thus, it is natural

to ask if 7 is a (semi)group homomorphism. The answer is yes, and if 2 is nuclear and

separable, then Ext(2l) is a group and v would be a group homomorphism. This is the

following proposition.

Proposition 19.5. v is a (semi)group homomorphism.
Proof. We approach the proof through 3 Claims.
Claim 19.6. ([7] @ [0]) = ~([7]) +~([o])-

Proof of claim. By Observation (13.3),

Claim 19.7. ~([trivial]) = 0 € Hom(m1 (), Z).

Proof of claim. Assume that p : A — Q(H) is a trivial extension, so there exists an

injective *-homomorphism p : A — B(H) such that p = w0 p where 7 : B(H) — Q(H)

is the quotient map. Note that since p is an injective *-homomoprhism, if a € Inv(2),

then p(a) € Inv(B(#H) and thus has 0 index. Thus, since all trivial extensions are in the

same equivalence class by Corollary (15.6),

y([trivial]) ([a]) = j(3(a)) = j(p(a)) = 0, Va € a € Inv(2).

Claim 19.8. y([7]7!) = —y([7]).
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Proof.
0 = 7([trivial]) = v([r]7" @ [7]) = y([7]7") +([7])-
O

O

Now, 7 is not always an isomorphism (not even for the abelian case in general). How-
ever, it is and isomorphism when 24 = C'(X), where X C C is compact. But, this was our
initial goal. Recall, Main Problem (14.1), which was to classify essentially normal opera-
tors with spectrum X. A goal of that section was to show that this problem translated to
calculating the group Ext(C(X)), which is stated after Definition (14.6). The fact that

v is an isomorphism in this case is the Brown-Douglas-Fillmore theorem.

Theorem 19.9. [Brown, Douglas, Fillmore] When X is a compact subset of C,
v : Ext(C(X)) — Hom(m (C(X)), Z)

is an isomorphism.

The proof of injectivity is extremely difficult and oustide the scope of this course.
However, after introducing some further results, we can tackle surjectivity. We begin

with the following, which allows us to identify 71 (C'(X)) in this case.

Theorem 19.10. When X is a compact subset of C, the group m(C(X)) is the free
abelian group generated by {[z — A\;]} where z is the identity function on X and each \;

corresponds to exactly one point in each bounded connected component of C\ X.

Corollary 19.11. If there are n bounded connected components of C\X, then m (C(X)) =
z".

On our way to surjectivity, we recall the winding number of a continuous non-zero
complex valued function on the circle. Let f : T — C\ {0} be continuous, then the
winding number wind(f) is the number of revolutions of f around {0} with respect to
1 revolution around the circle T. For example, if f(z) = 22, then wind(f) = 2, and if
f(z) = 2", then wind(f) = n.

We finish today with the following lemma.

Lemma 19.12. If f : T — C\ {0}, then j(f(Uy)) = —wind(f), where U, is the

unilateral shift.

Proof. Assume that wind(f) = n. Then, f is homotopic to z™. Indeed, we can write f as
f(2) = |f(2)]e®8/ () and define for t € [0, 1]

fi(x) = | f(2)| ~tel(I-Dargf (z)+t2miz)

Thus, fo = f and fi(-) = 270" = zn.
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In particular, ft(U+) forms a continuous path from f(U+) to U+n. Therefore, by
Proposition (19.1), Observation (13.3), and Corollary (13.9), we have

J(f(U) = §(UL") =nj(Uy) = nj(Uy) =n- =1 = —n.

20. 14 OCTOBER 2016
Recall from yesterday, we defined the Fredholm Index map
v : Ext(A) — Hom(m (), Z),

where 2( is a C*-algebra. This map is not an isomorphism in general, but it is an iso-
morphism when we need it to be, which is the case 2 = C(X) for X C C compact, for
the purpose of classifying essentially normal operators. This is Brown-Douglas-Fillmore
Theorem (19.9). We restate it here for convenience.

Theorem (19.9) [Brown-Douglas-Fillmore|: If X C C is compact, then

v : Ext(2) — Hom(m (), Z)

is an isomorphism.

We only prove surjectitivity. We do not have time to prove injectivity.

Proof of surjectivity in Theorem (19.9). Let X C C be compact. Let Oy, ...,0, be the

bounded connected components of C\ X. For each i = 1,...n, fix \; € O;. By Theorem

(19.10), [z — A;] are generators for m1 (C(X)) where z is the identity function on X.
Now, there are n-generators of Hom(m;(C'(X)),2), which we denote h; and are de-

termined by
hillz — M) = {(1) e
Thus, for surjectivity, without loss of generality, it is enough to show that there exists
[7] € Ext(C(X)) such that v([r]) = h; or that
1 =1
A= = M) = il = M) = {0 L
We can translate this to a problem about essentially normal operators by the one-to-
one correspndence (up to certain equivalences) from 06 October lecture. We now recall
this correspendence.
Let 7: C(X) — Q(H) be an injective *-homomorphism. If z is the identity function
on X, then let T be any preimage of 7(z) under the quotient map. Note that o.ss(T) = X.
Also, if T € Q(H) is normal, then define 7(f) := f(T).
Thus, if T corresponds to 7 by the above correspndence, then T — )\, is invertible in

Q(H) and by Expression (19.1), we have the index

Y[z = Add) = 5(r(= = A)) = §(T = ).
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Therefore, our problem of surjectivity reduces to finding an essentially normal operator
T with o.s5(T) = X such that
. 1 :2=1
(T =XN) = :
0 i#1.
Let’s first look at some cases for X.

Case 1. Assume X =T, where ' is a single simple closed curve.

Proof of Case 1. Need to find essentially normal operator T" such that j(T— A1) = 1and
0ess(T) =T, where A; lies inside I'.

Now, since I is a simple closed curve, there exists a homeomorphism f: T — T" in
which T has counter orientation to I'. Now, consider the unilateral shift, Uj. oess(Us) =
O’(U +) = T. Hence, by continuous functional calculus, we may define 7" to be any preimage
of f(U;) under the quotient map. Now, note by construction and counter orientation,

wind(f — A1) = —1. Therefore, by Lemma (19.12),
I =) = 5((f = M)(U3) = —wind(f = A1) = =(-1) = 1.

Also, 0.0, (T) = o(f(U4)) = f(o(U)) = f(T) =T. O

Case 2. Assume X = E is a simple closed curve union its interior. In particular, C\ X

contains no bounded connected components.

Proof of Case 2. Let x1,xs,... € X be a countable dense subset of X. Define

Z1
Ty

xs3

Thus, N is normal and o.55(N) = X. O

Case 3. Assume X is the union of a set from Case 1 and a set from Case 2 in which

the two sets are disjoint.

Proof of Case 3. Assume X =T'U E. Define T for I' and N for E from their respective
case. Let M =T & N. O

Now, consider O;. Let I'g be a simple cloased curve that contains O;. Now, the
boundary of Oy is '¢UT'; U... T, the union of oriented simple closed curves in which I'y
has positive orientation and I's, ..., I',, have counter orientation to I'g. Now, assume the

circle T has positive orientation. Let f; : T — I'; be homeomorphisms and as in Case
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1, let T; be any preimage of f;(U. ). Define
To

where N is normal with o.55(N) = X. O

Corollary 20.1 (Classification of essentially normal operators). If T1, T, are essentially
normal operators, then Ty ~ Ty if and only if 0ess(Th) = 0ess(T2) and the index j(T; —
N) = 5(To = \) for all X & 0ess(Th).

Proof. Only if: Assume that T} ~ T5. Thus, there exists unitary U € B(H) such that T} =
U*ToU + K where K is compact. We already showed in a previous lecture that o.s5(71) =
Oess(T2). Now, let A & 0egs(T1). Then, X\ & o(T) <= T, — X € Inv(Q(H)) =
T is Fredholm = j(Ty — A) is defined. Thus, since index is unchanged by compact

perturbations and index of finite products is sum of index and j(U*) = —j(U), we have
JT = N) = (U TU = A+ K) = j(UT,U — UAU) = j(U*(Ty = \U) = §(To — \).

If: Let T1,T5 be essentially normal operators such that X := 0.ss(T1) = 0ess(T2) and
J(T1—=X) = j(Ty — ) for all X € X. Define injective *-homomorphisms 71,72 : C(X) —
Q(H) by 71 (f) = f(T1) and 75(f) = f(I3), which are well-defined by assumption. There-
fore, it is enough to show that 7 ~ 72 or equivalently [m] = [r2] € Ext(C(X)). Fix one
A; € X for each connected component of C\ X. Then, by assumption, Expression (19.1),
and injectivity of v by the Brown-Douglas-Fillmore Theorem (19.9),

(T = X)) =j§(Te—X;) Vi = j(T1 —X\) = (T2 — \;) Vi
(11(z — \)) = j(m2(z2—N;)) Vi
[rD([z = AiD) =[] ([z = Ai]) Vi
[11]) = 7([72])
= [n] =[] € Ext(C(X)).

= j(
= (
= 1

O

Recall, that the unilateral shift is essentially normal, but is not of the form "normal

-+ compact." But, for these, we can now classify them.

Corollary 20.2. An essentially normal operator has the form "normal +compact” if

and only if 5(T — X) =0 for all A\ € oess(T).

Proof. Only if: Assume T' = N+ K, where N is normal and K is compact. Fix A € css(T)
so that j(T' — X) is defined and note that N — X is normal and recall that the index is

unchanged by compact perturbation. Thus,

J(T =) =3(N-A+K)=3N-)\=0.
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If: Assume j(T — A) = 0 for all A € 0.55(T). Let N be normal with o.ss(N) = 0ess(T).
Thus, N — X is Fredholm and normal for all A € o.s5(T). And, by normality, we have

JIN=A)=0=j(T-A)

for all A € 0.s5(T). Hence, by previous corollary T' ~ N and so there exists unitary

U € B(H) such that T = U*NU + K where K is compact. But, U*NU is normal. O

Assume X is a topological space, then X —— Ext(C(X)) is a covariant functor
and a homotopy invariant (this is difficult). Also, there exist a sequence of covariant
homotopy invariant functors for X —— Ext(C(S™X)) with long exact sequences that
forms generalized homology theory.

On the other hand, K-theory is a generalized cohomology theory (that is X +—
Ko(X x R™) is a sequence of contravariant functors which are homotopy invariant and
form long exact sequence). It turned out, that the above generalized homology theory
constructed by Brown, Douglas and Fillmore is dual to K-theory. Thus Brown, Douglas
and Fillmore found a concrete realization of K-homologies (K-homologies is by definition
the dual homology theory for K-theory and it was a problem of great interest to find out

its concrete realization)

21. EXERCISES

21.1. Day 2.

(1) Let ¢ : E — F be a morphism of vector bundles. Prove that ¢ is an isomorphism
<= |g, is an isomorphism for all z € X.
(2) Prove that T'S? is trivial.

21.2. Day 3.
(1) Finish the proof of the "If:" part of Theorem (3.4).

21.3. Day 4.

(1) Prove Proposition (4.3).
(2) Prove Proposition (4.5).

21.4. Day 5.

1

2) Prove Proposition

4

(1) (
(2) (
(3) Prove Proposition (
(4) (
(5) (

21.5. Day 6.
(1) Finish the proof of Proposition (6.5).
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21.6. Day 9.

(1) Prove that Definition (9.2) and Definition (9.3) are equivalent.
(2) Verify (2) of Example (9.5).
(3) Finish the proof of Lemma (9.11).

21.7. Day 11.
(1) Prove Step (2) in the proof of Theorem (11.1).

21.8. Day 13.

(1) If N is normal and Fredholm, then j(N) = 0.
(2) Is the set of all invertible operators dense in B(H)?

21.9. Day 14.
(1) Show that if 71 ~ 79,7 ~ 74, then [11] + [12] = [r{] + [75]-
(2) Prove Lemma (14.8).

21.10. Day 15.
(1) Solve Exercise (15.12).

21.11. Day 16. Solve Exercises (16.2, 16.3).
21.12. Day 17. Solve Exercises (17.3, 17.7)

21.13. Day 18. Prove Claims (18.8, 18.9).

E-mail address: konrad.aguilar@du.edu
URL: http://www.math.du.edu/ kaguilar/
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