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Ulie GIETEEny i e B mmek)
2D B&S model

Only p is unknown

dSt = Slopdw}, St =x,

dS = SZo2(pdW} + /1 — p2dWZ), S§ =x5.
Using It6 calculus
and B&S( PD)E : T 82F
F(t.,s) = E(F(T.3+)) - F(0.S :AE{/ 7t§§1§2dt} 1
o (F(Sy)) CTITD T FOSI=MEY a2 g SISy ()

with Ap =7 — p.

The payoff f(s) =

+K
(3151 + axs» )+ 2F

Ox10x2

(t,x)

Uniqueness of p :
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SN T AR PPV Building the multi-asset Heston model

Only p is unknown

T 1 T
st— / N 1dW1—7/ 1gs) . 2
T X1exp( o Vg s 2 Jo vgas ( )
T 1 T
S2 = xpexp (/0 NG (desl V1o p2dW3) - 5/0 ufds) )

V'll' =y1+ K1 foT(Q]_ - Vsl)ds +m fOT \/I/;'stl7
4)
By = pi W} + /1 - piW.

vZ =yo+ kK2 fOT(Oz —v2)ds + 12 foT \/1v2dB2,

)
B2 = p> (pWs1 +4/1 prWsz) +4/1— p3W2.
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ST T ART W PP Generalization problems

Two essential
assumptions
(A1) 4k;6; > 2,

and

(A2) [pl <1, |l <1, |p2l <1

Proposition If the assumptions (A1) & (A2) are fulfilled and f is convex then

E(f(ST)) — E(f( st s2
Ap = /S S t t th Te 651,52f(s7') 51 572—0‘]{ TO‘t T dt (6)

with Ap=p—p

apr=1+mp (ftT FrdWe — 2 . ldS)’

2
o =1+m2p2 (ftT 2\7? (desl +4/1 7p2dW52) — %ftT z'xfds)

' y

where {1)5}1'<s<T are the flow derivatives.
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LR BT Theoretical results

Some preliminary
computations

Proposition (based
on Vostrikova 09)

The flow regularity :

y = Vs(y) =y+ ’ifts(e - Vu(y))du + Ufts V Vu(}’)dBu

Let 7(y) = inf{s > 0: vs(y) = 0}, for s < 7(y)

When (A1): 4k > n? is fulfilled, there exists a modification ¥ of v such
that (0,00) D y + Ds is C! in probability sense. Moreover, 9,7 coincides
with o := dyv on [0, 7(y)[ and the former derivative vanishes on

[7(y), ool.
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Ul rerdio
1 regularity according to p, where :

V3 =y + Ko foT(92 —v2)ds + 1 fOT \/v2dB2,

B2 = p, <pWsl Ty p2WS2> +1/1— p3W2.

Theorem 12 is continuous with respect to p € (—1,1) and if (AQ): 2k202 > 13 is
fulfilled, 12 is differentiable and its derivative satisfies the SDE

2
OpVs

b o J3 VI (W - s

b} 2
—ka2 [§ Opvidu+mz [§ P74 dBS

The SDE (8) can be solved by a variation of constants method, to obtain

, Rz p
0pv3 =i} <nzpz /0 2 (dw,} e dW3>> : )
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Ul rerdio
The payoff f(s) = (a1s1 — a2%2)+, (a1, a2) € (R%)?

Assumption (A3)

a1x1

3C € R* such that In (ﬁ) =CVT +0o(VT)

with x; = 5& and xo = Sg.

Theorem  Under the assumptions (AQ), (A2) and (A3). For short maturities, the
price derivative with respect to p can be asymptotically approximated by

1

I5) Tvi2 1] C1?
TE (St - azs;)+)T:N o 5% e <_2 {ﬁ} ) +o(VT)

with A = v} + 2 — 2p1 /1313 and the constant C comes from (A3).
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RGBT Simulation results

Under the assumptions (A1), (A2) and (A3)

(3151 — 3252)+, The derivative of the price according to p, for short maturities, is given by
2
(a1,a2) € (RY)

2
TR p [in(22)
00 1X1 _ 2
—anXx; ex — —_— 4+ — A =1vd + 12 —2p /1ty 10
2X2 DY p 5 Napy 5 s 0 T P/ Vol - (10)
K # 0, Denoting X1 = x1 + % and Xo = xp — %, we approximate the derivative
(3151 —axsS+ K)+, according to p by

(a1,a2) € (R%)?

— Tvi2
32X2 A/ 0%o 1| azxz/alxl)
27T exp( 2 [
—azxz / ”D 5 exp( 1 [In(azxz/a1x1)
2

2 VT

3
5

: 2) 11
]2)‘ (11)
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Sl cadls
Varying n, k and 6, T = 0.2

8 . 7
7 6
06 o5
o j=}
g5 8
3 g4 =x,=100,6,=6,=030
34 1 g ---K1—Kz— .00, 1— 2— R
s Q5 —K1=K2=2.25,91=e2=0.10 .
83 1 8 !
& E,l .
I = - J k
2i{—n,=040,n,=0.40 ;
(== =n,=040.n, = 001 | il 5 ]
n,=0.01,n,=001 .. e, .
0 O S - L4
21 -05 0 05 1 21 -05 0 05 1
o

(a) (b)
(a) k1 = k2 =225, 01 =02 = 0.1, v} =13 = 0.5, ayx3 = azx2 = 100 and K =0,
(b) i =m2 =04, v} =12 =05, a1x; = azx2 = 100 and K = 0.
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Sl cadls
Maturity T = 0.1, f(s) = (a1s1 + a2s2 £ K)+

30,

o a1/az=0.8 - K=-O.2*aix

-B-a1/az=0.9 20 _E_K=—0.1’aix

_V_a1/a2=1.0

N
o

_|_a1/az=1.1
--a,/a,=1.2

-
o

Error Percentage
Error Percentage

oo

()
(a) k1 = k2 =3.0,01 =02 =0.1, n5y =n2 =0.1, 1/(1) = l/g =0.5, x1 = x2 =100 and K =0,

—

b)

(b) k1 =k2=3.0,01 =6>=0.1, m1 =n2 =0.1, 1/& = ug = 0.5 and a1x3 = azx2 = 100.
Good approximation
when
» T <0.1 and the payoff is less than 20% ITM or OTM, the approximation
(11) can be accepted when 6;/v{ > 1/4 and &; < 3.

» T < 0.2 and the payoff is less th_an 20% ITM or OTM, the approximasi
(11) can be accepted when 6; /1) > 1/4 and k; < 1.5. [ |
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For small values of n;, p; and |/ p? Theoretical results

Theorem  Under the assumptions (A1) and (A2) and f(s) = (a1s1 + azso £ K)+
with a1, a2 € (R*)? then E(f(S7)) is differentiable according to p with

T
O,E(F(7)) = E{[St52\ /i Eusen [l (TS S ok ol o (12)
0

and

.
a%‘Tzl-i-nlpl (ft 2\/>dW1 f 1ds>7

tT71+nzpz(f 2\/—(de1+\/1— dWZ)—%ftTf/szds),

Thus, if :
cl) {mipi}ti=1,2 =0 or

c2) mp1 =0, 7]21/1-/}% =0 and 2k2 —m2p2 > 0 or

c3) m2p2 =0, m1y/1— p? =0 and 2k1 —m1p1 > 0,

then the price is monotonous with respect to p : Increases if ajaz > 0,

decreases if ajax < 0.
W
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For small values of n;, p; and |/ "l Simulation results

The considered
payoff

f(s) = (a1s1 + a2s2 £ K) ¢

Relative Increment
0

%0
’ 100+ F(2) = Flpis)

F(pi) ’

F(p;) is the price obtained by Monte Carlo.

(13)
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For small values of 7;, p; and p? Studying prices

Maturity T =5, n very small

60 _e.a1laz=0.7 40 _e.K=—O.3*aixi
i _E_a1/a2:0.8 i 30 _E_K=—0.2*aixi
] —a,/a,=0.9 0] -« K=-0.1*ax
g40/ 7 12 g %
g _a1/a2=1.0 g —K=0
£ —+a,/a,=1.1 20 —|—iig.;*aixi
2 20/-0-2,/2,712 2 _Q_K_O's*aixi
© - © =0.5"ax.
o —9-31/32—1.3 < 10| K
o 14

0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
P P
(a) (b)

(a) mn =12 = 0.1, K1 = K2 = 3.0, 91 = 92 = 0.2, I/é =

12 =0.4, x3 = x2 = 100 and K = 0,
(b)m=m =01k =r=3000=0=02 1t =13=0

A4 and ajx1 = axxp = 100
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For small values of 7;, p; and /

Studying prices

Maturity T =5, n large

15 _e_a1/a2=0.7 15 _e_K=—O.3“aixi
X |ga/as-08 ® | gKk=-02ax,
é 10/ 2/2,70.9 é 1o|P-K=—01"ax
g _a1/32:1A0 g —KiO i
< _|_a1/a2=1.1 < —+K=0.1 ax,
2 5/-0-a/a,712 2 ~4-K=0.2ax,
S | safa,13 & |wK03ax
o 4

91 -0.5 0 0.5 1 £}’l -0.5 0 0.5 1

p P
(a) (b)

(a) m=n2=15, k1 =k2=3.0, 01 =0>=02 1} =12 =04, x1 = x2 =100 and K =0,
1_1/3

(b)m =m2=15 k1 =k2=30,01=62=02, 15 =
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For small values of 7;, p; and /

Studying prices

Maturity T =1, n large
30 _e_a1/a2=0.7 25 _e.K=—0.3*aixi
X | gaa=08 o o0|-8-K=-0.2"ax
é 00| 2112709 é ~K=-0.1"ax,
o —a,/a=1.0 © 15|—K=0
2 |4afa=ta £ 0 +Ki0'1:aixi
2 10/¢-a/a,712 2 T|ero
S |sajas13 S K03
4 =T e x
0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
p P
(a) (b)
(a) m=n2=15, k1 =k2=3.0, 01 =0>=02 1} =12 =04, x1 = x2 =100 and K =0,
(b) m =m2 =15, k1 = k2 =3.0, 01 =62=0.2, y, 1 §:04andalx1—azxz—100
11/
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12

_e_a1/a2=0.7
1 -8-a,/a,=0.8
+a1/32:0.9
_a1/a2:1 .0
+a1/a2=1 A
_Q.a1/a2=1 2
_V_a1/az=1 3

Relative Increment %

o v M o ® O

N

Relative Increment %

-0.5 0 0.5 1
P

(a)

(a) mn =12 = 1.5, K1 = R2 = 3.0, 91 = 92 = 0.2, I/é =

v =04, x1 = x2 = 100 and K =0,
(b) m =m2 =15, k1 = k2 =3.0, 01 =02 =02, v} =12 = 0.4 and a;x1 = azxz = 100.
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Results to explore
>  Asymptotic behavior for large T
>  Generalization to other SDEs

Using GPUs
> Studying the asymptotic error within seconds

»  Simulating 222 trajectories with §t = 0.01 and T = 10 within minutes

Calibration Dichotomy by Monte Carlo algorithm is implemented in Premia 15
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Thank you

Questions 7
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