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The correlated Brownian Motions ﬁ}‘ P

Using the notation
Awlaw? = pdt,

the two BMs W! and W? are correlated with p € [-1,1].

Linear Correlation
Correlation p(X,X») between random variables X; and X, reads

cov(X1,X2)
var(X;)var(Xz)

IO(X17X2) =

Example: Heston Model jHeston 1993:

ds; = uSdt+ \/v(1)Sdw]
dv(t) = r(0 —v(t)dt + o/ v(t)dW?

1, k, 0 and o are positive constants
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Market Observations @ WoprERTAL

The estimator of correlation

The correlation pr (X, X,) for the time region T with observed values X, (1) and X, (1), t € T can be estimated as

Sier®i0) — = Sier i 0) R0 - & Tier ()

pr(X1,X2) = pr = = - = = - =
\/Z[GT(XI (0 = 75 Zier X1(0)? Xier (a () — 32 Eier %2(1)?

where nr is the number of pairs (X, (¢), X, (1)) withr € T.
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Historical Correlation
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Historical Correlation between Euro/US-Dollar exchange Rate and S&P 500 [yahoo.com]

m Not constant over times
m As stochastic process?
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Empirical Density Function
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Empirical Density function

The correlation should
m only take values on [—1, 1]

m vary around a mean value
m the probability mass tends to zero in the boundary values
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Model % woseentaL
Based on the SDE

dX, = a(t,X;)dt + b(t,X,)dW;, t>0, Xo = xo
we assume a stochastic correlation

Pr = tanh(Xt)
where py = tanh(xg) € (—1,1).

tanh(x) 41

o —TM[A
|| [Tcm
Tangens Hyperbolicus

AMaMeF 2013

BUW - Long Teng



Stochastic Correlation Process %§

Applying /té’s Lemma

Otanh(X, Otanh(X, 1 & tanh(X
dpt = dtanh(Xt) = anat( t)dt+ agx( t)dXt + 5 23;2( t)

we obtain } ~
dp, = (1 — p?) ((a — pbP)dr + det> L 120

where py € (—1,1),a = a(z,artanh(p,)) and b = b(z, artanh(p,))

The generated correlation

m only takes value on (—1, 1) agreed with market observation

m can vary around a mean value

m approaches zero in the boundary values
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Exam ple & UNIVERSITAT

We choose the Ornstein-Uhlenbeck process

dX, = k(p — X,)dt + cdW, k,0>0and Xp,u € R
Applying /té’s Lemma with p, = tanh(X,)

1 & tanh(X;) ,

tanh (X,
Otanh(X,) o o2dr

Ox 2 Ox?

gives stochastic correlation process as

dp; =

dpr = (1 = p7) (w(p — artanh(p,)) — p,o®) dr + (1 = pf)odW,,
where t > 0,p9 € (—1,1),5,0 >0and p € R.

For + — oo the probability density function f(p) can be derived as

_ 1 _ NG _e,re(artanr;r(f)—mz
1—-p2 o7

f()
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Stochastically correlated BMs - worrtRTaL

=

Based on two independent Brownian motions W2 and W; we
define , )
w! = / psdW? + / /1= p2dw?
0 0
which satisfies W) = 0,E [(W})?] =t and E[W}|F] = W!,1 > s.

By the stochastic correlation process p;, correlated this two
Brownian motions W! and W? holds

t
E[wW' W] =E [ / psds]
0
which agrees for constant correlation p with

dW! - dW? = pdt.
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The Fokker-Planck equation ﬁ}‘ wapreAL

Recall the stochastic correlation process

dpy= (1 —p})@—pb*)dit+ (1 = p})bdW,, 1>0
————

:=a(t,pr) :=b(1,p,)

where py € (—1,1). Assuming it possesses a transition density p(¢, p|po)
which satisfies the Fokker-Planck equation

pl0.0) + 3 a0, () ~ 5 5 600 (e, ) =0

with the conditions
/llp(t, p)dp =1and /11 p - p(t, p)dp — - 00 mean value
and the stationary density can be computed as
p(p) := lim p(z, plpo)-
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Example %;' wapreAL
Correlation process based on the Ornstein-Uhlenbeck process

/

dp: = (1 = p7)(k(p — artanh(p)) — pio?) di + (1 = p})o dW,

—~ ———
=a(t,pr) ::Z’(tapt)

wheret > 0and py € (—1,1).

The stationary density can be computed as

_ wartanh(p) N
)= o

with ¢ such that f_llp(ﬁ) =1.
Compare to function f(p)

~ 1 \/E _ k(artanh(5)—p)?
f(p) = 5 - e s
o\
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The estimated parameters for:
p(p) : K =25.66, 1 =0.01,0 =2.31 and ¢ = —1.2 (MSE = 0.0011)

f(p) : £ =23.33,1=0.01 and 0 = 2.24 (MSE = 0.0014) ‘l i

Bem
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Quanto (Quantity Adjusting Option) - T

A call on the S&P500 with payoff in Euro
exchangeRate - (S&P500 7 — Strike)™
—_———— N——
=R, =5

is modeled by
dR; = pgrR:dt + O'RthWtR

where W* and W¥ are correlated with

dp; = (1 = p)(k(p — artanh(p,)) — pio®)dt + (1 = pf)adW,
No-Arbitrage Condition requires
[ Rlo exp(r.T)E[Rr] = exp(ryT) = pur =rq — e
= RLOS_IOE[STRT] = exp(raT) = s = ra — PR — US‘TR% foT pidt

r, and r; denote the risk-free interest rates in Euro/US-Dollar
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Conditional Monte Carlo Approach %{l worrtRTaL

Price of the Quanto in the Black-Scholes formula with continuous
dividend yield

CQuanto (SOa K7 rq, D(pt)7 gs, T) = RO (SOe_D(pt)TN(dl) — Ke_rdTN(dg))

with 2
_ log(§) + ((ra — D(p)) + 3)/T

d
! O‘s\/T

5 dgzdl—a'sﬁ

and
1 /7
D(p;)=ra—re+ UsURT / pedt.
0

The fair price Py is given by

Py = E [E[Cauanto (S0, K, ra, D(py), 05, T)| F (po<s<iy)]]
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Correlation Risk

Quanto price
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Time to maturity

BS parameters:

Time to maturity

10

K= 120, SO = 100, R() = 1, Fqa = 0.05, Fe = 0.03, gs = 0.2, OR = 0.4
Correlation process parameters:
k=12333,1=0.01 and o = 2.24
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Correlation Risk % WoprERTAL
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Quanto price

/
4 . — Constant Correlation with p = 0.4
P -+~ Stochastic Correlation with p = 0.4

2 3 4 s 6 71 8 9 10
Time to maturity

BS parameters:
K= 120, SO = 100, R() = 1, Fqa = 0.05, Fe = 0.03, gs = 0.2, OR = 0.4

Correlation process parameters:
k=2333,u=04and o =2.24
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Correlation Risk % WoprERTAL

Quanto price

8
6
— Constant Correlation with p = 0.1866
4 - +- Stochastic Correlation with po = 0.1866
2

T2 3 4 5 6 7 8 9 10
Time to maturity

BS parameters:
K =120, S =100, Ry =1, r; =0.05, r. = 0.03, 05 =0.2, o0 = 0.4
Correlation process parameters:
k=4333,4=0.2, and o =2.24

= mean value = 0.1866 CTM[A]
4
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Conclusions %§ WoprERTAL

m Correlation modeled as fixed number may lead to correlation
risk

m Correlation can be modeled as the Hyperbolic Funtion zanh of
a stochastic process

m Effect of considering stochastic correlation on pricing the
quanto as Example
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