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Introduction

Motivations : Market making under constraints

@ Liquidity takers :
— trade only through market order
— pay liquidity costs

@ Liquidity takers and providers :
— trade in a limit order book through market and limit order
— pay less liquidity costs but have some inventory risk.

@ Market makers :
— trade in a dealer market as a single or representative market maker
— face liquidity and inventory constraints.
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Introduction

Motivations : Liquidity costs for price takers

» Liquidity costs for price takers

@ Transaction costs due to bid-ask spread :
— Shreve and Soner (1994) ; Korn (1998) ; Framstad, Oksendal and
Sulem (2001),...
@ Price impact for large trades : Almgren and Chriss (2001)

— Supply curves : Cetin, Jarrow, Protter (2004) ; Alfonsi, Fruth and Schied
(2010),...

— Impact functions : Bank and Baum (2004) ; Ly Vath, Mnif and Pham
(2007) ; Kharroubi, Pham (2010) ; Roch (2011)...
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Introduction

Motivations : Liquidity in limit order book market

» Use limit orders instead of market orders.
@ Liquidation problems :
—Guéant, Lehalle and Tapia (2011) ; Bayraktar and Ludkovski (2012) ;
Bouchard, Lehalle and Dang (2011)
@ Market making/Portfolio management problems :

— Avellaneda and Stoikov (2008) ; Guilbaud and Pham (2013)
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Introduction

Motivations : Market making under constraints

» A market maker in a dealer market faces some constraints
@ Provide liquidity

@ Set "reasonable" prices and spread

@ Cash and stock holdings constraints

»Ho, Stoll (1981) ; Huang, Simchi-Levi and Song (2012) ; Guéant, Lehalle, and Tapia
(2012)
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Introduction

o Model and problem formulation
@ Model
@ An optimal control problem with regime switching

9 Analytical properties and dynamic programming principle
@ Properties of the value functions
@ Dynamic programming principle

e Viscosity characterization of the objective function

0 Numerical illustrations
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Model and problem formulation Model

An optimal control problem with regime switching

Market making strategies

» We consider a probability space (2, F,P) with a filtration 7 = (F;)¢>0 satisfying the
usual conditions.

» When the i buying (resp. selling) order arrives at the F-stopping time 6% (resp. 0,4’) :

@ Provide liquidity : The market maker has to sell (resp. buy) an asset at the ask
(resp. bid) price denoted by P2 (resp. Pb).

@ Set Bid and Ask prices : The market maker may either keep the bid and ask
prices constant or increase (resp. decrease) one or both of them by one tick (6).

» We consider a control a := (7, elt’, ng, W?)OgtéT F-predictable process where the
random variables €2, €2, n2, n? are valued in {0, 1}.
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Model and problem formulation Model

An optimal control problem with regime switching

Representation of a market making strategies

Price
A
-
Ask Price
1 Put Price
" Time
b b b
o7 65 6 03 o3 %3
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Model and problem formulation Model
An optimal control problem with regime switching

Prices and spread dynamics

@ Bid and Ask processes : For ¢ € {a, b}, the dynamics of P evolves according
to the following equations

,dpl:f = (/):JC 5.0 for §; <t < &iyq
for i € N*, ob T Tebm T %%
Poa = Pra 400G,

where (&;)i>0 is the sequence of transaction times.

@ Mid price and spread processes : We set P := Pagpb and S:= P2 — Pb For
all i € N*, the dynamics of the process (P, S) is given by

dPy =0, for& <t< &y dS; =0, for& <t< &y
_ s b b

Pop = Fop = 2(GgoTegn) ang {1 Sp = Sy =00 =)

Pgl_a = P@f_ + %(T)Zia + nga)- SGa - Sea’ + 5(7796 nga)-
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Model and problem formulation Model

An optimal control problem with regime switching

Cash and stock holdings dynamics

@ Cash holdings : We denote by r > 0 the instantaneous interest rate. The bank
account evolves according to the following equations

aX; = rXdt, for§ <t < &itq,
_ _ pb
for i € N*, Xop = Xe,"* P 0~
Xoa = Xoa—+Pias

@ Stock holdings : The number of shares held by the market maker at time
t € [0, T] is denoted by Y}, and evolves according to the following equations

dy;y = 0, for & < t < &jqq
for i € N*, YG,'»’ = Yef’* +1
Yg;a = Ye;a, -1
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Model and problem formulation Model

An optimal control problem with regime switching

Regime switching

@ Liquidity regimes :
Let / be a continuous time, time homogeneous, irreductible Markov chain with m

states.
The generator of the chain / under IP is denoted by A = (¥9; ;) j—1,...m- Here 9; ; is
the constant intensity of transition of the chain L from state i/ to state j.

@ Market orders arrivals : Let two Cox processes N2 and N°.
The intensity processes associated with N@ and N® are defined, for t > 0, by
\a(ly, Py, Sp) and AP(1y, Py, Sp) where A2 and AP are positive deterministic
functions, bounded and defined on {1, ..., m} x 3N x &N.

We define 02 (resp. 02) as the k™ jump time of N2 (resp. N®), which corresponds
to the k' buy (resp. sell) market order.
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Model and problem formulation Model

An optimal control problem with regime switching

Admissible strategies

@ Liquidity constraints : Let K > 0, the market maker has to use controls such that
P —Si2>0 and 0< S <Kx4, for0<t<T.

@ Inventory and cash constraints : Let x.;,;, < 0 and ypin < Ymax. We introduce
the following notations :

S = (Xmin, +0) X {¥Ymins -, Ymax } X gN x 6{1,..., K},
S = {(tx.y,p.s)E[0,T]xS: p— g > 6}
For a control «, we define the liquidation time :
Thh2O = inf{u > £ XG0 < i o Y'Y € {Yimin — 1, Yimax + 13}
o Admissible strategies : Let (t,z) := (¢, x,y,p, s) € S, the strategy
a = (€2, b, 13, n0)i<u<T is admissible, if the processes €2, €2, n?, 1P are valued in

{0,1} and for all u € [t, T], (u, Z[j’fz’a) €S.
We denote by A(t, z) the set of all these admissible policies.
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Model and problem formulation Model

An optimal control problem with regime switching

Objective function

@ Portfolio liquidation : If the market maker decides (or has) to liquidate her
portfolio, then she actually gets
) s
O(t’y7p7 S) = (p - Slgn(y)é)f(t»y)z

where f : [0, T] x R — R4, non-linear in y and such that

fty) <f(ty)ify <y and yK{.y) <yf(ty)ift <t
@ Utility and penalty functions : Let v > 0 and U(x) = 1 — e~ 7% on R. We set
UL = UoL where L(t,x,y,p,s) = x+yQ(t,y,p,s).

Let g a bounded positive function defined on {¥min, ---, Ymax}-
@ Objective function : We consider the functions (vi);cy1,...,my defined on S by

.....

vi(t,z) ;== sup J7(t,2)

acA(t,z)
where we have set
) . T/\_rt,i,z,a )
J(tz) = E|U(T AT Zibme ) - /t g *)ds| .
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Properties of the value functions

Analytical properties and dynamic programming principle Dynamic programming|principle

Analytical properties and dynamic programming principle

@ Model and problem formulation
e Analytical properties and dynamic programming principle
@ Viscosity characterization of the objective function

@ Numerical illustrations
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Properties of the value functions

Analytical properties and dynamic programming principle Dynamic programming|principle

Objective functions bounds

» Let (t,z) := (t,x,y,p,s) € S. From monotonicity of f,

K

2)'

L(t,Z) > Xmin + Yminf(0, Ymin) (P —

Proposition

There exist Cy, Co and Cs positive constants such that

1-— C1 - CZeCSP < Vi(tvz) <, v(lv t,Z) = (Iv I7X7y7pvs) € {177m} xS,
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Properties of the value functions
Dynamic programming principle

Analytical properties and dynamic programming principle

Uniform continuity of the objective functions

Holder continuity of the criteria functions

Letie {1,..,m}, (t,2) == (t,x,y,p,8) € Sand (t',x") in [0, T] x (Xmin, +00).
Forall a € A(t A t', Z) such that aia 1vir) = 0, we have o € A(t, 2) N A(t, 2") with
z' = (x',y,p,s) and, if (tPMe x’) is close enough to (t, x), then

|2 (6,2) = I, 2) | < Kalp) (wlre™ | X (E= 1) )+ p(x =)+ £ —t]).

where Kx(p) > 0 and « an Hélder continuous function on R.

Uniform continuity of the objective functions

Let (i,y,p,s) € {1, ....m} X {¥Ymin, -, Ymax} X §N* x §{1,..K} such thatp — £ > 0.

The function (¢, x) — v;(t, x, ¥, p, s) is uniformly continuous on [0, T] X [Xmin, +00).
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Properties of the value functions
Dynamic programming principle

Analytical properties and dynamic programming principle

Dynamic programming principle

Dynamic programming principle

Let (i,t,z) :== (i, t,x,y,p,8) € {1,...,m} x S. Let v be a stopping time in 7; 7, we have

A t,i,z,«
: = sl B PRI
vi(t, 2) aes;(p;’z)E[v, 5 (1/ NG, ZMQ ) {vAd<io)

+Up (72,560 0.y, 0,8) 1 pacy ngy — 90) (vAO A3 = 1) ],

with #& = 7hiZ.2 A T and

O=int{u>t: Ny >N, or Nj"b% > N2OZ or NJWOZ > NOIEZY
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Viscosity characterization of the objective function

Analytical properties of the objective function and dynamic
programming principle

@ Model and problem formulation
@ Analytical properties and dynamic programming principle
e Viscosity characterization of the objective function

@ Numerical illustrations
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Viscosity characterization of the objective function

HJB equation (1)

@ Set of admissible controls : We define the following set :
Atz) = fa=("mmn®) e (0.1} 6l <p— 2,

§<s—08(e7 —eP) < KSand § < s+ 8(n? — nP) < K5}

@ Transactions operators : For all (i, t,x,y,p,s) := (i,t,z) € {1,...,m} x S and
a = {e2,eP,n3 nP) € A(t, z), we introduce the two operators :

UL(t, X, Ymin, P, S) ity = Ymin,

AV,'(t, Z, OC) =
Vi(t7X+P+ %7}/_ 17p+ %(na +77b)75+5(778 - 77b)) else.
UL(t,vama)hp: S): lty = Ymax

Bvi(t,z,a) ={ UL(t,2) if X < Xmin+P— 50X =Xmin+p— 35 <0

vilt, x—p+35,y+1,p— g(aa—&—sb),s— 5(e2 —€b))  else.
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Viscosity characterization of the objective function

HJB equation (2)

Let (v)1<i<m a family of smooth functions defined on S. We introduce the following
operator associated with state i € {1,.., m} :

Ay Ay
Hi(t, 2, ¢i, %) = rx—a‘f(’ +> i (it %, ¥, p,8) — @i(t, X, ¥,p,5)) — 9(¥)
J#i
+ sup  [AA(p,s) (Ai(t, X, y,p, s, a) — oi(t,X,y,p,S))
a€A(t,z)

+ AP(P, 8) (Bii(t, X, . p,5, @) = it X, v, P, 9))] = 0.

We consider the HJB equation :

o 1
B % 7Hi(t727 Pis g) = 07 for (t7z) € S’ (1)

with the following boundary and terminal conditions :

Vl'(tvxmin7y7pvs) = UL(t7Xmin7y7pvs) (2)
vilT, %, y,p,8) = ULT,x,y,p,9) ®)
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Viscosity characterization of the objective function

Viscosity characterization of the objective function

The family of objective functions (v;)1<i<m is the unique family of functions such that
i) Continuity condition : For all

(i,y,P, S) € {17~~7m} X {}’min, ~~,}’max} X gN X 6{17~7K}1 (t’ X) — Vi(t,XJ’,P, S)
is continuous on {(t, x) € [0, T) X [Xmin, +00) : (£, X, y,p,S) € S}.

i) _Growth condition : There exists Cy, C, and C3 positive constants such that

1—C1—CgeC3pSVi(t,X,y,p,S)§1, 01'1{1,..7m}><8.

iii) Boundary conditions :

Vi(t, Xmin ¥ P 8) = UL(t, Xmin, ¥» P, 8) and vi(T, X, ¥, p,s) = UL(T, X, y,p, S).

iv) Viscosity solution : (v;)1<j<m is a viscosity solution of the system of variational
inequalities (1) on {1,...,m} x S.
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Numerical illustrations

Numerical illustrations

@ Model and problem formulation
@ Analytical properties and dynamic programming principle
@ Viscosity characterization of the objective function

e Numerical illustrations
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Numerical illustrations

Numerical values

@ Market values :
— Initial conditions : x =5, y =2, p=1, s=0.02.
—r=0.05, §=0.02, X=20.
— Impact function : f(t,y) = exp (0.09y(T — t)).
— Intensity functions :

a
M(p, s) = % exp (—s—0.01(p—1)) and AP(p,s) = vPpexp (—s+0.01(p—1)),

with 2 = 120, o2 =80, P =80, b =120.
@ Constraints :
= Xmin = —20,  Ymin=—10, Ymax =10, K=5, T=1.
— Penalty function : g(y) = y® x 1073,
— Utility function : U(/) =1 — e 99" j.e. v = 0.01.
@ Numerical values :
— Localisation : Xmax =20, Ppin=1-20x 3, Pmax=1+20x §
— Discretization : ny = 40 and n; = 20.
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Numerical illustrati

A cash holdings path

Cash path simulation
T T T T

1B

Cash

FIGURE : A cash holdings path
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Numerical illustrati

A stock holdings path

Stock path simulation
4 T T T

Number of shares

FIGURE : A stock holdings path
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Numerical illustrations

Bid and ask price paths

Ask price and Bid price paths simulation
125 T T T T

FIGURE : Bid and ask price paths
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Numerical illustrations

Liquidation value

Net wealth path simulation
T T T T T T

Net wealth

FIGURE : A path of L(t, Z;)
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