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Motivation

[§ Ly Vath V., Mnif M. and H. Pham.
A model of optimal portfolio selection under liquidity risk and
price impact.
Finance and Stochastics , 11, 51-90, 2007.
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Motivation

[§ Ly Vath V., Mnif M. and H. Pham.
A model of optimal portfolio selection under liquidity risk and
price impact.
Finance and Stochastics , 11, 51-90, 2007.

@ Control problem of portfolio optimization under liquidity risk
and price impact.

@ The value function is the unique continuous viscosity solution
of some HJB equation.

@ Numerical resolution of the impulse control problem under
state constraints based on a probabilistic method.
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Problem formulation

o Let (2, F,P) be a probability space equipped with a filtration
(Ft)o<t<T supporting an one-dimensional Brownian motion
W on a finite horizon [0, 7], T < oc.
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Problem formulation

o Let (2, F,P) be a probability space equipped with a filtration
(Ft)o<t<T supporting an one-dimensional Brownian motion
W on a finite horizon [0, 7], T < oc.

@ We consider a continuous time financial market model. We
denote by X; the amount of money and by Y; the number of
shares in the stock held by the investor at time ¢t. The price
process of the risky asset is denoted by P;.
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Problem formulation

o Let (2, F,P) be a probability space equipped with a filtration
(Ft)o<t<T supporting an one-dimensional Brownian motion
W on a finite horizon [0, 7], T < oc.

@ We consider a continuous time financial market model. We
denote by X; the amount of money and by Y; the number of
shares in the stock held by the investor at time ¢t. The price
process of the risky asset is denoted by P;.

@ We model the investor’s trades through an impulse control
strategy o = (7p, (n)n>1 , Where the non-decreasing s.t. 71 <
. Tn < ... < T represent the intervention times and (()n>
are JF;, -measurable real valued r.v. and represent the number
of stock trade at these times.
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Problem formulation

Y=Y, Tn < 8 < T4l

Yo = YT_—H + Cn+41
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Problem formulation

Dynamics of Y

Y=Y, Tn <8 < Tptl
Yo = YT_—H + Cnt1

Dynamics of P

dP; = Py(bds + 0dWs), 7Tn << Tht1

P, 6>\Cn+1 P_
Tn+1

n+1
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Problem formulation

Dynamics of Y

Y, = Y7n7 Tn <8 < Tptl
Yo = YT_—H + Cnt1

Dynamics of P

dPs
P,

Ps(bd3+0'dWs), Tn S5<Tn+1

6>\Cn+1 P_
Tn+1

n+1

Dynamics of X

dXs =rXsds 7n <8< Tnt+1
X_rn+1 _ X77 . Cn+16AC"HP; —k

n+41 n41
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Problem formulation

State process

Z3YF = (XU YN, POYP) Vs € [t, T
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Problem formulation

State process

Z3YF = (XU YN, POYP) Vs € [t, T

The investor’s net wealth

| A

L(z) = max[Lo(z), L1(2)]1y>0 + Lo(2)1y<0
where
Lo(z) = z+ype ™ —k, and Li(z) = =

N,
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Problem formulation

State process

Z3YF = (XU YN, POYP) Vs € [t, T

| A

The investor’s net wealth

L(z) = max[Lo(z), L1(2)]1y>0 + Lo(2)1y<0

where
Lo(z) = z+ype ™ —k, and Li(z) = =

| A

Solvency region
S={z=(z,y,p) ERxRxRL :L(z) >0},
with

0S ={z=(z,y,p) ERxR xRY :L(2) =0} and S=SUIS.

A
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Problem formulation

Value Function

u(t, z) = s;(;t))E[e—“T—t)UL(z;W)}, (t,2) € [0,T] x 8.
ae -4

with

UL(2) = U(L(2)) = K(L(2))", 7 €]0,1[.
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Problem formulation

Value Function
o(t,z) = sup ]E[e—NT—t)UL(Z;“)}, (t,2) € [0,T] x §.
a€A(t,z)

with
Ur(z) =U(L(2)) = K(L(2))", ~€]0,1].

HJB-QVI

1
Q
S
\
\
\

min {f

Ly, v Hv]—O sur [0,T) xS

ot
022 00 Lo 20
&pfm:a + bp 8 30 P ap? T,
Ho(t,z) = sup @(t,T(2,()), (t2)€[0,T]xS
CeC(z)

F(Z, C) = ($ - Cpe)\c - kay + C?pe)\g)'

M’hamed GAIGI AMaMeF and Banach Center Conference, Juin 2013

9



Problem formulation

Theorem [Ly Vath, Mnif and Pham]

The value function v is continuous on [0,7") x S and is the unique (in
[0,T) x S) constrained viscosity solution to HIJB-QVI satisfying the boundary
and terminal conditions :

, lim v(t',2) =0, V(t,2)€[0,T)x Do
(t ,z )= (t,2)
2'es
Clim ot 2) = max[Ur(2), HUL(2)], Vz €S,
(t ,z )= (T,z)
2'es
and

ot 2) < K (14 (2 + g))w, V(t,2) € [0,T) x S

where Dy = {(0,0)} x R} and K < 0.

o R ey VD]
G([0,T] x 3) = { OISR b A @+ ) < }
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Discretized problem

A classical way for a numerical approximation

Finite difference scheme

oz 20
00 ) o P2 +8) = 26@) + plw = 0)
oz” 02
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Discretized problem

A classical way for a numerical approximation

Finite difference scheme

oz 20
00 ) o P2 +8) = 26@) + plw = 0)
oz” 02

©(t, 2) = max(£5p(t, z); sup @(t,I'(2,())
CeCs(2)
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Discretized problem

Discretization scheme

min v — Elp(t + h, Z350)], & — He(t, 2)| ¢ € [0,T - b]
Sh(t7 va7 90) = min 71’ - E[@(T7 Z’(I)Jt’Z)L 71’ - H@(t Z)]7 t € (T - h7 T)
min 1/)—UL(Z),1/)—HUL(Z):|; t =T
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Discretized problem

Discretization scheme

min v — Elp(t + h, Z350)], & — He(t, 2)| ¢ € [0,T - b]
Sh(t727¢7(p) = min 11’ - E[@(T7 Z’?"t Z)]ﬂl’ - H(p(t7z):|7 t € (T - h, T)
min w—UL(Z),llJ—HUL(z)}; t =T

VM(T, z) = max [UL<2), HUL(z)]

v (t;, 2) = max {JE[ (t; + h, ZO t“z)],/th(ti,Z) )

where h =T/m and i € {0,..,m — 1}.
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Discretized problem

Localized domain

Sloc = 5 N ([xminy xmaw] X [yminy ymaw] X [Ovpmaw])

R i=min (| @i b o s Yonin | s |5 Prnas |-
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Discretized problem

Localized domain

Sloc = 5 N ([xminy Imaw] X [yminy ymaw] X [Ovpmaw])

Ri=min (12,0 || e b Yonin || Yo 1| Do | )-

| \

Space grid

Zi={z=(2,9,p) €Xi x Y; X P;;2 € Sioc}

where X is the uniform grid on [Tmin, Tmas] Of step ZmeerZmin and similarly
for Y; and IP;.
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Discretized problem

Localized domain

Sloc = 5 N ([xminy Ima:c] X [ymin7 ymax] X [Ovpmaac])

R i=min (| @i b o s Yonin | s |5 Prnas |-

Space grid
Zi={z=(2,9,p) €Xi x Y; X P;;2 € Sioc}

where X is the uniform grid on [Tmin, Tmas] Of step ZmeerZmin and similarly
for Y; and IP;.

Grid of the admissible controls

7

M

CM,R(Z) = {Cz = szn = (Cmaz - C’mzn)yo S ) S M/F(Z7C'L) € Svloc}

where Cmin < Cmaz € R and M € N* are fixed constants.
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Functional Quantization

SN,R[,Uh

(t, 2%)

Discretized problem

Nav)
0,s,z
Z Z P, gy Y (t7 ZN R (t) Vs<t
11=1 zd(N)fl

2

8,2z 5 g
ZoE (8) = (rﬁhpnmm4mmmwpexp{<b—»3;>u-—s>+-owcl1aNxt—»$}>)

w

i1 "'Ld(N)

d(N)

)=y

\/ﬁ 7t 1
s, sin(Ten - 1)

Vi, en(t) = 5
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Discretized problem

Functional Quantization

Na(ny

ENEBM @, 227 : Z N Piig V"G ZRE®) Vs<t

11=1 zd(N)fl

2

8,2z 5 g
ZI%,R (t) = (xa yvproj[oypmam](p exXp {(b - ?)(t - S) + UWH “LA(N) (t - S)}))
d(N) W)
2T Tt 1
Wi]¥'~id(N)(t) = Z VAnZi,en(t) = (7*5)%” sin ( (n — 5))
n=1 n=1

The optimal grid (z;,,) and the associated weights Pil-»id(m are downloaded
from the website : http ://www.quantize.maths-fi.com/downloads.
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Discretized problem

[ H. Luschgya and G. Pages.
Functional quantization of Gaussian processes.
Journal of Functional Analysis, 196, 486-531, 2002.
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Discretized problem

[ H. Luschgya and G. Pages.
Functional quantization of Gaussian processes.
Journal of Functional Analysis, 196, 486-531, 2002.

Discretization scheme

Uh(T, z) = max [UL(Z), sup UL(F(z,C))}
CECM,R(2)

oh(ti, 2) = max [EV R (b, 2000 HE RO (1, 2)|
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Discretized problem

vn(t,2) ;== sup E[UL(Zr)] (¢,2)€[0,T]x S.
aEAnp (t,2)
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Discretized problem

vn(t,2) ;== sup E[UL(Zr)] (¢,2)€[0,T]x S.
aEAnp (t,2)

Iterative scheme

We define the sequence ¢, (t, z), solution of stopping time problems, as
follows :

30”+1(t7z) = Sup E[H‘Pn(77 Zgymz)]a

TESt, T
@0(t7 Z) = ’Uo(t, Z)v

and we show that

on(t,z) = vnl(t, 2).
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Discretized problem

vn(t,2) ;== sup E[UL(Zr)] (¢,2)€[0,T]x S.
aEAnp (t,2)

Iterative scheme

We define the sequence ¢, (t, z), solution of stopping time problems, as
follows :

sup E[Hwn (T7 ZE»@Z )]a

TESt, T

@0(t7 Z) = vo(t, Z)v

L)07’L+1(t7 Z)

and we show that

on(t,z) = vnl(t, 2).

vn (hence ¢r) converges towards v when n goes to +oo
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Discretized problem

Approximation scheme

vl (T,2) = max [UL(2), sup  UL(T())]
CeCur,r(2)

0,84,
Uf}ri—l (ti7 Z) = max [SN7R[U7};+1 (ti-i-l? Ztiilz)L HMJ%UZ (tia z)i|

fori=0,...m—1; z= (x,y,p) € Z; and starting from

ob(t,2) = ENFUL(Z7")]
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Convergence of the numerical scheme

@ Convergence of the numerical scheme
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Convergence of the numerical scheme

[§ Barles G. and P.E. Souganidis.
Convergence of approximation schemes for fully nonlinear

second order equations.
Asymptotic analysis, 4, 271-283, 1991.

Monotonicity + Stability + Consistency — Convergence J
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Convergence of the numerical scheme

[§ Barles G. and P.E. Souganidis.
Convergence of approximation schemes for fully nonlinear
second order equations.
Asymptotic analysis, 4, 271-283, 1991.

Monotonicity + Stability + Consistency — Convergence J

For all (¢,2) € [0,7) x S we have that
lim oM MR = u(t, 2),

¢ 2 )= (t,2)
(7, M, N, R)—>(0,400)
(t,2")ETm X2

h,R,N,M

where v is the solution of the discretized scheme and v is the solution

of the HJB-QVI.
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Convergence of the numerical scheme

Monotonicity

Vh>0 (t,2) €[0,T] xS, g€ Rand ¢, € G, s.t. ¢ < 1) we
have that

ShENM(t, 2, 9,0) > SPENM (1, 2, g,9)
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Convergence of the numerical scheme

Monotonicity

Vh>0 (t,2) €[0,T] xS, g€ Rand ¢, € G, s.t. ¢ < 1) we
have that

SRRNM (3 2, g,0) > SHENM (8,2, 9,9)

For all h > 0, there exists a unique solution
yrAB M o G,([0,T] x S) to the discretized scheme and the

sequence (vp M), is uniformly bounded in G4([0,T] x S) i.e.
there exists w € G,([0,7] x S) s.t. [l BNMY < | for all B> 0.
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Convergence of the numerical scheme

Consistency
(i) Y(t,2) € [0,T) x S and Lipschitz function ¢ € C*2([0,T) x S) we have

lim sup min

(ht' 2 )= (0,t,2)
(M,N,R)—+oco

¢ 2= ENEIG(E +h, 2% 7 . .
{M 2 [i( i )],qb(t,Z)fHM‘Rab(t,ZJ

<min{ (= %2 £9)(1,2), (6(t, 2) ~ Ho(t, ) }
and
{2y — ENRIgE + h, 2% ., ,
liminfmin{d)( 2) o £ th )]a¢(t,z)*'HMR¢(taZ)
(ht 2 )= (0,t,2) h

(M,N,R)—+oo

> min { (- % — L) (t,2), (o(t,z) — Ho(t, z))}
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Convergence of the numerical scheme

Consistency (sequel)

(i3) Vz € S and Lipschitz function ¢ € C2([0,7] x S) we have

limsup  min {qﬁ(t/, z/) - UL(z/), ((Z)(t/, z/) - ’HM’RUL(Z/)) }
(ht' ,2)=(0,T,2)
(M,N,R)—+oc

< min {¢(T, 2) = Us(2), ($(T) 2) — HUL(z))}
and
liminf  min {qs(t’, )~ UL(z), (¢(t’, 2 - HM’RUL(Z/)) }

(ht =')—=(0,T,2)
(M,N,R)—+o00

> min {¢(T, 2) = Up(2), ($(T, 2) — HUL(Z))}
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Numerical results

© Numerical results
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Numerical results

Parameter Value Parameter Value
Maturity 1 year Tomin -100
A 5.00E(-07) | Zmaz 200
Y 0.5 Ymin -4
o 0.25 Ymaz 20
b 0.1 Dmin 0
k 1 Pmazx 50
l 20
m 40
M 100
N 96
£ 1073

Table 1 : Parameters

M’hamed GAIGI AMaMeF and Banach Center Conference, Juin 2013



o
N

fixed P
and Banach Center Confe

jon for

AMaM

P
=
o
e
©
2
5]
€
S
=2

URE : Value Funct
hamed GAIGI

.
x

F1




Numerical results

SHARES

FIGURE : The Optimal Policy sliced in XY
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Numerical results

SHARES

FIGURE : The Optimal Policy sliced in XY for A = 5.00E(—03)
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Numerical results

Convergence in N

008 —

006~

Relative Error

FIGURE : Relative error of the value function computed when N = 96
Vs. N = 200.
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Numerical results

Convergence in M

008 —

006~

Relative Error

FIGURE : Relative error of the value function when M = 200 Vs.
M = 250.
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Numerical results

Convergence in R

Some values of the value function for two different values R; and Rs of R
where R; is chosen as in Table 1 and we choose Rs as follows :

Ro = min ( |z, =—257.90 | |z, =342.10]]y,., =—16.63]

| Yrnaw = 3136 |,] ., =100 )

R Ry Ry
(t,21) | 20.0038 | 19.9966
(L, 22) | 24.5429 | 24.5340

Table 2 : Values of the value function for different values of R and z.
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Numerical results
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Numerical results
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Numerical results

Thank you for your attention.
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