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No arbitrage assumption

Definition 1 (sigma-martingale)

RX-valued process Y is a sigma-martingale if there exists an RY
-value martingale M and M-integrable predictable R, -valued process n
such that Y; = [} nydMy,.
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The hedging problem

European contingent claims: L' (Q, 7, P)

For £ € ® and a contingent claim H

L(&, H) :== =(Vr(§) — H)~
the loss resulting from hedging H with &.

Hedging:

minimize L(¢, H) over ¢ satisfying some budget constraint.
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Consider:

Condition 1 (superhedging)
Uy := suppsep, EpH < 00.
Theorem 2.1

Under Condition 1 there exists £ € ® with V(&) = Uy for which
L(¢,H)=0P-a.s.

Brilliant ... but
@ this might be unacceptably expensive (Gushchin and Mordecki
(2002)),
@ what about the case Uy = .

IDEA: Fix V < Uy and (in some sense) minimize L(§, H) over £
satisfying V(&) < V.
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How to quantify risk of a loss L(&, H)?

@ Quantile hedging (Féllmer and Leukert (1999)):

P(L(¢, H) < 0) — min.

@ Efficient hedging (FL (2000), Nakano (2003, 04), Rudloff (2007,
09))
p(L(&, H)) — min,
where p is some risk measure (coherent or more generally
convex...)

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 7/21



Convex measures of risk

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 8/21



Convex measures of risk

Definition 2
A function p : LP — RU {0}, 1 < p < oo is a convex measure of risk if:

v

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 8/21



Convex measures of risk

Definition 2
A function p : LP — RU {0}, 1 < p < oo is a convex measure of risk if:
@ |t is convex, i.e.

pOX+(1=N)Y) < Ap(X)+(1=Np(Y),  Ae[0,1], X,Y e LP

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 8/21



Convex measures of risk

Definition 2
A function p : LP — RU {0}, 1 < p < oo is a convex measure of risk if:
@ |t is convex, i.e.

pOX+(1=N)Y) < Ap(X)+(1=Np(Y),  Ae[0,1], X,Y e LP

@ monotone, i.e.

X>Y = p(X) < p(Y), X, Y € LP

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 8/21



Convex measures of risk

Definition 2
A function p : LP — RU {0}, 1 < p < oo is a convex measure of risk if:
@ |t is convex, i.e.

pOX+(1=N)Y) < Ap(X)+(1=Np(Y),  Ae[0,1], X,Y e LP

@ monotone, i.e.

X>Y = p(X) < p(Y), X, Y € LP

@ franslation invariant , i.e.
p(X +c)=p(X)-c, ceR, Xelf
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___________________Hedging of contingentclaims
Convex hedging problem formulation

Let

@ p be a convex measure of risk on L',
0 0<HeL(P)

e I/,>0

oV ={6€d: V() >0, V()< W}

The convex hedging problem:

inf p(L(¢, H)) (1)

fEVVO
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Key concept
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Key concept

Let
@ R={¢p:Q—1[0,1] : ¢ — F — measurable},
® Ro={p€R : supp-ep, Ep-dH < Wy},

Theorem 3.1
If $ € Ry solves the static problem

0t p(H(o — 1))

the strategy (o, €) superreplicating ¢H solves the efficient hedging
problem (1).

(@)
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Selected results obtained so far (1)

@ (Folimer, Leukert (2000)), p = expectation - existence and
structure of the solution,
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Selected results obtained so far (1)

@ (Folimer, Leukert (2000)), p = expectation - existence and
structure of the solution,

@ (Nakano (2004)), p - coherent measure of risk on L' - existence,
structure in particular cases,

© (Rudloff (2007)), p - convex, |.s.c. measure of risk on L' satisfying
some continuity assumption - existence and structure of the
solution.
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Selected results obtained so far (2)

Standard assumptions:

Assumption 1

supp+cp, Ep-H < 0o

Tomasz Tkalinski (Warsaw University) Convex hedging...

AMaMeF

12/21



Selected results obtained so far (2)

Standard assumptions:

Assumption 1

supp+cp, Ep-H < 0o

For a convex measures of risk p:
Assumption 2

p: L' — R U {co} finite and continuous at H(¢o — 1) with some
o € Ro.-
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Call on the non-traded securities/ risk factors(1)

Consider standard BS model:

St:eXp<Wt—;>, B; =1 t€[0,1]

on a probability space (2, F, P) which supports infinite iid sequence of
standard Gaussian random variables Xj, Xz, . .. (independent of W)
and an independent U ~ UJ0, 1].
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Call on the non-traded securities/ risk factors(1)

Consider standard BS model:

St:eXp<Wt—;>, B; =1 t€[0,1]

on a probability space (2, F, P) which supports infinite iid sequence of
standard Gaussian random variables Xj, Xz, . .. (independent of W)
and an independent U ~ UJ0, 1].

Forn=1,2,... define R" (quoted at discrete times: t = 0, 1):

1
Ry =1, R{=exp [ﬁnW1 + mnxn - E(pr%+ n2(1 - P,%)) :

Assume correlation p, € (—1,1) decays to 0 with n, i.e. lim,_o, pp = 0.
Now consider a hedging problem of a call option with the payoff

H:(Zan{f—K> , (3)
n=1

for some K > 0.
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Call on the non-traded securities/ risk factors(2)

Proposition 1

1. H is a well-defined and integrable contingent claim.
2. Forne N

2

X
2
V2 @ o0(F) s i amee s

is a density of a martingale measure Q.
3. SuUp ey Eq,H = oo.
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Examples beyond the scope...

Convex risk measure violating continuity
assumption(1)

Define g : [0,1] — R:
{ 8x—% for x € (0,1],
0

9(x) = gdy x = 0.

AMaMeF 15/21
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3
= Z
9(x) { 0 gdy x = 0.
For n € N define g, : [0,1] — R:
gn(X) = Cn1[4 1](X)Q(X)>

n+17?

x € [0,1],
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assumption(1)

Define g : [0,1] — R:

X% forxe (0,1],

3
= Z
9(x) { 0 gdy x = 0.
For n € N define g, : [0,1] — R:
gn(X) = Cn1[4 1](X)Q(X)>

n+17?

x € [0,1],

where ¢, ' =1 — (%)% is a normalizing constant (such that
Elgn(U)] =1 for U ~ U[0,1]) .

Fix U ~ U[0,1] and let @ = {gn(U) : n € N}.

AMaMeF
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Convex risk measure violating continuity

assumption(2)
Define p: L' — R U {oo}: p(Y) := Supgeo Eg(—Y).

Proposition 2

pis ao(L',L>)-l.s.c, coherent measure of risk.
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Convex risk measure violating continuity

assumption(2)

Define p: L' — R U {oo}: p(Y) := Supgeo Eg(—Y).
Proposition 2

pis ao(L',L>)-l.s.c, coherent measure of risk.

Consider the static problem:
inf p((¢ —1)H
A =Tl

Proposition 3

~

Let H be and arbitrary contingent claim for which p((¢ — 1)H) < oo with
some ¢ € Ry.

1. The function p : L' — R U {oo} is not continuous at (¢g — 1)H for
any ¢o € Ro satisfying p((¢o — 1)H) < oo.

2. ﬁ’LZ < 0
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Overview

@ Forn=1,23,...letH,:=HAN.

© Consider problems
inf p(Hn(¢ —1)). (4)

PER

© We apply results of (Rudloff (2007)) to obtain the existence and
the structure of the solution ¢, of (5) forn e N .

© Komlos’ type argument: y
there exists a sequence qbn € conv(on, gb,,+1 ,Onio,...)and ¢ € R
such that limp_« ¢n = qb P—a.s. andin L'.

e ¢€R0

@ & solves the static problem.
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The main result |

Let A, denote the set of measures of finite variation on P,

Fix Vo >0andletp: L' - R U {oc} be a convex measure of risk with
a determining set Q.

Let H be an integrable contingent claim and denote H, := H A n.

Theorem 1

Assume: p is LP-continuous for some p > 1 at ¢o(H — 1) with some
do € Ro-

1. For every n € N there exists a solution (An, Qp) to:

inf {E {anQ A Hp

Ze-d\| — ON(P,) — p*(—Zp) ¢
(AQ)E(A+,Q) P } 0A(Ps) — p7( @)}

Po

Tomasz Tkalinski (Warsaw University) Convex hedging... AMaMeF 18/21



The main result

Theorem 1 (continued)
2. For every n there exists a solution ¢, to the static problem

0t p(Ha(o— 1)

satisfying

(A Hn(Zos— [, ZeA(dP))() > O,
Ha) = { 0 Ha(Zoy — [ Ze-An(dP*))(w) < O

and Ep«Hppn = Vo for A\, — a.eP* € P,
3. Solution to the static problem

Jnt (6= 1)H)

is given by ¢ = lim_, én, for some ¢, € conv(én, dpi1, .. .)-
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Approximative approach

Thank you for your attention!
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