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algorithms to simulate general Lévy processes
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SJ ≈ scaled(ε) BM
convergence in distribution when ε→ 0

approximation consisting of BM + compound Poisson
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Setting

We consider a complete probability space (Ω,F ,P)
equipped with the P-augmented filtration Ft , t ∈ [0,T ].

A risk free asset with price S0(t) > 0.
A risky asset with price S1(t).

The discounted price process is given by

S̃(t) =
S1(t)

S0(t)
.

The value of a hedging portfolio is given by

V (t) = χ(t)︸︷︷︸
number of units of asset 1

S̃(t)+ η(t)︸︷︷︸
amount invested in asset 0

.
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We consider a portfolio strategy of the form ϕ = (χ, η).

The gain process is given by

G (t, χ) =

∫ t

0

χ(s)dS̃(s).

The cost process is given by

C (t) = V (t)− G (t, χ).

A strategy is called self-financing if C is a constant or
equivalently

V (t) = V (0) + G (t, χ).

G. Di Nunno, A. Khedher, Michèle Vanmaele — Robustness of quadratic hedging strategies via BSDEs with jumps 8/41



Introduction Robustness of the BSDEJs Robustness of quadratic hedging strategies Conclusion

Hedging problem

We fix a contingent claim ξ. Example: European call
option

ξ(ω) = max(S̃(T , ω)− K , 0).

Hedging in the Black-Scholes model:
dS̃(t) = σS̃(t)dW (t). (Under P̃).

ξ = ξ0 +

∫ T

0

χ(s)dS̃(s). (ξ0 is a constant!)

=⇒ The market is complete.
=⇒ Exact replication.
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Incomplete market

Incomplete market: martingale representation does not
hold, i.e., ξ0 is not constant. It is in general not possible
to find a self-financing strategy V with final value
V (T ) = ξ.

Föllmer and Sondermann (1986).
Quadratic hedging: introduce subjective criteria under
which the strategies are chosen.
Locally risk-minimizing strategies: V (T ) = ξ. The
strategy is not self-financing.
Mean variance hedging strategies: we do not impose
V (T ) = ξ. We insist on the self-financing constraint.
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FS decomposition

A semimartingale S̃ is a process of the form

S̃ = S̃(0) + M︸︷︷︸
local martingale

+ A︸︷︷︸
finite variation process

.

A special semimartingale S̃ is a semimartingale with the
decomposition

S̃ = S̃(0) + M + A,

where A is a predictable process.
Föllmer-Schweizer decomposition Föllmer and Schweizer
(1991)

ξ = ξ0 +

∫ T

0

χFS(s)dS̃(s) + ΦFS
T ,

where the process ΦFS is a martingale orthogonal to M .
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Robustness of BSDEJs

W is a standard Wiener process
Ñ = Ñ(dt, dz) is a centered Poisson random measure.

We introduce the P-augmented filtration F = (Ft)0≤t≤T
by

Ft = σ
{

W (s),

∫ s

0

∫
A

Ñ(du, dz), s ≤ t, A ∈ B(R0)
}


−dX (t) = f (t,X (t),Y (t),Z (t, ·))dt − Y (t)dW (t)

−
∫
R0

Z (t, z)Ñ(dt, dz),

X (T ) = ξ.
(1)

A solution to (1) is (X ,Y ,Z ) F-adapted.
Existence and uniqueness result can be found in Tang and Li
(1994).
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Two approximating BSDEJs

limε→0 ξ
0
ε = ξ

First candidate approximation
−dX 0

ε (t) = f 0(t,X 0
ε (t),Y 0

ε (t),Z 0
ε (t, ·))dt − Y 0

ε (t)dW (t)

−
∫
R0

Z 0
ε (t, z)Ñ(dt, dz),

X 0
ε (T ) = ξ0ε .

(2)
A solution to (2) is (X 0

ε ,Y
0
ε ,Z

0
ε ) F-adapted.
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Two approximating BSDEJs

B is a standard Wiener process independent of W

We define the P-augmented filtration G = (Gt)0≤t≤T by

Gt = σ
{

W (s),B(s),

∫ s

0

∫
A

Ñ(du, dz), s ≤ t, A ∈ B(R0)
}
.

Second candidate approximation
−dX 1

ε (t) = f 1(t,X 1
ε (t),Y 1

ε (t),Z 1
ε (t, ·), ζε(t))dt − Y 1

ε (t)dW (t)

−
∫
R0

Z 1
ε (t, z)Ñ(dt, dz)− ζε(t)dB(t),

X 1
ε (T ) = ξ1ε ,

(3)
A solution to (3) is (X 1

ε ,Y
1
ε ,Z

1
ε , ζε) G-adapted.
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Convergence result

Theorem

Assume that f 0 and f 1 satisfy

|f (t, x1, y1, z1)− f 0(t, x2, y2, z2)|

≤ C
(
|x1 − x2|+ |y1 − y2|+ ‖z1 − z2‖

)
, for all t,

|f (t, x1, y1, z1)− f 1(t, x2, y2, z2, ζ)|

≤ C
(
|x1 − x2|+ |y1 − y2|+ ‖z1 − z2‖+ |ζ|

)
for all t.
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Convergence result

Theorem

Then we have for t ∈ [0,T ], and for ρ = 0, 1,

E
[ ∫ T

t

|X (s)− X ρ
ε (s)|2ds

]
+ E

[ ∫ T

t

|Y (s)− Y ρ
ε (s)|2ds

]
+ E

[ ∫ T

t

∫
R0

|Z (s, z)− Z ρ
ε (s, z)|2`(dz)ds

]
+ ρE

[ ∫ T

t

|ζ1ε (s)|2ds
]
≤ KE

[
|ξ − ξρε |2

]
,

E
[

sup
0≤t≤T

|X (t)− X ρ
ε (t)|2

]
≤ KE

[
|ξ − ξρε |2

]
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Model

A risk free asset: dS (0)(t) = S (0)(t)r(t)dt,
A risky asset:

dS (1)(t) = S (1)(t)
[
a(t)dt + b(t)dW (t) +

∫
R0
γ(t, z)Ñ(dt, dz)

]
.

The dynamics of the discounted price process S̃ = S(1)

S(0) :

dS̃(t) = S̃(t)
[
(a(t)− r(t))dt + b(t)dW (t) +

∫
R0

γ(t, z)Ñ(dt, dz)
]
.

S̃ = S̃(0) + M + A, where

M(t) =

∫ t

0
b(s)S̃(s)dW (s) +

∫ t

0

∫
R0

γ(s, z)S̃(s)Ñ(ds, dz),

A(t) =

∫ t

0
(a(s)− r(s))S̃(s)ds.
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LRM strategy

We have
Ṽ (t) = EQ[ξ̃|Ft ], ξ̃ = ξ/S (0)(T )

where Q is a martingale measure.
In a risk-minimizing strategy, the martingale measure is the
risk minimal martingale measure (Föllmer and Sondermann
(1986)).
We assume for the MVT-process

K (t) =

∫ t

0

(a(s)− r(s))2

b2(s) +
∫
R0
γ2(s, z)`(dz)︸ ︷︷ ︸

α2(s)

ds < C P-a.s.

and
S̃(t)α(t)γ(t, z) > −1, a.e. in (t, z , ω).
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FS-decomposition and LRM strategy

We have the following FS decomposition for Ṽ (Choulli et al.
(1998))

Ṽ (t) = EQ[ξ̃] +

∫ t

0

χFS(s)dS̃(s) + φFS(t),

where φFS is a P-martingale orthogonal to M .
Replacing S̃ by its value we get

dṼ (t) = π̃(t)(a(t)− r(t))dt + π̃(t)b(t)dW (t)

+
∫
R0
π̃(t)γ(t, z)Ñ(dt, dz) + dφFS(t),

Ṽ (T ) = ξ̃,

where π̃ = χFS S̃ .
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Martingale representation theorem

Kunita and Watanabe (1967).

Theorem

Every ξ ∈ L2
T , GT -measurable has a representation of the form

ξ = E[ξ] +
3∑

k=1

∫ T

0

∫
R
ϕk(t, z)µk(dt, dz), (4)

where the stochastic integrators

µ1(dt, dz) = W (dt)× δ0(dz), µ2(dt, dz) = B(dt)× δ0(dz),

µ3(dt, dz) = Ñ(dt, dz)1[0,T ]×R0
(t, z),

are orthogonal martingale random fields on [0,T ]× R0.
For every ξ ∈ L2

T , FT -measurable, (4) holds with µ2(dt, dz) = 0.
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Approximating LRM strategy

Applying the martingale representation theorem,

φFS(t) = E[φFS(T )]︸ ︷︷ ︸
=0

+

∫ t

0
Y FS(s)dW (s) +

∫ t

0

∫
R0

ZFS(s, z)Ñ(ds, dz).

In that case, we have
dṼ (t) = π̃(t)(a(t)− r(t))dt +

(
π̃(t)b(t) + Y FS(t)

)
dW (t)

+
∫
R0

(
π̃(t)γ(t, z) + ZFS(t, z)

)
Ñ(dt, dz),

Ṽ (T ) = ξ̃.
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Approximating LRM strategy

Lemma

Let κ(t) = b2(t) +
∫
R0
γ2(t, z)`(dz). Assume that for all

t ∈ [0,T ]
|a(t)− r(t)|√

κ(t)
≤ C , P-a.s., (5)

for a positive constant C . Then BSDEJ for Ṽ is of type (1).
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−dX (t) = f (t,X (t),Y (t),Z (t, ·))dt − Y (t)dW (t)

−
∫
R0

Z (t, z)Ñ(dt, dz),

X (T ) = ξ.
−dṼ (t) = −π̃(t)(a(t)− r(t))dt −

(
π̃(t)b(t) + Y FS(t)

)
dW (t)

−
∫
R0

(
π̃(t)γ(t, z) + ZFS(t, z)

)
Ñ(dt, dz),

Ṽ (T ) = ξ̃.
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First candidate approximation to S

The discounted price process is given by

dS̃1,ε(t) =S̃1,ε(t)
{

(a(t)− r(t))dt + b(t)dW (t)

+

∫
|z|>ε

γ(t, z)Ñ(dt, dz) + G (ε)γ̃(t)dB(t)
}
.

Benth, Di Nunno, and Khedher (2011).
Let

Ṽ1,ε(t) = EQ1,ε[ξ̃1ε | Gt ],

where Q1,ε is the minimal martingale measure.
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First candidate approximation to LRM

The equation we obtain for the approximating problem is thus
given by

dṼ1,ε(t) = π̃1,ε(t)(a(t)− r(t))dt + (π̃1,ε(t)b(t) + Y FS
1,ε (t))dW (t)

+(π̃1,ε(t)G (ε)γ̃(t) + Y FS
2,ε (t))dB(t)

+

∫
|z|>ε

(
π̃1,ε(t)γ(t, z) + ZFS

ε (t, z)
)
Ñ(dt, dz),

Ṽ1,ε(T ) = ξ̃1ε ,

where π̃1,ε = χFS
1,εS̃1,ε.

=⇒ BSDEJ for Ṽ1,ε is of type (3)

Daveloose, Khedher, Vanmaele (2013).
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First candidate approximation to LRM

Theorem

Assume that for all t ∈ [0,T ] |a(t)−r(t)|√
κ(t)

≤ C , P-a.s.. Then ,

E
[

sup
0≤t≤T

|Ṽ (t)− Ṽ1,ε(t)|2
]
≤ CE[|ξ̃ − ξ̃1ε |2].

Assume that (5) holds and that for all t ∈ [0,T ]

inf
t≤s≤T

κ(s) ≥ K , P-a.s. (6)

Then for all t ∈ [0,T ],

E
[ ∫ T

t
|π̃(s)− π̃1,ε(s)|2ds

]
≤ CE[|ξ̃ − ξ̃1ε |2].
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Robustness of remaining risk

Theorem

Assume that (5) and (6) hold and for all t ∈ [0,T ]

sup
t≤s≤T

γ̃2(s) ≤ K̃ , sup
t≤s≤T

κ(s) ≤ K̂ <∞ P-a.s.

Then for all t ∈ [0,T ]

E
[
|φFS(t)− φFS1,ε(t)|2

]
≤ CE[|ξ̃ − ξ̃1ε |2] + C ′G (ε),

where C and C ′ are two positive constants.
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Robustness of cost process

Let
C (t) = φFS(t) + Ṽ (0)

and
C1,ε(t) = φFS1,ε(t) + Ṽ1,ε(0).

Corollary

Under the assumption of the last lemma we have for all t ∈ [0,T ]

E[|C (t)− C1,ε(t)|2] ≤ KE[|ξ̃ − ξ̃1ε |2] + K ′G (ε),

where K and K ′ are two positive constants.
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Second candidate approximation to S

The discounted price process is given by

dS̃0,ε(t) =S̃0,ε(t)
[
(a(t)− r(t))dt + (b(t) + G (ε)γ̃(t))dW (t)

+

∫
|z|>ε

γ(t, z)Ñ(dt, dz)
]
.

Let Ṽ0,ε(t) = EQ0,ε [ξ̃0ε | Ft ], where Q0,ε is the minimal martingale
measure. Thus
dṼ0,ε(t) = π̃10,ε(t)(a(t)− r(t))dt +

(
π̃0,ε(t)[b(t) + G (ε)γ̃(t)]

+Y FS
ε (t)

)
dW (t) +

∫
|z|>ε

(
π̃0,ε(t)γ(t, z) + ZFS

ε (t, z)
)
Ñ(dt, dz),

Ṽ0,ε(T ) = ξ̃0ε ,

where π̃0,ε(t) = χFS
0,εS̃1,ε. =⇒ BSDEJ for Ṽ0,ε is of type (2)
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case S1,ε

variance of continuous part = b2(t) + G 2(ε)γ̃2(t)
= variance of continuous part + variance of SJ in S
study approximation by embedding original model
solution into larger filtration G

case S0,ε

variance of continuous part = (b(t) + G (ε)γ̃(t))2

6= variance of continuous part + variance of SJ in S
approximation of solution in original filtration F
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Mean-variance hedging

self-financing strategy

the shortfall or loss from hedging ξ̃ is given by

ξ̃−Ṽ (T ) = ξ̃−Ṽ (0)−
∫ T

0

Γ̃(s)dS̃(s), Ṽ (0) ∈ R, Γ̃ ∈ Θ .

minimize the latter quantity in the L2-norm

the finite variation process A in the decomposition of S̃ is
continuous

assuming that the MVT process K with
K (t) =

∫ t

0
α2(s)ds is deterministic, the discounted

number of risky assets is given by

Γ̃(t) = χ̃FS(t)+α(t)
(

Ṽ (t)−Ṽ (0)−
∫ t

0

Γ̃(s)dS̃(s)
)
, (7)
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Mean-variance hedging

Ṽ (t) = EQ̃ [ξ̃|Ft ], 0 ≤ t ≤ T , where Q̃ is the minimal
martingale measure

the amount of wealth is given by

Υ̃(t) = π̃(t) + h(t)
(

Ṽ (t)− Ṽ (0)−
∫ t

0

Υ̃(s)

S̃(s)
dS̃(s)

)
,

the amount of wealth associated to S̃1,ε is given by

Υ̃1,ε(t) = π̃1,ε(t)+h(t)
(

Ṽ1,ε(t)−Ṽ1,ε(0)−
∫ t

0

Υ̃1,ε(s)

S̃1,ε

dS̃1,ε(s)
)
.
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Robustness of mean-variance hedging

Theorem

Assume the mean-variance tradeoff process is deterministic
and that (5) and (6) hold. Then for all t ∈ [0,T ],

E
[
|Υ̃(t)− Υ̃1,ε(t)|2

]
≤ CE[|ξ̃ − ξ̃1ε |2] + C̃ G 2(ε).
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Outline

1 Introduction

2 Robustness of the BSDEJs

3 Robustness of quadratic hedging strategies

4 Conclusion
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Conclusion

we considered different models for the price process

using BSDEJs we proved that the locally risk-minimizing and
the mean-variance hedging strategies are robust towards the
choice of the model

results are given in terms of estimates containing E[|ξ̃ − ξ̃ρε |2],
which is a quantity well studied by Benth, Di Nunno, and
Khedher (2010) and Kohatsu-Higa and Tankov (2010).
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Conclusion

Ongoing research

Discretizing the approximating BSDEJs.

Computing the error coming from the combined effect
discretization and approximation

Apply this to study the robustness of discrete quadratic
hedging strategies.
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Thanks for your attention
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