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Optimal position closure

Bertsimas&Lo framework:

» T < oo: time horizon
» x € R: initial position

> X;: position size at time t € [0, T]
Constraint: X+ =0

v

X.: trading rate (X > 0: buying, X < 0: selling)
> S;: uninfluenced price (a martingale)
» 7 > 0: price impact parameter

Se=5+ nXt: realized price

v
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Optimal position closure

Bertsimas&Lo framework:

» T < oo: time horizon
» x € R: initial position

> X;: position size at time t € [0, T]

Constraint: X+ =0

v

X:: trading rate (X > 0: buying, X < 0: selling)

v

St: uninfluenced price (a martingale)

v

(M¢)¢efo,7): Price impact process

5, =5+ ntXt: realized price

v
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Optimal position closure

» Expected costs:

T ~ .
E [/ S Xedt
0

.
=—Sx+ E / neX2dt
0
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Optimal position closure

» Expected costs:
T ~ .
E / S5 X dt
0
» Additive risk functional:

.
E l / e XZdt
0

.
=—Sx+ E / neX2dt
0

, with e.g. v = const or vy = A(S¢)
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Optimal position closure

» Expected costs:
T ~ .
E / S5 X dt
0
» Additive risk functional:

.
E l / e XZdt
0

» Optimal liquidation problem:

E |:/OT (77tXt2 +’YtXt2> dt

.
=—Sx+ E / neX2dt
0

, with e.g. v = const or vy = A(S¢)

—  min
X(]:X,XTZO
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Optimal position closure

» Expected costs:

T ~ -
E [ [ sk
0

» Additive risk functional:

= —50X+E

T .
0

T
E l/ ’thfdt] , with e.g. v = const or v = A\(S5;)
0

» Optimal liquidation problem:

E [ /O ' (ntXf + %Xf) dt

—  min
X():X,XT:O
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A control problem with terminal state constraint

» Brownian set-up: (Q,F, P, (F:), (W:))

> (1;): positive, progressively measurable

> (7¢): nonnegative, progressively measurable
>

p > 1 (q its Holder conjugate)
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A control problem with terminal state constraint

>
>
>
>
>

Brownian set-up: (Q,F, P, (F:), (W:))
(ne): positive, progressively measurable
(7¢): nonnegative, progressively measurable
p > 1 (q its Holder conjugate)
Admissible controls: For t € [0, T] and x € R we write X € Ay(t, x)
iff
» X is progressively measurable

> X has absolutely continuous paths: Xs = x + [ X,dr
» terminal state constraint: Xt =0
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A control problem with terminal state constraint

>
>
>
>
>

Brownian set-up: (Q,F, P, (F:), (W:))
(ne): positive, progressively measurable
(7¢): nonnegative, progressively measurable
p > 1 (q its Holder conjugate)
Admissible controls: For t € [0, T] and x € R we write X € Ay(t, x)
iff
» X is progressively measurable

> X has absolutely continuous paths: Xs = x + [ X,dr
» terminal state constraint: Xt =0

v

Control problem:

XeAo(t,x)

T .
v(t,x)=__inf E l/ (775|X5|P + 75|Xs‘p) ds|Ft]
t
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Our aim & related literature

» We aim at providing a purely probabilistic solution of the control
problem

» Characterize the optimal control by means of a BSDE with singular
terminal condition

» Schied 2013: Solves a variant of this problem in a Markovian
framework using superprocesses
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A maximum principle

V(tv X) = inf E l/tT (775|X5|p +'75|Xs‘p) ds’ft‘| (1)

XeAp(t,x)
Proposition (Maximum Principle)
Let X € Ay(t,x) such that
M. =Xl [ X
t

is a martingale. Then X is optimal in (1).
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A maximum principle

V(t7 X) = inf E |:/tT (77$|X5|p +'75|Xs‘p) ds’]:t‘| (2)

XeAy(t,x)

Proposition (Maximum Principle)
Let X € Ao(t,x), ie.

dXs = Xsds, Xi=x & X7=0
such that

s
M, = 1¢|Xs|P~1 +/ Y| X | Pt dr

t

is a martingale. Then X is optimal in (2).
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Derivation of the BSDE

.
v(t,x) = inf E/ (ns|X5P+75|X5|P)ds|]-‘t]
t

X€EAo(t,x)

» The value function is explicit in the x variable:
v(t,x) = Y¢|x|?
for some coefficient process Y.

» The maximum principle implies:

yq
dYt = ((p — 1) t — ’yt) dt + thWt

qg—1
Nt

» Terminal constraint leads to singular terminal condition: Y7 = oo

. q—1
» Optimal control: X; = — (X Xt,
Nt

i.e.

Xy = xe~ J(GE) e
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BSDEs with singular terminal condition

So far only considered by Popier 2006, 2007
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BSDEs with singular terminal condition

So far only considered by Popier 2006, 2007

q

Y,
dYt = ((p — 1) qil — ’)/t> dt + thWt (3)
U

Definition
(Y, Z) is a solution of the BSDE (3) with singular terminal condition
Y1 = oo if it satisfies

(i) forall0<s<t< T:
Yo=Ye— [! ((p — 1) - 7,) dr — [* Z,dW,;
(i) liminf x7 Yy = 00, a.s.

(iii) forall0<t< T: E [supogsgt |Ys|? + fot |Z,|2dr} < 00
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Integrability Assumptions and Approximation

» For the remainder of the talk we assume that 7 satisfies

T 1 T
E/ =7 dt < oo, E/ n2dt < oo
0 7t 0

and that ~ satisfies

-
E/ Y2dt < oo
0
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Integrability Assumptions and Approximation

» For the remainder of the talk we assume that 7 satisfies

T 1 T
E/ =7 dt < oo, E/ n2dt < oo
0 7t 0

and that ~ satisfies

-
E/ Y2dt < oo
0

» Approximation

yLya
dyl = ((p - 1)(77;)1 — (e A L)) dt + ZLdW,

t
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Existence and Minimality

Proposition
There exists a solution (Y*, Z%). Yt is bounded from below

1

(% VE [ff %dsp-}Dp_

L
vl > -
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Existence and Minimality

Proposition
There exists a solution (Y*, Z%). Yt is bounded from below

YE> 1 .
1 T 1 p1
(F + E |:ft Fd5|ft:|>
Theorem
There exists a process (Y, Z) such that for every t < T and as L /' oo
» YL Y, as.

» ZL — Z in L2(Q x [0, t]).

The pair (Y, Z) is the minimal solution to (3) with singular terminal
condition Y1 = oo.
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Optimal Controls - Penalization

Consider the unconstrained minimization problem

-
L — X |P p p
V(0. ) XE%X)EVO (nelXel? + (s A DIXJ?) 5 + L] X7]

Proposition
The control

t YsL qild
Xt —xeif0 s °
=

is optimal in (4) and vt(0,x) = Y¢|x|P.

Stefan Ankirchner, Monique Jeanblanc, Thomas Kruse Singular BSDEs and control problems with constraints



Optimal Controls

Theorem
The control

Xy = xe™ () e

belongs to Ay(0, x) and is optimal in (1). Moreover, v(t,x) = Y:|x|P.
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Optimal Controls

Theorem
The control

Xy = xe™ () e
belongs to Ay(0, x) and is optimal in (1). Moreover, v(t,x) = Y:|x|P.

Proof

Define My = pie| Xe|P~* + [} pys|Xs|P~2ds. Then dM, = X{ ™ Z.dW,.
Hence M is a nonnegative, local martingale on [0, T). In particular M
converges almost surely for t / T. This implies

q—1 _
0< X, = M: = p Jy 1:X¢ ™ ds < (M q1—>0
-0 pY: ~\pY:

as. fort /T
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Processes with uncorrelated multiplicative increments

Definition
1 has uncorrelated multiplicative increments (umi) if

el
Ms Ns

foralls<t<T.

Stefan Ankirchner, Monique Jeanblanc, Thomas Kruse Singular BSDEs and control problems with constraints



Processes with uncorrelated multiplicative increments

Definition
1 has uncorrelated multiplicative increments (umi) if

] =2 5]

foralls<t<T.

Examples
> 7 is deterministic
> 7 is a martingale
> d77t = ( )nedt + o(t, ne)dW;
> 1, = e“t where Z is a Lévy process

Stefan Ankirchner, Monique Jeanblanc, Thomas Kruse Singular BSDEs and control problems with constraints



umi processes <+ deterministic controls

Assume v = 0.
Proposition
Suppose that n has umi, then

1
T p—1
(ft rArAT ds)

is the minimal solution to (3) with singular terminal condition. The
deterministic control

Yt -

1 T 1
Xy = x / ds
U et e BT

is optimal in (1).
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umi processes <+ deterministic controls

Assume v = 0.

Proposition
Suppose that n has umi, then

1
T p—1
(ft rArAT ds)

is the minimal solution to (3) with singular terminal condition. The
deterministic control

Yt -

1 T 1
Xy = x / ds
U et e BT

is optimal in (1).
tf Yo

s )91 .
Vice versa, assume that the optimal control X; = xe™ JGE)" s s
deterministic. Then n has umi.
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Thank you!
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