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1.

Motivation

L5 -variation
of the solution (Y, Z)

Malliavin fractional smoothness of &

discrete-time approximation of the BSDE

.
y, — §+/ f(s, Ys,/ zs,xu(dx)>ds—a/ Z. 0dW,
t R (t,T]

—/ Zs x xN(dt, dx), 0<t<T.
(t, T]xIR
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2. BSDEs driven by Lévy noise

Let L be an L; - Lévy process. Lévy-Ité decomposition:

L =yt +oW; + / xN(ds, dx)
(0,t]xRo
@ N Poisson random measure: A € B(R)
N([0,t] x A) = #{s € [0,t] : Ls — Ls_ € A}
v Lévy measure v(A) :=EN([0,1] x A)
N compensated Poisson random measure
N([0,t] x A) = N(]0,t] x A) — tv(A)

@ random measure M

odW; ifx=0

M(ds, dx) = { xFi(ds, dx) if x # 0

EM([0, t] x A)? = t<0260(A) + /Ax2y(dx)) =: tu(A)
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2. BSDEs driven by Lévy noise

X: = xo+/0tb(Xs)ds+/otB(Xs)dW5+/(0 §(Xs_, x)N(ds, dx),

St XR
-
Ye = g(XT)—i—/ f(s,Xs, Ys,/ Zs7x,u(dx)>ds—/ Zs xM(ds, dx),
t R (t, TIxR
0<t<T,
with

Y progressively measurable,
Z:Qx[0,T] xR =R, P® B(R)-measurable,

1¥llsy + 120l < o0
where

HY||?;2 = sup E|Y;* and HZHiu ::E/ ‘Zt,x|2dt,u(dx).
0<t<T 2 (0, T]xR

Existence and uniqueness of a solution (Y, Z) by S. Tang and X. Li (1994)
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3. Discretization

e discretization scheme (Bouchard & Elie, 2005)
Let mp ={T =tp > th_1 > ...>t1 =0}.

o Euler approximation X™n

@ Backward process

-

Y, = g(XT)—I-/ f<s,X5, Ys,/ Zs,x,u(dx)>ds—/ Zs xM(ds, dx)
t R (t, TIxR
Yo, = YL+ (e, X0 YE 2 )t — tk_l)—/ Zs «M(ds, dx)
(tk—1,tk] xR

Y7 = &(X7)

o EIYEM((tr tl] X R)Fe o] E[[g Jor Zoxit(dX)ds| P, ]
b1 te — te—1 tk — tk—1

Yg; , = E[Yg\?tk71]+f(tk_1,Xg( . ngf 1,2;2 1)(tk — tk_1),

°o VI = Y{,_, constant on [t 1, tx)

77 = Z{, , constant on (tx_1, ty] s



3. Discretization

o Ly-regularity Let Z; := J& Zexp(dx). Define

van(Z: w2 = kz_:l /

te—1

ty
|

|Zt - Ztkleizdt
@ discretization error
T
- - - 1
Ema(Y.Zim) = (Y = VIR, + [ 12 20|
0

< C{llg(XT) = g(X7")lle, + vara(Z;7n) }

@ Lp-regularity estimate
If for 0 € (0,1)

t
HZt—Zstzgc/(T—r) dr

3 time nets 7, such that

: 1
limsup n2var(Z; m,) < co.
n
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3. Discretization

The estimate var(Z; ;) < cn™2 holds in the for:
@ g is Lipschitz, m,
J. Zhang; B. Bouchard and N. Touzi (2004)

@ generator f = 0, fractional smoothness of g :
30 € (0,1] : |lg(X7) — Elg(XT)|FelIZ, < e(T — 1)

form)=1—(1—X)7, k=1,..,N.
C. G. and S. Geiss (2004)
e f Lipschitz, fractional smoothness of g, 7},
E. Gobet and A. Makhlouf (2010)
° g(Xn, ..., X)) 0<nn <..<rg=T, fractional smoothness of g,
7Tnv LP? (P Z 2)
C.G., S. Geiss and E. Gobet (2012)
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3. Discretization

van(Z;m,) < cn~2 in the

t t
Xe = s+ / b(X.)ds + / B(X.)dW, + / 5(Xe, x)Ri(ds, dx),
0 0 (0,f] xR

Yt

T
g(XT)—I-/ f<s,X5, Ys,/ Zs’x,u(dx)>ds—/ Zs xM(ds, dx),
R (t

t ,TIXR
0<t<T,
e B. Bouchard and R. Elie (2008)
for

v

b, 3,0, f 'nice’ (Lipschitz, ...)
L is compound Poisson + Brownian motion
g is Lipschitz

v

v

v

L Lévy process, square integrable

» X =1L

g(Ly,-sLy) forsome0=ro<n<..<rk=T
with a fractional smoothness condition

v
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4. [,-variation: results

Theorem (C. G. and A. Steinicke)

Assume that { € H. Let k € {1,...,K} and 0 < 0, < 1.

() 3a>0: ||V, —EsY, P <aln—9)" n_1<s<rn.

(i) I >0: |Ve= Y|P < fi(rk—r)" 'dr, n_1<s<t<n.
(i) Fes >0 (| Ze ] pgpy S 3l —9) 1, A—ae n1<s<n
(iv) 3ca >0: for A —a.e. re_1 < s <t <ry it holds

t
||Z—25H2§c4/ (rc — r)/dr.
S

Then (i) < (ii) < (iii) = (iv).
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5. Terminal condition: assumptions via chaos expansions

Ité's chaos expansion

o forany Fe [, := Lg(Q,}#,]P’) exists the chaos expansion
[o.¢]
F= Z In(fn), a.s.
n=0

o Iy (f,) multiple integrals w.r.t. M

o for example:
() = EF,
h(h) = / (s, x)M(ds, dx)
[0,TIxR

h(h) = 2 /[o,m ( /[o,s)m B((1, ), (5,X))M(d, dy)> M(ds, d)

it B((u, ), (s,x)) = £((s, %), (v, y))
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5. Terminal condition: assumptions via chaos expansions

T
Yt = +/ f(sj LS7 YS)/ ZS,X/"L(dX)> ds - / ZS1XM(dS’ dX)’
¢ R (t, T]xR

0<t<T,

@ example : chaos expansion

g(Lr)=> In(fa)
n=0

fn((tl,Xl),---,(tn,Xn)) = g,,(Xl,...,X,,)]I%?T](tl,...,tn)
= gn(x)L(o,7n(t)
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5. Terminal condition: assumptions via chaos expansions

@ path-dependence: €Ly
Let
> 0=rn<..<rk=T
» A= (rk—1,r] for k=1,..,K
» A, ={1,...,K}"
> Ao =Ny, X - XN, for a € A, then

fn((tl7xl)7 tnaXn Z gna

a€An

o general definition

{ Z/ ) € Ly: f, is symmetric and

fa((t1,0), -5 (tnxn)) = Y Bna(X) T, ( )}

OlGAn
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6. Ideas of the proof (i) = (iir)

Theorem (C. G. and A. Steinicke)
Assume that £ € H. Let k € {1,...,K} and 0 < 0, < 1.

() F3a>0: ||V, —EsY P <aln—s)" n_i<s<rn.

(i) Io>0: |Ve=Ye|> < fi(re—r) 'dr, noi<s<t<n.
(iii) e3> 0: HZS"“%Q(]P’@/L) <aln—95)" "' A—ae n_i1<s<r.
(iv) 3ca > 0: for A\ —a.e. re_1 < s <t <rg and for all h € Lr(p) it holds

2 t
< ||h”%2(#)C4/ (re — )’ “dr.
8

Then (i) < (i) < (i) = (iv).

/ (Zex — Ze.x) h(x)()
R
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7. ldeas of the proof (i) = (iir)

i

.
_ §+/ f<s, L. YS,/ zs,xﬂ(dx)>ds—/
t R (t, 7]

Zs «M(ds, dx),

xR
0<t<T,
3 stability results = choose £ and f smooth enough
Yt = Et |:£ + ftTf (S, Ls, YS, f]R ZS7X/J/(O’X)> dS:|
Zt,X = lim Df,X Yu
ult
fEHﬂDLQ cforrn_1 <s<rg
|E., & — Es{H2 c(r — 5)0’(
EsDs < .
” 5HL2 P®,u (rk _ S) (rk — S)

Y and Z inherit the H-structure from ¢ :

neH,g(n) el = g(n) e

H
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8. Fractional smoothness of & = Ly-variation of (Y, 2)

° fractional smoothness of £ - the 'decoupling condition’:
L independent copy of L. For0 <t <r < T let

L;J ::/ ]I(O,T]\(t,r](u)dl-u+/ ]I(t,,](u)dlu
(0,s] (0,s]

— MY (B)=M(B\ ((t,r] xR))+ M (BN ((t,r] xR)).

— () = € = S8 ()

n=0

Theorem (C. G. and A. Steinicke)

Assume £ € H and 3@ = (61, ...,0x) € (0,1]X and ¢ > 0 such that
1€ — €87, < c(re — )™, t € (-1, ), k=1,..., K (Ao)

Then forall k =1,.... K
dey>0: ||V, —Es Y,k||2 <a(n—9)" n_i1<s<n.
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8. Fractional smoothness of & = Ly-variation of (Y, 2)

Interpretation of (Ag)

o For { =317 In(fn) € H the case corresponds to
Malliavin differentiability:

Je>0: |E—e%2P<c(n—t)forallte (n_i,n], k=1,...K
<~ § c ]Dlz

= ZnH/ )? <

o If K=1and then
Je>0: [[€—€8T2 < (T —t) forall t (0, T]

= 56(L2,D12) 0

)

:>Zn||l NP < oo ¥V
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9. The example Ik o)(L1)

For § > 0 we let

P(9) := sup P(| X1 —

AER

A < 6).

o ) additional assumption | smoothness of
on v I[(K,oo)(Ll)
o=0 | arbitrary Jg<a v(dx) < Dy
c=0 | () <ci| [ |x|1/(dx) < 00 D1
arbitrary | ¥(9) < ¢d (LQ,ID)Lz)%po

C.G., S. Geiss and E. Laukkarinen
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