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1. Motivation

Yt = ξ +

∫ T

t
f
(

s,Ys ,

∫
IR

Zs,xµ(dx)

)
ds − σ

∫
(t,T ]

Zs,0dWs

−
∫

(t,T ]×IR
Zs,x xÑ(dt, dx), 0 ≤ t ≤ T .

discrete-time approximation of the BSDE

L2 -variation
of the solution (Y ,Z )

@
@@R

� Malliavin fractional smoothness of ξ
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2. BSDEs driven by Lévy noise

Let L be an L2 - Lévy process. Lévy-Itô decomposition:

Lt = γt + σWt +

∫
(0,t]×R0

xÑ(ds, dx)

N Poisson random measure: A ∈ B(R)

N([0, t]× A) = #{s ∈ [0, t] : Ls − Ls− ∈ A}

ν Lévy measure ν(A) := EN([0, 1]× A)

Ñ compensated Poisson random measure

Ñ([0, t]× A) := N([0, t]× A)− tν(A)

random measure M

M(ds, dx) =

{
σdWs if x = 0
xÑ(ds, dx) if x 6= 0

EM([0, t]× A)2 = t
(
σ2δ0(A) +

∫
A

x2ν(dx)

)
=: tµ(A)
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2. BSDEs driven by Lévy noise

Xt = x0 +

∫ t

0
b(Xs)ds +

∫ t

0
β(Xs)dWs +

∫
(0,t]×R

δ(Xs−, x)Ñ(ds, dx),

Yt = g(XT ) +

∫ T

t
f
(

s,Xs ,Ys ,

∫
R

Zs,xµ(dx)

)
ds −

∫
(t,T ]×R

Zs,xM(ds, dx),

0 ≤ t ≤ T ,

with
Y progressively measurable,
Z : Ω× [0,T ]×R→ R, P ⊗ B(R)-measurable,

‖Y ‖S2 + ‖Z‖Lµ2 <∞
where

‖Y ‖2S2
:= sup

0≤t≤T
E|Yt |2 and ‖Z‖2Lµ2 := E

∫
(0,T ]×R

|Zt,x |2dtµ(dx).

Existence and uniqueness of a solution (Y ,Z ) by S. Tang and X. Li (1994)
4 / 19



3. Discretization
discretization scheme (Bouchard & Elie, 2005)
Let πn = {T = tn > tn−1 > ... > t1 = 0}.
Euler approximation X πn

Backward process intuitive idea:

Yt = g(XT ) +

∫ T

t
f
(

s,Xs ,Ys ,

∫
R

Zs,xµ(dx)

)
ds −

∫
(t,T ]×R

Zs,xM(ds, dx)

Y π
tk−1
≈ Y π

tk + f (tk−1,X π
tk−1

,Y π
tk−1

,Zπ
tk−1

)(tk − tk−1)−
∫

(tk−1,tk ]×R
Zs,xM(ds, dx)

scheme

Y π
T := g(X π

T )

Zπ
tk−1

:=
E[Y π

tkM((tk−1, tk ]×R)|Ftk−1 ]

tk − tk−1
≈

E[
∫
R

∫ tk
tk−1

Zs,xµ(dx)ds|Ftk−1 ]

tk − tk−1

Y π
tk−1

:= E[Y π
tk |Ftk−1 ] + f (tk−1,X π

tk−1
,Y π

tk−1
,Zπ

tk−1
)(tk − tk−1),

Ȳ π
s := Y π

tk−1
constant on [tk−1, tk)

Z̄π
s := Zπ

tk−1
constant on (tk−1, tk ]
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3. Discretization

L2-regularity Let Z̄t :=
∫
R

Zt,xµ(dx). Define

var2(Z ;πn)2 :=
n∑

k=1

∫ tk

tk−1

‖Z̄t − Z̄tk−1‖
2
L2

dt

discretization error

Err2(Y ,Z ;πn) := {‖Y − Ȳ πn‖2S2
+

∫ T

0
‖Z̄t − Z̄πn

t ‖2L2
dt}

1
2

≤ C
{
‖g(XT )− g(X πn

T )‖L2 + var2(Z ;πn)
}

L2-regularity estimate
If for θ ∈ (0, 1)

‖Z̄t − Z̄s‖2L2
≤ c

∫ t

s
(T − r)θ−2dr

∃ time nets πθn such that

lim sup
n

n
1
2 var2(Z ;πθn) <∞.
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3. Discretization

The estimate var2(Z ;πθn) ≤ cn−
1
2 holds in the Brownian motion case for:

g is Lipschitz, πn equidistant
J. Zhang; B. Bouchard and N. Touzi (2004)
generator f = 0, fractional smoothness of g :

∃θ ∈ (0, 1] : ‖g(XT )− E[g(XT )|Ft ]‖2L2
≤ c(T − t)θ

for πθn = 1− (1− k
N )

1
θ , k = 1, ...,N.

C. G. and S. Geiss (2004)
f Lipschitz, fractional smoothness of g , πθn
E. Gobet and A. Makhlouf (2010)
g(Xr1 , . . . ,XrK ) 0 < r1 < ... < rK = T , fractional smoothness of g ,
πθn, Lp, (p ≥ 2)
C.G., S. Geiss and E. Gobet (2012)
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3. Discretization

var2(Z ;πθn) ≤ cn−
1
2 in the Lévy case:

Xt = x0 +

∫ t

0
b(Xs)ds +

∫ t

0
β(Xs)dWs +

∫
(0,t]×R

δ(Xs−, x)Ñ(ds, dx),

Yt = g(XT ) +

∫ T

t
f
(

s,Xs ,Ys ,

∫
R

Zs,xµ(dx)

)
ds −

∫
(t,T ]×R

Zs,xM(ds, dx),

0 ≤ t ≤ T ,
B. Bouchard and R. Elie (2008)
for

I b, β, δ, f ’nice’ (Lipschitz, ...)
I L is compound Poisson + Brownian motion
I g is Lipschitz

Now
I L Lévy process, square integrable
I X = L
I g(Lr0 , ..., LrK ) for some 0 = r0 < r1 < ... < rK = T

with a fractional smoothness condition
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4. L2-variation: results

Theorem (C. G. and A. Steinicke)
Assume that ξ ∈ H. Let k ∈ {1, . . . ,K} and 0 < θk ≤ 1.

(i) ∃c1 > 0 : ‖Yrk − EsYrk‖
2 ≤ c1(rk − s)θk rk−1 < s < rk .

(ii) ∃c2 > 0 : ‖Yt − Ys‖2 ≤ c2
∫ t
s (rk − r)θk−1dr , rk−1 < s < t < rk .

(iii) ∃c3 > 0 : ‖Zs,·‖2L2(P⊗µ) ≤ c3(rk − s)θk−1, λ− a.e. rk−1 < s < rk .

(iv) ∃c4 > 0 : for λ− a.e. rk−1 < s < t < rk it holds

∥∥Z̄t − Z̄s
∥∥2 ≤ c4

∫ t

s
(rk − r)θk−2dr .

Then (i)⇔ (ii)⇔ (iii)⇒ (iv).
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5. Terminal condition: assumptions via chaos expansions

Itô’s chaos expansion
for any F ∈ L2 := L2(Ω,FL

T ,P) exists the chaos expansion

F =
∞∑

n=0

In (fn) , a.s.

In (fn) multiple integrals w.r.t. M
for example:

I0 (f0) = EF ,

I1 (f1) =

∫
[0,T ]×R

f1(s, x)M(ds, dx)

I2 (f2) = 2
∫

[0,T ]×R

(∫
[0,s)×R

f2((u, y), (s, x))M(du, dy)

)
M(ds, dx)

if f2((u, y), (s, x)) = f2((s, x), (u, y))
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5. Terminal condition: assumptions via chaos expansions

Yt = ξ +

∫ T

t
f
(

s, Ls ,Ys ,

∫
R

Zs,xµ(dx)

)
ds −

∫
(t,T ]×R

Zs,xM(ds, dx),

0 ≤ t ≤ T ,

example ξ = g(LT ) : chaos expansion

g(LT ) =
∞∑

n=0

In (fn)

fn((t1, x1), . . . , (tn, xn)) = gn(x1, . . . , xn)1I⊗n
(0,T ](t1, . . . , tn)

= gn(x)1I(0,T ]n(t)
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5. Terminal condition: assumptions via chaos expansions

path-dependence: ξ = g(LrK − LrK−1 , ..., Lr1 − Lr0) ∈ L2

Let
I 0 = r0 < ... < rK = T
I Λk := (rk−1, rk ] for k = 1, ...,K
I An := {1, ...,K}n
I Λα := Λα1 × · · · × Λαn for α ∈ An then

fn((t1, x1), . . . , (tn, xn)) =
∑
α∈An

gn,α(x)1IΛα
(t).

general definition

H :=

{
ξ =

∞∑
n=0

In(fn) ∈ L2 : fn is symmetric and

fn((t1, x1), . . . , (tn, xn)) =
∑
α∈An

gn,α(x)1IΛα(t)

}
.
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6. Ideas of the proof (i) =⇒ (iii)

Theorem (C. G. and A. Steinicke)
Assume that ξ ∈ H. Let k ∈ {1, . . . ,K} and 0 < θk ≤ 1.

(i) ∃c1 > 0 : ‖Yrk − EsYrk‖
2 ≤ c1(rk − s)θk rk−1 < s < rk .

(ii) ∃c2 > 0 : ‖Yt − Ys‖2 ≤ c2
∫ t
s (rk − r)θk−1dr , rk−1 < s < t < rk .

(iii) ∃c3 > 0 : ‖Zs,·‖2L2(P⊗µ) ≤ c3(rk − s)θk−1, λ− a.e. rk−1 < s < rk .

(iv) ∃c4 > 0 : for λ− a.e. rk−1 < s < t < rk and for all h ∈ L2(µ) it holds∥∥∥∥∫
R

(Zt,x − Zs,x) h(x)µ(dx)

∥∥∥∥2

≤ ‖h‖2L2(µ)c4

∫ t

s
(rk − r)θk−2dr .

Then (i)⇔⇒(iii)⇔ (ii)⇒ (iv).
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7. Ideas of the proof (i) =⇒ (iii)

Yt = ξ +

∫ T

t
f
(

s, Ls ,Ys ,

∫
R

Zs,xµ(dx)

)
ds −

∫
(t,T ]×R

Zs,xM(ds, dx),

0 ≤ t ≤ T ,

∃ stability results =⇒ choose ξ and f smooth enough

Yt = Et

[
ξ +

∫ T
t f
(

s, Ls ,Ys ,
∫
R

Zs,xµ(dx)

)
ds
]

Zt,x = lim
u↓t

Dt,xYu

ξ ∈ H ∩ D1,2 : for rk−1 < s < rk

‖EsDs,·ξ‖2L2(P⊗µ) ≤
‖Erk ξ − Esξ‖2

(rk − s)
≤ c1(rk − s)θk

(rk − s)
.

Y and Z inherit the H-structure from ξ :

η ∈ H, g(η) ∈ L2 =⇒ g(η) ∈ H
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8. Fractional smoothness of ξ =⇒ L2-variation of (Y ,Z )
fractional smoothness of ξ - the ’decoupling condition’:
L̃ independent copy of L. For 0 ≤ t ≤ r ≤ T let

Lt,r
s :=

∫
(0,s]

1I(0,T ]\(t,r ](u)dLu +

∫
(0,s]

1I(t,r ](u)dL̃u

=⇒ Mt,r (B) = M (B \ ((t, r ]×R)) + M̃ (B ∩ ((t, r ]×R)) .

=⇒ I t,r
n (fn) =⇒ ξt,r :=

∞∑
n=0

I t,r
n (fn)

Theorem (C. G. and A. Steinicke)

Assume ξ ∈ H and ∃Θ = (θ1, ..., θK ) ∈ (0, 1]K and c > 0 such that

‖ξ − ξt,rk‖2L2
≤ c(rk − t)θk , t ∈ (rk−1, rk ], k = 1, ...,K (AΘ)

Then for all k = 1, ...,K
∃c1 > 0 : ‖Yrk − EsYrk‖

2 ≤ c1(rk − s)θk rk−1 < s < rk .
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8. Fractional smoothness of ξ =⇒ L2-variation of (Y ,Z )

Interpretation of (AΘ)

For ξ =
∑∞

n=0 In(fn) ∈ H the case Θ = (1, 1, ..., 1) corresponds to
Malliavin differentiability:

∃c > 0 : ‖ξ − ξt,rk‖2 ≤ c(rk − t) for all t ∈ (rk−1, rk ], k = 1, ...,K
⇐⇒ ξ ∈ D1,2

⇐⇒
∞∑

n=0

n‖In(fn)‖2 <∞

If K = 1 and θ ∈ (0, 1) then

∃c > 0 : ‖ξ − ξt,T‖2 ≤ c(T − t)θ for all t ∈ (0,T ]

⇐⇒ ξ ∈ (L2,D1,2)θ,∞

=⇒
∞∑

n=0

nη‖In(fn)‖2 <∞ ∀0 < η < θ.
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9. The example 1I(K ,∞)(L1)

For δ > 0 we let
ψ(δ) := sup

λ∈R
P(|X1 − λ| ≤ δ).

σ ψ additional assumption smoothness of
on ν 1I(K ,∞)(L1)

σ = 0 arbitrary
∫
|x |≤1 ν(dx) <∞ D1,2

σ = 0 ψ(δ) ≤ cδ
∫
|x |≤1 |x |ν(dx) <∞ D1,2

arbitrary ψ(δ) ≤ cδ (L2,D1,2) 1
2 ,∞

C.G., S. Geiss and E. Laukkarinen
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