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Hyperbolic space Hn

For n = 1, 2, 3... we de�ne

Hn = {x ∈ Rn : xn > 0} .

The Riemannian metric

ds2 =
dx2

1
+ ...+ dx2n−1 + dx2n

x2n
.

Hyperbolic distance formula

cosh(dHn(x , y)) = 1 +
|x − y |2

2xnyn
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Hyperbolic space Hn

Volume element

dVn =
1

xnn
dx1...dxn

Laplace - Beltrami operator

∆ = div(grad) = x2n

n∑
k=1

∂2

∂x2k
− (n − 2)xn

∂
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Hyperbolic space Hn



Hyperbolic Brownian motion

Stochastic di�erential equations.
dX1(t) = Xn(t)dB1

...

dXn−1(t) = Xn(t)dBn−1
dXn(t) = Xn(t)dBn(t)− n−2

2
Xn(t)dt,

X (0) = x ∈ Hn, EB2

i (t) = t, i = 1, ..., n.

System of SDE has unique strong solution and it is called

hyperbolic Brownian motion.
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Hyperbolic Brownian motion

Solution
X1(t) = x1 +

∫ t
0
xn exp (Bn(u)− (n − 1)/2u) dB1(u)

...

Xn−1(t) = xn−1 +
∫ t
0
xn exp (Bn(u)− (n − 1)/2u) dBn−1(u)

Xn(t) = xn exp (Bn(t)− (n − 1)/2t) .

Xn(t) = xn exp (Bn(t)− (n − 1)/2t) is geometric Brownian

motion.

Generator = 1

2
∆
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Relationships

We will show relationship between n - dimensional hyperbolic

Brownian motion and 2n - dimensional standard Brownian motion

Notation:

GE
U (x , y), PE

U (x , y) - Green function and Poisson kernel of a

set U for standard (euclidean) Brownian motion.

GH
U (x , y), PH

U (x , y) - Green function and Poisson kernel of a

set U for hyperbolic Brownian motion (with respect to the

Lebesgue measure).
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Relationships

Let consider sets of the form

{x ∈ Hn : (x1, ..., xn−1) ∈ D} = D × (0,∞),

{x ∈ R2n : (x1, ..., xn−1) ∈ D} = D × Rn+1,

where D ⊆ Rn−1.

Let x ∈ Rm, m>n. We denote

x− := (x1, ..., xn−1),

x+ := (xn, ..., xm).

Then for x , y ∈ D × Rn+1 we have

GE
D×Rn+1(x , y) = GE

D×Rn+1(x−, y−,
∣∣x+ − y+

∣∣2),

PE
D×Rn+1(x , y) = PE

D×Rn+1(x−, y−,
∣∣x+ − y+

∣∣2).
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Relationships

Theorem (GS 2012)

For x , y ∈ D × (0,∞) we have

GH
D×(0,∞)(x , y) =

2πn/2xny
n−1
n

Γ(n/2)

∫
1

−1
(1− u2)n/2−1×

GE
D×Rn+1

(
x−, y−, x2n + y2n + 2xnynu

)
du.



Relationships

We divide the boundary ∂S of the set S = D × (0,∞) ⊆ Hn,

D ⊆ Rn−1 into two parts

∂1S = ∂D × (0,∞)
It is a boundary S as a subset of Hn.

∂2S = D × {0}
It is not a subset of Hn, but hyperbolic Brownian motion can

hit it in in�nite time.



Relationships

Theorem ( GS 2012)

For x ∈ S , y ∈ ∂1S we have

PH
S (x , y) =

2πn/2ynx
n−1
n

Γ(n/2)

∫
1

−1
(1− u2)n/2−1×

PE
D×Rn+1

(
x−, y−, x2n + y2n + 2xnynu

)
du.

For x ∈ S , y ∈ ∂2S we have similar formula. However, it is more

complicated and less useful.



Hyperbolic strip

For a > 0 we de�ne

Sa = {x ∈ Hn : x1 ∈ (0, a)}.

We divide the boundary as before:

∂1Sa = {0, a} × Rn−2 × (0,∞),

∂2Sa = (0, a)× Rn−2 × {0}.
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Poisson kernel of strip - formulae

Theorem (GS 2012)

For x ∈ Sa, y ∈ ∂1Sa we have

PH
Sa

(x , y) =
(−2)1−nπ

n

2

aΓ(n
2

)

xn

yn−1n

∫
1

−1
(1− u2)

n−2

2

∂n−1

∂un−1

sin
(
π(x1−y1)

a

)
du

cosh
(
π
a

√
2xnyn(cosh ρ̃+ u)

)
− cos

(
π
a

(x1 − y1)
) ,



Poisson kernel of strip - formulae

Theorem (GS 2012)

and for y ∈ ∂2Sa we have

PH
Sa

(x , y) =
2xn−1n

Γ
(
n+1

2

) (−1)n

π
n−1

2

×

∂n−1

∂ξn−1
ln

1− 2 sin x1 sin y1

cosh
(
π
a

√
ξ
)

+ cos
(
π(x1−y1)

a

)

ξ=|x̃−ỹ |2

,

where x̃ = (x2, x3, ..., xn).



Poisson kernel of strip - estimates

Estimates in euclidean case

PE
(0,a)×R2n−1(x , y)

c�
x1(a − x1) exp

(
−π

a
|x − y |

)
an+2

an+1 + |x − y |n+1

|x − y |2n
.

Theorem (GS 2012)

Let x ∈ (0, a)×Hn−1. For y ∈ ∂1Sa we have

PH
Sa

(x , y)
c� x1(a − x1)e−

a

π
|x−y |

a2 |x − y |n
(
xn

yn

)n/2
an+1 + |x − y |n+1

(a2 cosh ρ+ |x − y |)n/2
,
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Poisson kernel of strip - estimates

Theorem (GS 2012)

and for y ∈ ∂2Sa we have

PH
Sa

(x , y)
c�x

n−1
n

an+3
exp
(
−π
a
|x − y |

)
x1y1(a − x1)(a − y1)

|x̃ − ỹ |2 + (a − |x1 + y1 − a|)2
an+1 + |x − y |n+1

|x − y |2n−2
.

The constant c depends only on dimension n.



Idea of theorems

We de�ne the functional

Axn(t) = x2n

∫ t

0

exp (2Xn(u)) du.

We have

X (t)
(d)
= Y (Axn(t)) ,

where

Y (t) =
(
β1 (t) , ..., βn−1 (t) ,R(− n−1

2
) (t)

)
.

Here process R(− n−1

2
)(t) is the Bessel process starting from xn > 0

and independent of the process β(t). The integral functional

Axn(t) is independent of β(t) too.

RemarkPoisson kernels for processes X (t) and Y (t) are the same.
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Idea of theorems

Process Y (t) without last coordinate is just standard n − 1 -

dimensional Brownian motion. For the last coordinate we have

Px
(
R
(− n−1

2
)

t ∈ dy

)
= xn−1Px

((
R
( n−1

2
)

t

)−n−1
,R

( n−1

2
)

t ∈ dy

)
.

R
( n−1

2
)

t is the absolute value of n + 1 - dimensional Brownian

motion.
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