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1. Introduction and motivation

B = (Bt)t>0: a standard one-dimensional Brownian motion;
. . . . 2

f: a symmetric function in L?(RY).

lq(f): the g-tuple Wiener-It6 integral of f with respect to B.

ly(f)y= | f(t1,...,tq)dBy ... dBy,

Rd
tq tr
/ / / (t1,. . tg) dBy, ... dBy, ) dBy,

where the latter is the usual It6 integral. Thus

Ell(A] =0, Ella(F)?] = ! I [22(s9)

0 =
Elly(F)l(g)] = {q!<f &) 12k Z: r.



Wiener chaos expansion:
vV X € 12(Q,FB,P) 3 f, € [2(R]) symmetric:
o0
X =EX+> Iq(fg) in Q).
q=1

l4(fq) € Hq, the space of gth Wiener chaos.



1l.a. CLT for Wiener chaos

Nualart and Peccati discovered the following surprising CLT:

Theorem (Nualart-Peccati (2005))

Let F, = I4(f,), where q > 2 is fixed and f, € L>(RY) are
symmetric. Assume also that E[F?] =1 for all n. Then, as
n — oo,

Fo™¥ N(0,1) < E[F}]—3.




Fn belong to I4(fq)Hy, the gth Wiener chaos.

It is well-known that N(0,1)3 is not determined by its moments.
Moreover, there are elements of H are not determined by their
moments when g > 3, g odd.

What is the special property of the
chaos space H, which makes this

theorem hold?



1.b. Independence in the Wiener space

Ustiinel and Zakai gave the following characterization of the
independence of multiple Wiener-1t6 integrals.

Theorem (Ustiinel-Zakai (1989))

Let p,q > 1 be integers and let f € L>(RF) and g € L?(RY) be
symmetric. Then, random variables I,(f) and I4(g) are
independent if and only if

. f(xi, .., xp—1,u)8(Xp, ..., Xptq—2,u) du =0
"

+q-2
for almost all (xi, ..., Xptq—2) € RETI7%.




Rosinski and Samorodnitsky (1999) observed the following

Proposition (J.R. and Samorodnitsky (1999))

1. Condition (1) can be viewed as a generalization of the usual
covariance criterion for the independence of jointly Gaussian
random variables (the case of p=q=1).

2. Interestingly, squares of multiple Wiener-Ité integrals are always
non negatively correlated.




l.c. The link

The link between the Nualart and Peccati CLT and independence
structure in Hg, the gth Wiener chaos, comes via a simple
formula:

F and G i.i.d. with zero mean and unit variance
1
5Cov((F+ G)*,(F = G)°) = E[F"] =3,

AND
Bernstein's theorem: F+ G L F — G <= F Gaussian.



2. Notation

(A, A, p): an atomless o-finite measure space.
H= LZ(A’ -’47 :u)
W: Gaussian white noise on (A, A, p).

HO9 = [2(A9, A®9 1,99): the space of symmetric square
integrable functions on A9.

Multiple Wiener-1t6 integral:

1,(F) == /Aq F(tr,... tg) W(dty) - W(dty), feH.



The r-contaction:

(f Qr g)(tl, cey tp+q—2r) = /Ar f(tl, ceestpryS1, .- ,S,)

X g(tp—rt1s-- s tprg—2r,S1,...,5) du(st)...du(s).

f®,g, the symmetrization of f ®, g:

(fé)rg)(tlv .. tp—l—q 2r)

(P+q 2r l; f @r g)(tr(1)s s tr(prq—2r))

where 7 runs over all permutations of {1,...,p+ g — 2r}.

1 pi11ofs3s



The multiplication formula: if f € H®P and g € $H9, then

S



3. The main result

Theorem (I. Nourdin and J.R.)

Let d > 2, and let q1,...,qq be positive integers. Consider vectors

(Fins--s Fan) = (Ig(fin)s - s lgy(fan)), n>1,

with f; , € H®9% . Assume that for some random vector
(Us,...,Uy),

(Fi,n,---, Fd,n) tay (Ur,...,Uy) asn— oo.

Then U;'s admit moments of all orders and the following three
conditions are equivalent:




Theorem (I. Nourdin and J.R., cont.)

a) E[UM ... UY] = E[UN]...E[UX] forall k,... kg €N
1 d 1 d
(i.e., Ui,..., Uy are moment independent);

(b) limp_yoo Cov(F?, h F2) =0 forall i # j;

(c) limpsoo [|fi,n ®r fin]| = 0 for all i # j and all
r=1,...,q9i\gqj;

Moreover, if the distribution of each U; is determined by its
moments, then (a) is equivalent to that

(d) Ui,..., Uy are independent.




Condition (a) can also be stated in terms of cumulants. Recall
that the joint cumulant of random variables Xi, ..., X, is
defined by

n

K(X1,. .., Xp) = (_I-)nm log E[ei(t1X1+.,.+tan)]

|t1=0,...,ts=0’

provided E|Xj - -+ X,| < oo. When all X; are equal to X,
K(X, ..., X) = kp(X), the usual nth cumulant of X. Then (a) is
equivalent to

(@’) for all integers 1 < jy < --- < jx < d, k> 2, and
m1,...,mk21
H(Uh?"-anl,---,Ujk,...,Ujk):O'
N— —_——

my my
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Short proof of the 4th moment theorem of Nualart-Peccati

Suppose that E[F] — 3, E[F2] =1, F, = ly(f,). Thus (F,) is
tight. WLOG assume that F, “Y ¥ Must show that Y ~ N(0,1).

Let G, be an independent copy of F, of the form G, = I(gn) with
fn ®1 g, = 0. Then have

(Ig(Fy + 80): Ja(Fo — 80)) = (Fn + G, Fa — G) (Y + Z,Y — 2)

where Z stands for an independent copy of Y. Since
1
5 Covl(Fa + Gn)?, (Fn— G,)?] = E[F}] =3 =0,

Y + Z and Y — Z are moment-independent. If they are actually
independent, then by the classical Bernstein Theorem are done.



In general, for all my, my > 1 we have

k(Y +Z,....Y+Z,Y—Z,....,Y —Z)=0.

m my

Taking my = n—2, my = 2, where n > 3, we get

0=w(Y+Z,....Y+Z,Y-Z,Y - 2)

n—2
=r(Y,....Y)+k(Z,...,2) =2kr,(Y),
—_———— ———

where we used the multilinearity of x and that Y L Z. Therefore,
k1(Y)=EY =0, ra(Y)=Var(Y)=1, kp(Y)=0Vn>3

implying Y ~ N(0,1). O



We will give an extension of the above theorem to the vector
version (needed for stochastic processes).

Definition

For each n > 1, let F, = (Fj n)ic/ be a family of real-valued
random variables indexed by a finite set /. Consider partition of /
into disjoint blocks /i, so that | = U‘,lelk. We say that vectors
(Fin)iel,, k =1,...,d are asymptotically moment-independent if
each F; , admits moments of all orders and for any sequence (¢;)c/
of non-negative integers,

nango{E[H Fil =TI EITI F,ffn}} — 0.

icl k=1 i€l




Theorem (I. Nourdin and J.R.)

Let | be a finite set and (q;)iec) be a sequence of non-negative
integers. For each n > 1, let F, = (F; n)ici be a family of multiple
Wiener-Ité integrals, where F; , = lg,(fi.n) with f; , € H99.
Assume that for every i € |

sup E[F?,] < oo.
n

Given a partition of | into disjoint blocks Iy, the following
conditions are equivalent:

(a) random vectors (Fjn)ici,, k =1,...,d are asymptotically
moment-independent;

(b) limp_0o Cov(F,%n7 an) = 0 for every i, j from different blocks;

(c) limpssoo [|fin @ fin|| = O for every i, j from different blocks
andr=1,...,q; \gj.




Remark
Under notation of the above theorem, (F;n)icy, k =1,...,d are
asymptotically moment-independent if and only if
(b") for everyl < k#1<d
tlim_Cov([|(Fin)ieslI® s I1(Fin)ienl®) = 0,
where ||-|| denotes Euclidean norms. )




Corollary (Joint convergence)

Under notation of the above theorem, let (U;)ic; be a random
vector such that

law
o Vk (Finiet, — (Udien:
® (Ui)iey,, k=1,...,d are independent;
o limy oo Cov(F?,, F?,) =0 VY i,j from different blocks;

o L(U;) is determined by its moments Y i € |.
Then 1
(Fin)iet =% (Ui)ier, n— oo.




4. Applications

4.1. Generalizing a result by Peccati and Tudor.

Theorem (Peccati-Tudor)

Let d > 2, and let q1,...,qq be positive integers. Consider vectors
Fo=(Fin - Fan) = (Ig(fin), -y lgy(fan)), n>1,
with f; , € H®%. Assume moreover that, for all i,j =1,...,d,
E|Fi nFinl = ai-
Then, as n — oo, the following two conditions are equivalent:
(i) Fn' ™ N ~ Ng(0,%), where ¥ = (0y)1<ij<d:
(i) EQIFANI — EQINI.




Proof.

Let Gp = (Gin,---, Gan) = (lgu(81,n), - - -, lgy(&d,n)) be and
independent copy of F,.

1
ECOV[HFH + Gn”2 | Fn — Gn||2]

d
= EQIFI — (ENFI) 2 3 CovlFin, i)
ij=1

4 4
= E[||Fnll"] — EIIN["] + o(1).
Hence F, + G,, F, — G, are moment-independent <

E[|Fall*] = E[||N|*]. Taking one-dimensional projections we
proceed by cumulants as above. O




The following result associates neat estimates to the above
theorem. Consider a vector

F=(F,....,Fq) = (IQ1(f1)7""IQd(fd))

with f; € H®9. Let ¥ = (0j7)1<ij<d be the covariance matrix of F,
that is, oij = E[F,FJ]

Theorem (I. Nourdin and J.R.)

Let N ~ Ngy(0,X) and assume that ¥ is invertible.
(i) Then, for any Lipschitz function h: RY — R we have

|E[h(F)] — E[(N)]|
< VA IEIF2IZ  opllAll iy ENFII* — EINI4.




Theorem (I. Nourdin and J.R., cont.)

(ii) For any C2-function h: RY — R satisfying
2h
0x;0x; (*)

IH oo =  max  sup

< 00,
J<d xeRd

we have

ET(F)] ~ ETBN]] < 514" oo /ENFI — ETN.




4.2. A multivariate version of the convergence towards y?

G(v) will denote a random variable distributed according to the
centered x? distribution with v > 0 degrees of freedom.

If v > 0 is an integer, then G(v) 'aw Y 1(Z? — 1), where
Zy,...,Z, arei.i.d. N(0,1) random variables.

In general, G(v) is a centered gamma random variable with a
shape parameter /2 and scale parameter 2.

G(v) is determined by its moments, for any v > 0 (it's easy to
check the Carleman’s condition).



The following is a multivariate extension of a result of Nourdin and
Peccati [1]. This was an open problem.

Theorem (I. Nourdin and J.R.)

Let d > 2, let vy, ...,vy be positive reals, and let q1,...,qq4 > 2
be even integers. Consider vectors

Fn = (Fl,na ceey Fd,n) = (/ql(fl,n)7 ceey IQd(fd,n))a n > 17

with f; , € %, and assume that lim,_,oo E[Fi%n] = 2u; for every i.
Assume also that:

() [ n]_12E[ n]_>]-2V — 48v; Vi;

(ii) limpoeo Cov(F7,, F, ;- 2 ) = 0 whenever q; = q; and i # j;

(i) limpsoo E[F,%n Fj.n] = 0 whenever q; = 2q;.




Theorem (I. Nourdin and J.R., cont.)

Then 1

(Fl,na ceey Fd,n) ﬂv (G(V1)7 coog G(Vd))
where G(11), ..., G(vy) are independent random variables having
centered x? distributions with vy, ..., vy degrees of freedom,
respectively.




Example

Consider Fp = (F1,n, F2,n) = (Ig,(f1,n), lgo(f2,n)), where
2 < q1 < go. Suppose that

E[F},] —6E[F?,] - —3 and
E[F3,] —6E[F3,] =0, n— oc.
When g1 = g2 or g» = 2g; we require additionally:
Cov(F{, F3,) =0 (q1 = q2), E[Ff,F2n] = 0 (g2 = 2q1).

Then
Fo'™ (Vi —1,Vo+ V5 —2)

where Vi, Vs, V3 are i.i.d. standard exponential random
variables.




4.3. Bivariate convergence

Theorem (I. Nourdin and J.R.)

Let p1,...,pPr,q1,--.,Qqs be positive integers such that
min p; > max q;. Consider

Fn — (Fl,na B Fr,n) = (Ipl(fl,n)a EER) Ipr(fr,n))a

Gp = (Gl,n’ cooy GS,") = (Iql (gl,n)7 200y Iqs(gS,n))7

with f; , € HP and gj , € HP%. Suppose that as n — oo
Fo ™ N~ NO,X) and G, ¥V,

where N L V and L(V') is determined by its joint moments. If
E[Fi nGjn] — 0 (trivially holds when p; # q;) for all i, j, then

(Fn, Gn) ay (N, V) jointly, as n — oo.




4.4, Partial sums associated with Hermite polynomials
Consider a centered stationary Gaussian sequence { G }kez with
unit variance and covariance

r(k) = E[GkGo] = k" PL(k), k>1,

where D > 0 and L : (0,00) — (0, 00) a function which is slowly
varying at infinity and bounded away from 0 and infinity on every
compact subset of [0,00). For any integer g > 1, we write

Lnt]
Sqn(t) =Y He(Gk), t>0,
k=1

where H, denotes the gth Hermite polynomial. As an application
of the previous theorem we give the following result.



Proposition (I. Nourdin and J.R.)

Let g >3 and D € (%, 1). Then

(Sq,n 52,n
v/n’ nt=PL(n)
with B a Brownian motion and Ry_p a Rosenblatt process of
parameter 1 — D independent of B. Here

) M- 2B, bRi_p),

a=[q'S r(k)9* and b=[(1-D)(1-2D)] "
kEeZ

The convergence of marginals was proved by Breuer and Major
(1983) and Taqqu (1975). Since the Rosenblatt process lives in
the homogeneous chaos of order 2, which is determined by its
moments, our theorem applies.



Thank you!
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