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Dirichlet form and PCAF

Define

E(u, u) =

∫∫
Rd×Rd\d

(u(x) − u(y))2J(x, y)dxdy,

F = C∞
0 (Rd)

√
E1
.

(E,F): a regular Dirichlet form.

M = (Px, Xt) : the symmetric pure jump Markov (Hunt)

process on Rd generated by (E,F).
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Dirichlet form and PCAF

µ : a positive smooth measure associated with M .

Aµ
t : the positive continuous additive functional

corresponding with µ:

For any positive Borel function f on Rd and γ-excessive

function h (γ ≥ 0),

lim
t→0

1

t
Eh·m

(∫ t

0
f(Xs)dA

µ
s

)
=

∫
Rd

f(x)h(x)µ(dx)

(Revuz correspondence)
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spectral function

We define a spectral function by

C(θ) = − inf

{
E(u, u) − θ

∫
Rd

u2dµ

: u ∈ F ,

∫
Rd

u2dm = 1

}
.

−C(θ) is the bottom of the spectrum of H0 + θµ, where

H0 is the generator of M .

Kaneharu Tsuchida National Defense Academy of Japan

On a sufficient condition for large deviations of additive functionals (This is joint work with Zhen-Qing Chen.)



. .

.

Preliminaries
.
our aim

.

.

conditions
.
.
. .

results and examples

spectral function

We define a spectral function by

C(θ) = − inf

{
E(u, u) − θ

∫
Rd

u2dµ

: u ∈ F ,

∫
Rd

u2dm = 1

}
.

−C(θ) is the bottom of the spectrum of H0 + θµ, where

H0 is the generator of M .

Kaneharu Tsuchida National Defense Academy of Japan

On a sufficient condition for large deviations of additive functionals (This is joint work with Zhen-Qing Chen.)



. .

.

Preliminaries
.
our aim

.

.

conditions
.
.
. .

results and examples

our aim

Theorem (Large deviation for Aµ
t )

(I) (lower bound) For any open set G ⊂ R,

lim inf
t→∞

1

t
logPx

(
Aµ

t

t
∈ G

)
≥ − inf

λ∈G
I(λ).

(II) (upper bound) For any closed set F ⊂ R,

lim sup
t→∞

1

t
logPx

(
Aµ

t

t
∈ F

)
≤ − inf

λ∈F
I(λ),

where I(λ) = supθ∈R(θλ − C(θ)).

Problem� �
What are conditions to satisfy the above theorem?� �
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conditions of M

The assumptions of M

(I) M is irreducible conservative and transient.

(II) M has doubly Feller property.

(III) Pt is bounded from L2(Rd) to L∞(Rd).

(IV) The embedding (Fe, E) → L2(µ) is compact.

(V) The Harnack inequality for M holds.

(VI) G(x, 0) is not in L2(Rd), where G(x, y) is the Green

function of M .
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condition of µ

The assumption of µ

For any ϵ > 0, there is a Borel subset K = K(ϵ) of

finite µ-measure and a constant δ = δ(ϵ) > 0 such that

sup
(x,z)∈(Rd×Rd)\d

∫
Kc

G(x, y)G(y, z)

G(x, z)
µ(dy) ≤ ϵ

and for all measurable sets B ⊂ K with µ(B) < δ,

sup
(x,z)∈(Rd×Rd)\d

∫
B

G(x, y)G(y, z)

G(x, z)
µ(dy) ≤ ϵ.

We denote the class of above measures by S∞.
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results

Theorem 1

Let J(x, y) be the Lévy kernel of M :

there are constants α0 ∈ (0, 2), r0 > 0 and c0 > 0 so

that

J(x, y) ≥ c0|x − y|−d−α0 for |x − y| ≤ r0

and that

sup
x∈Rd

∫
Rd\{x}

(1 ∧ |x − y|2)J(x, y)dy < ∞.

Assumption (IV) (i.e., the compact embedding from Fe

to L2(µ)) holds for any µ ∈ S∞.
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results

Suppose that above assumptions hold.

Theorem 2

The spectral function C(θ) is differentiable.

Theorem 3

By the Gärtner-Ellis theorem, the large deviation of Aµ
t

holds.
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Examples

1. M : symmetric stable processes, α < d ≤ 2α,

(H0 = −(−∆)α/2)

2. M : relativistic stable processes, 2 < d ≤ 4,

(H0 = m − (m2/α − ∆)α/2 m > 0)

3. M : truncated (finite range) stable processes,

2 < d ≤ 4, (J(x, y) = |x − y|−d−α1|x−y|≤1)

µ(dx) = V (x)dx =⇒ Aµ
t =

∫ t

0
V (Xs)ds

µ(dx) = σr(dx) =⇒ Aµ
t is the local time at ∂Br.
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Thank you for your attention!
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