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1 Setting

X = (Ω, Xt, Px, ζ) : m-symmetric transient Hunt

process on E satisfying the following conditions :

(I) : X is irreducible.

(AC) : Pt(x, dy) ≪ m(dy) for all t > 0 and x ∈ E.

(AC) follows the (resolvent) strong Feller (RSF)

property:

(RSF) : Rαf ∈ Cb(E) for any f ∈ B(E)b and ∀α > 0.

But we do not assume (RSF) in our main results!



Qtf(x) := Ex[eA(t)f(Xt)]: Feynman-Kac semigroup

eA(t) := exp(At),

At := Au,µ,F
t := Nu

t + Aµ
t + AF

t .

µ = µ1 − µ2 ∈ S1(X) − S1(X)

: signed smooth measure in the strict sense.

S1(X) ∋ ν ↔ Aν
t ∈ A+

c,1: Revuz correspondence,

i.e.

Egν

[∫ ∞

0
e−αtf(Xs)ds

]
= Efm

[∫ ∞

0
e−αtg(Xs)dAν

s

]
.



F1, F2 ≥ 0 : sym bdd fts. on E2 with Fi(x, ∂) = 0,

Fi(x, x) = 0, (i = 1, 2). We set F := F1 − F2.

Fi ∈ J1(X) (
def⇔ N(|F |)µH ∈ S1(X)), (i = 1, 2).

(N, H): Lévy system, N(|F |)(x) :=
∫

E|F (x,y)|N(x,dy),

AFi
t :=

∑
0<s≤t Fi(Xs−, Xs), AF

t := AF1
t − AF2

t .

Nu
t : CAF of 0-energy part for u ∈ Floc ∩ C(E∂)

with µ〈u〉 ∈ S1
D(X):

u(Xt)−u(X0) = Mu
t +Nu

t t ∈ [0, ∞[ Px -a.s. for ∀x ∈ E.



Schrödinger operator Lu,µ,F := “L+Lu+µ+µHF”,

where Ff(x) :=
∫

E∂
(eF (x,y) − 1)f(y)N(x, dy).

Q(f, g) = (−Lu,µ,F f, g)m ⇔ Qtf(x) = Ex[eA(t)f(Xt)].

Q(f, g) := E(f, g) + E(u, fg) − H(f, g)

is well-defined for f, g ∈ F provided µ〈u〉 + |µ| +

N(|F |)µH ∈ S1
D(X), where

E(u, fg) :=
1

2

∫
E

fdµ〈u,g〉 +
1

2

∫
E

gdµ〈u,f〉,

H(f, g) :=

∫
E

f(x)g(x)µ(dx)+

∫∫
E×E

f(x)N(g(eF−1))(x)µH(dx).



2 Kato class, Green-tight Kato class

ν ∈S1
K(X)

def⇐⇒ν ∈ S1(X),lim
α→∞

sup
x∈E

∫
E Rα(x, y)ν(dy)=0.

ν ∈ S1
D(X)

def⇐⇒ν ∈ S1(X), sup
x∈E

∫
E Rα(x, y)ν(dy)<∞

∃/∀α > 0.
ν ∈ S1

D0
(X) (Green-bounded)

def⇐⇒ ν ∈ S1(X), sup
x∈E

∫
E R(x, y)ν(dy) < ∞.

ν ∈ S1
K∞

(X) (Green-tight Kato class)
def⇐⇒ ν ∈ S1

K(X) and ∀ε > 0, ∃K(⊂ E) : compact

set s.t. sup
x∈E

∫
Kc R(x, y)ν(dy) < ε.



ν ∈ S1
CK∞

(X) (Chen’s Green-tight Kato measure)
def⇐⇒ ν ∈ S1(X), ∀ε > 0, ∃K(⊂ E) : Borel set s.t.

ν(K) < ∞ & ∃δ > 0 s.t. ∀ mea’ble set B ⊂ K

with ν(B) < δ,

sup
x∈E

∫
Kc∪B

R(x, y)ν(dy) < ε.

We can define S1
K+

∞
(X), S1

CK+
∞
(X) by 1-subprocess.

Lem 2.1 (RSF) is stable under time change by

ν ∈ S1
K(X). By using this, under (RSF), we have

S1
K∞

(X) = S1
CK∞

(X), S1
K+

∞
(X) = S1

CK+
∞
(X).



We prepare conditions (GT) and (GT)∗:

(GT) : m ∈ S1
K+

∞
(X), (GT)∗: m ∈ S1

CK+
∞
(X).

λp: the spectral radius of the semigroup (Pt)t≥0 on

Lp(E; m): λp = − limt→∞
1
t
log ∥Pt∥p,p, p ∈ [0, ∞].

Thm 2.1 ( Chen (02) TAMS, Takeda (02) JFA)

Assume (I), (AC) and (GT)∗ (or (RSF) and (GT)).

Then λ∞ = λ2. In particular,

sup
x∈E

Ex[e
λζ] < ∞ Sato(1985)⇐⇒ λ∞ = λ2 > λ.



2.1 Gaugeability: Result

Thm 2.2 Suppose ν := µ〈u〉+µ1+N(F1)µH ∈ S1
CK∞

(X),

µ2 + N(F2)µH ∈ S1
D0

(X). Then TFAE:

(1) (X, A) is gaugeable, i.e., supx∈E Ex [eA(ζ)] < ∞.

(2) λ(µV ):=inf
{
Q(f, f) |f ∈ F ∩ C0(E),

∫
E f2dµ1

V=1
}

> 0,

µ1
V := N(V )µH + µ1 + 1

2µ
c
〈u〉, µ2

V := N(F2)µH + µ2,

V := (Gu − F u) + F1(⇒ V ≥ 0),

Gu := eF u − 1, F u(x, y) := F (x, y) + u(x) − u(y),

0 ≤ Gu − F u ≤ 1
2e∥F u∥∞(F u)2 ⇒ µ1

V ≤ ∃Cν.



Lem 2.2 λ(µV ) > 0 is equivalent to

λ(µV1
):=inf

{
Q(f, f) |f ∈ F ∩ C0(E),

∫
E f2dµ1

V1
=1

}
> 0,

µ1
V1

:= N(V1)µH + µ1 + 1
2µ

c
〈u〉, µ2

V1
:= µ2,

V1 := (Gu
1 − F u

1 ) + F1(⇒ V1 ≥ 0),

Gu
1 := eF u

1 − 1, F u
1 (x, y) := F1(x, y) + u(x) − u(y).

Proof. (A, D(A)): sym. closed form on L2(E; m).

λ(ν2, ν1) := inf{A(f, f)+∥f∥2
ν2

| f ∈ C, ∥f∥2
ν1

= 1}.

By Lem 3.2 in Takeda-Uemura (04), if λ(ν2, ν)>0,

then λ(ν2 + ν, ν1 + ν)> 1⇔ λ(ν2, ν1)>1. ¤



Thm 2.2 is new even if X is a Brownian motion!

Ex 2.1 X = (Ω, Xt, Px): BM on Rd, d ≥ 3.

u∈H1(Rd)∩C∞(Rd) with |∇u|2 ∈Kd(⇒|∇u|2 ∈ K∞
d ).

Then TFAE.

(1) (X, Nu) is gaugeable, that is,

sup
x∈Rd

Ex

[
eNu

∞
]

< ∞.

(2) λ(|∇u|2dx):=inf
{1

2(∥∇f∥2
2 + (∇u, ∇f2)2) |

f ∈ C∞
0 (Rd), 1

2

∫
Rd f2|∇u|2dx=1

}
> 0.



Thm 2.2 also improves the previous known re-

sult for u = µ = 0. (S1
CK∞

(X) ⊂ S1
D0

(X)).

Thm 2.3 ( Takeda (02) JFA)

Suppose u = F = 0, |µ| ∈ S1
K∞

(X). Under (RSF),

the assertion of Thm 2.2 holds.

Thm 2.4 ( Chen (02) TAMS)

Suppose u = F = 0, µ1 = µ+ ∈ S1
CK∞

(X) and µ2 =

µ− ∈ S1
D0

(X). Then the assertion of Thm 2.2

holds.



Thm 2.5 ( Chen (03) JFA)

Suppose u = 0, |µ| ∈ S1
CK∞

(X) and |F | ∈ A2(X) :=

A1
CS∞

(X)∩J1
CS∞

(X). Then the assertion of Thm 2.2

holds.

Rem: F ∈ A2(X) =⇒ N(|F |)µH ∈ S1
CK∞

(X) ⊂ S1
D0

(X).

Xz: Doob’s h-transformed process by h := R(·, z).

ν ∈ semi-S1
DS0

(X) :=
∩

z∈E S1
D0

(Xz) (Semi-conditionally

Green-bounded measure in the sense of Chen).

ν ∈ semi-S1
CS∞

(X) :=
∩

z∈E S1
CK∞

(Xz) (Semi-conditionally

Green-tight measure of Kato class in the sense of Chen).



ν ∈ S1
DS0

(X) (Conditionally Green-bounded measure

in the sense of Chen)
def⇐⇒ d :={(x, y) |R(x, y)=∞}

sup
(x,z)∈E×E\d

∫
E

Rz(x, y)ν(dy) < ∞.

ν ∈ S1
CS∞

(X) (Conditionally Green-tight measure in

the sense of Chen)
def⇐⇒ ∀ε > 0, ∃K(⊂ E) : Borel

set s.t. ν(K) < ∞ and ∃δ > 0 s.t. ∀ mea’ble set

B ⊂ K with ν(B) < δ,

sup
(x,z)∈E×E\d

∫
Kc∪B

Rz(x, y)ν(dy) < ε,

where Rz(x, y):= R(x,y)R(y,z)
R(x,z) , x, y ∈ Ez:={R(·, z) < ∞}.



F ∈ J1
DS0

(X)
def⇐⇒ N(|F |)µH ∈ S1

DS0
(X).

F ∈ J1
CS∞

(X)
def⇐⇒ N(|F |)µH ∈ S1

CS∞
(X).

F ∈ A1
DS0

(X)
def⇐⇒

sup
(x,z)∈E2\d

∫
E2

R(x,y)|F (y,w)|R(w,z)

R(x, z)
N(y,dw)µH(dy)<∞.

F ∈ A1
CS∞

(X)
def⇐⇒ ∀ε > 0, ∃K(⊂ E) : Borel set s.t.

N(|F |)µH(K) < ∞ and ∃δ > 0 s.t. ∀ mea’ble set

B ⊂ K with N(|F |)µH(B) < δ,

sup
(x,z)∈E2\d

∫
E2\(K\B)2

R(x,y)|F (y,w)|R(w,z)

R(x, z)
N(y,dw)µH(dy)<ε.



2.2 Semi-conditional Gaugeability: Result

Thm 2.6 µ〈u〉 + µ1 + N(F1)µH ∈ semi-S1
CS∞

(X),

µ2 + N(F2)µH ∈ semi-S1
DS0

(X). Then TFAE.

(1) sup
x∈E

Ex [eA(ζ)]<∞ (2) sup
x∈Ey

Ey
x [eA(ζy)]<∞, ∀y ∈ E

(3) λ(µV ):=inf
{
Q(f, f) |f ∈ F ∩ C0(E),

∫
E f2dµ1

V=1
}

> 0.

(4) Subcriticality; RA(x, y) < ∞ ∀(x, y) ∈ E × E \ d.

(5) For ∀y ∈ E, ∃C = Cy > 0 s.t.

C−1R(x, y) ≤ RA(x, y) ≤ CR(x, y) x ∈ Ey.



RZ: Green kernel of the transformed process Z

by Zt := Y 1
t e−A

F2
t with Y 1

t := Exp(MGu
1 + M−u,c)t.

Suppose µ〈u〉 + µ1 + N(F1)µH ∈ S1
CS∞

(X),

µ2 + N(F2)µH ∈ S1
DS0

(X) and ∃C > 0 s.t.

(RC) : C−1R(x, y)≤RZ(x, y)≤CR(x, y), (x, y)∈E×E\d.

Then (1)–(5) are equivalent to

(6) sup(x,z)∈E×E\d Ez
x[eA(ζz)] < ∞.

(7) ∃C > 0 independent of x, y s.t.

C−1R(x, y)≤RA(x, y)≤CR(x, y), (x, y)∈E×E\d.



Rem 2.1 Examples satisfying (RC):

(1) u = 0, F1 ∈ A1
CS∞

(X) ∩ J1
DS0

(X), F2 ∈ A1
DS0

(X)

( Chen-Song (03) for F ∈ A2(X)).

(2) Brownian motion on Rd: ( Song (06)).

(3) (Relativistic) stable-like process on Rd:

( Chen-Kim-Kumagai (11)).



3 Rough sketch of the proof of Thm 2.2

• Gauge Theorem :

∃x ∈ E s.t. Ex[eA(ζ)] < ∞ ⇔ sup
x∈E

Ex[eA(ζ)] < ∞

• Time Change Method :

Set η := µ1
V1

∈ S1
CK∞

(X) ⊂ S1
D0

(X). Stollmann-

Voigt inequality, Fe ⊂ L2(E; η) and∫
E

f2dη ≤ ∥Rη∥∞E(f, f).

(X̌, η): the time changed process of X w.r.t. η.



For simplicity, we assume supp[η] = E. Then

(Ěη, F̌η) = (E, Fe), (Q̌η, F̌η) = (Q, Fe) on L2(E; η).

Q̌η
t f(x) = Ě

η

x[ěA(t)f(X̌t)] := Ex[eA(τt)f(Xτt
)].

ěA(t) := eA(τt) and τt := inf{s > 0 | Aη
s > t}.

• We may assume m ∈ S1
CK∞

(X) in proving

Thm 2.2 in view of the time changed process

(X̌, η) of X because η ∈ S1
CK∞

(X̌, η), ζ̌η := Aη
ζ

and

Ě
η

x[ěA(ζ̌η)] = Ex[eA(τAη
ζ
)] = Ex[eA(ζ)].



• Y 1
t := Exp(MGu

1 + M−u,c)t, Zt := Y 1
t e−A

F2
t

Z: e−2u-sym process; EZ
x [f(Xt)] :=Ex[Ztf(Xt)].

eu(x)Ex[e
−u(Xζ−)eA(ζ)] = EZ

x [exp(A
µV1

ζ )]

=⇒ sup
x∈E

Ex[eA(ζ)] < ∞ ⇔ sup
x∈E

EZ
x [exp(A

µV1

ζ )] < ∞.

• If we get e−2uµ1
V1

∈ S1
CK∞

(Z), e−2uµ2
V1

∈ S1
D0

(Z),

then the proof can be reduced to Chen (02)!

To get this, we need more arguments.



• λ(µV1
):=inf

{
Q(f, f) |f ∈ C,

∫
E f2dµ1

V1
=1

}
> 0

[TU (04)]&m∈S1
CK∞(X)

=⇒ λ̌2:=inf
{

Q(f, f) + ∥f∥2
m+µ1

V1

|

f ∈ C,
∫

E f2d(m + µ1
V1

)=1
}

> 1

=⇒ λ̌2=inf
{

EZ(euf, euf) + ∥f∥2
m+µ2

V1

|

f ∈ C,
∫

E f2d(m + µ1
V1

)=1
}

> 1

[Chen,Takeda (02)]
=⇒ sup

x∈E
E

Z,m+µ2
V1

x [eζ+A
µ1

V1
ζ ] < ∞.

∵) (X̌, m+µ1
V1

): time change of the killed process

Zm+µ2
V1 of Z by e−t−A

µ2
V1

t satisfies (I), (AC), (GT)∗.

⇒ sup
x∈E

EZ
x [eA

µV1
ζ ] ≤ sup

x∈E
E

Z,m+µ2
V1

x [eζ+A
µ1

V1
ζ ] < ∞.



• λ(µV ) > 0 =⇒ λ(p)(µ
(p)
V ) > 0 for p close to 1.

λ(p)(µ
(p)
V ):=inf

{
Q(p)(f, f) |f ∈ C,

∫
E f2dµ1

V (p) = 1
}
.

Q(p) and V (p) are defined for pu, pµ, pF as well

as Q and V are defined for u, µ, F .

=⇒ Supergaugeability holds, i.e.

sup
x∈E

Ex[eA(ζ)p] < ∞ for p close to 1.

• sup
x∈E

Ex[(Y
1

ζ )p] < ∞ for p close to 1,

because Y 1
t = eA−AµV (t)eu(Xt)−u(X0) for F2 = 0.

Then µV = 0 and λ(µV ) > 0 always hold.



• ν ∈ S1
CK∞

(X) =⇒ e−2uν ∈ S1
CK∞

(Z),

ν ∈ S1
D0

(X) =⇒ e−2uν ∈ S1
D0

(Z).

∵) sup
x∈E

EZ
x [

∫ ζ

0 f(Xs)A
ν
s ] ≤ sup

x∈E
Ex[Y

1
ζ (f ∗ Aν)ζ]

≤ sup
x∈E

Ex[(Y
1

ζ )p]1/p sup
x∈E

Ex[((f ∗ Aν)ζ)
q]1/q

≤ (([q] + 1)!)1/([q]+1) sup
x∈E

Ex[(Y
1

ζ )p]1/p

· sup
x∈E

Ex[(f ∗ Aν)ζ]
1/([q]+1).

Then we get

e−2uµ1
V1

∈ S1
CK∞

(Z), e−2uµ2
V1

∈ S1
D0

(Z), because

µ1
V1

∈ S1
CK∞

(X) and µ2
V1

∈ S1
D0

(X).



4 Rough sketch of the proof of Thm 2.6

• λ(µV ) > 0 ⇔ sup
x∈Ey

Ey
x[eA(ζy)] < ∞ ∀y ∈ E.

• RA(x, y) = Ey
x[eA(ζy)]R(x, y) m-a.e. x ∈ Ey.

• RA(x, y)<∞ ⇒ Ey
x[eA(ζy)]<∞ m-a.e. x ∈ Ey.

⇒ supx∈Ey Ey
x[eA(ζy)]<∞

• Fine continuity of E ∋ y 7→ RA(x, y).

• supx∈Ey Ey
x[eA(ζy)]<∞ ⇒ ∃C > 0 s.t.

C−1R ≤ RA ≤ CR m-a.e. on Ey ⇒ on Ey!



• Under (RC), we have e−2uµ1
V1

∈ S1
CS∞

(Z) and

e−2uµ1
V2

∈ S1
DS0

(Z).

• From supx∈E EZ
x [exp(A

µV1

ζ )] < ∞

sup
(x,y)∈E×E\d

(EZ
x )y

[
exp

(
A

µV1

ζy

)]
< ∞,

• We have the relation:

RZ,µV1(x, y)=RZ(x, y)(EZ
x )y

[
eA

µV1
ζy

]
m-a.e. x ∈ Ey.

• ∃C > 0 s.t.

C−1RZ(x, y)≤RZ,µV1(x, y)≤CRZ(x, y) m-a.e. x ∈ Ey.



• C−1R ≤ RA ≤ CR m-a.e. on Ey for all y ∈ E.

⇒ C−1R ≤ RA ≤ CR on E × E \ d.

• C−1R ≤ RA ≤ CR on E × E \ d

⇒ C−1 ≤ Ey
x[eA(ζy)] ≤ C m-a.e. on Ey.

• Fine lower semi continuity of

Ey ∋ x 7→ Ey
x[eA(ζy)].

• We have

C−1 ≤ Ey
x[eA(ζy)] ≤ C on Ey ∀y ∈ E.



Many thanks for your

attention!

Dziȩkujȩ za uwagȩ!


