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I Setting

X = (2, X, P;,{) : m-symmetric transient Hunt

process on FE satistfying the following conditions :
(I) : X is irreducible.
(AC) : P(x,dy) < m(dy) for allt > 0 and = € E.

(AC) follows the (resolvent) strong Feller (RSF)
property:

(RSF) : R.f € Cyp(F) for any f € B(FE), and Va > 0.

But we do not assume (RSF) in our main results!




Q:f(x) := E.les(t) f(X:)]: Feynman-Kac semigroup
ea(t) i= exp(Ay),
Ap = AP = N+ AF + AT,
p=p1— p2 € S1(X) — S1(X)

: signed smooth measure in the strict sense.
S1(X) v < A} € A(J;r,1‘ Revuz correspondence,

1.e.

Eg. {/000 e_atf(XS)ds} = Etm {/000 e “*g(Xs)dAY | .



F,,F; > 0 : sym bdd fts. on E? with F;(x,8) = 0,
Fi(x,x) =0, (: =1,2). We set F := F; — F5.

F; € Ji(X) (¥ N(|F)uu € 5:1(X)), (i =1,2),

(N, H): Lévy system, N (|F|)(x):= [5|F(x,y)| N (z,dy)

Al =3 Fi(Xeo, X,),  AF = A — A

N{: CAF of 0-energy part for u € Fj,c N C(Ep)

with p,) € SH(X):
u(X:)—u(Xo) = M*+N* t € [0,00[P,-a.s. for'z € E



Schrodinger operator LY := “L4+ Lut+pu+pgF”,
where F f(x) := fEa(eF(w,y) — 1) f(y)N(z,dy).

Q(fv g) — (_EU’MFJC, g)m <~ Qt.f(m) — Ea:[eA(t)f(Xt)]‘

Q(fag) .= g(fag) —I—S(u,fg) _H(.fag)

is well-defined for f,g € F provided p, + |p| +
N(|F)un € Sh(X), where

1 1
E(u, fg)==§ /E fapu,gy + 5 /E gdHiu,f)s

H(f,9):= [ F@g@n(dar] [f(@)N(g(e™ 1) @)pn(de)

ExXFE



2 Kato class, Green-tight Kato class

veESL(X) N = S1(X),lim sup [, Rq(z,y)v(dy)=0.

def

v € SH(X) <= € 51(X), sup [, Ro(x, y)v(dy) <oco

rel
3/Va > 0.
v € Sp, (X) (Green-bounded) /

£ v e S1(X), sup |z R(x, y)v(dy) < oo.
zekl

v € Si_(X) (Green-tight Kato class)

NN = St (X) and Ve > 0, 3K(C E) : compact

set s.t. sup [,.. R(z,y)r(dy) < e.
rel



v € Stk (X) (Chen’s Green-tight Kato measure)
N = S1(X), Ve > 0, IK(C E) : Borel set s.t.
V(K) < oo & 30 > 0 s.t. V mea’ble set B C K
with v(B) < 6,

sup/ R(x,y)v(dy) < e.
rxelk JKcUB

We can define Sy, (X), S}, (X) by 1-subprocess.

Lem 2.1 (RSF) is stable under time change by
v € Sy (X). By using this, under (RSF), we have
S}{oo(X) — Sé’Koo(X)7 S;{;(X) — Scle;o(X)-




We prepare conditions (GT) and (GT)":
(GT) : m € Sk, (X), (GT)": m e S, (X).

Ap: the spectral radius of the semigroup (FP;)¢>0 on

LP(E;m): A\p = — limy_,o0 7 log || P||pps P € [0, 0]

Thm 2.1 (Chen (02) TAMS, Takeda (02) JFA)
Assume (I), (AC) and (GT)* (or (RSF) and (GT)).

Then Ao = 2. In particular,

sup E,[e**] < oo Sagliess) Ao = A2 > A

rxekl



Thm 2.2 Suppose v := iyt +N (F) pa € S& (X)
o+ N(F2)pg € S})O(X). Then TFAE:

(1) (X, A) is gaugeable, i.e., sup, E; [ea({)] < oco.

(2) AMpv):=inf{Q(f, f) | f € FNCo(E), [ fPduy=1} > 0
py = N(V)pg + pr + 5465, #y = N(F)pm + pe,
= (G" - F")+ Fi(=V 2 0),
G":=elf" — 1, F¥(x,y) := F(z,y) + u(x) — u(y),
0 < G"— F* < zelf¥le(F*)? = pl, <3Cv.



Lem 2.2 A(uy) > 0 is equivalent to

Apv,):=inf{ Q(f, f)| f € F N Co(E), [ fPduy,=1} > 0,
py, = NV pm + 1+ 500, , B3, 1= H2,

Vi = (GY — F') + Fi(= V1 2 0),
GV := e — 1, F*(z,y) := Fi(z,y) + u(x) — u(y).
Proof. (A, D(A)): sym. closed form on L*(E;m).

A(vz,vy) := inf{LA(S, )+ IFIIZ, | £ €CIFIZ, =1}
By Lem 3.2 in Takeda-Uemura (04), if A(v2,v)>0,

then A(vs + v, v + v)> 1< A(vs, v1)>1.



Thm 2.2 i1s new even if X 1s a Brownian motion!

B 2.1 X =(9Q,X;,P,): BM on R%, d > 3.
u € HY(R*)NC» (R?) with |[Vu|? € K4(=|Vu|? € K).
Then TFAE.

(1) (X, N*) is gaugeable, that is,

sup E, [eNgo] < 0.

rER
(2) A(|VulPdz):=inf{5(|Vfl5 + (Vu, Vf?)2) |
f € CPRY), 5 [pa F2|Vul|?de=1} > 0.



Thm 2.2 also improves the previous known re-

sult for u = p = 0. (Six (X) C Sp, (X)).

Thm 2.3 ( Takeda (02) JFA)
Suppose u = F =0, |u| € S _(X). Under (RSF),
the assertion of  Thm 2.2 holds.

Thm 2.4 (Chen (02) TAMS)

Suppose u = F =0, u1 = py € SéKw(X) and 2 =
pH— € S})O (X). Then the assertion of [ Thm 2.2
holds.



Thm 2.5 (Chen (03) JFA)

Suppose u = 0, |p| € Sty (X) and |F| € Ax(X) :=
Als (X)NJLs (X). Then the assertion of [Thml 2.2
holds.

el F € A>(X) => N(|F|)un € Sk (X) C SY (X).

X?: Doob’s h-transformed process by h := R(:, z).

v € semi-Spg (X) :=(,cg Sp, (X?) (Semi-conditionally
Green-bounded measure in the sense of Chen).

v € semi-Spg (X) := (,cp Stk (X?) (Semi-conditionally

Green-tight measure of Kato class in the sense of Chen).



v € Spg (X) (Conditionally Green-bounded measure

in the sense of Chen) N {(z,y) | R(x,y) =00}

[ et <o
(x,2)EEXE\d JE

v € Sig (X) (Conditionally Green-tight measure in

the sense of Chen) £ Ve > 0, 3K(C FE) : Borel

set s.t. V(K) < oo and 36 > 0 s.t. V mea’ble set
B C K with v(B) < 6,

sup [ R(@yvidy) <
(x,2)EEXFE\d J KcUB

where R*(x,y):= R(wl’%%i(;‘”z), r,y € E*#:={R(-,z) < oo}.




F € Jps, (X) <= N(|F|)HH6515 (X).
FeJl (X) & N(|F))pu € Sk (X).
F € A})SO(X)
/ R(z,y)|F(y,w)|R(w,z)
R(x, z)

sup N (y,dw)pp(dy)<oo.

(x,z)EE?\d JE

F € Ay (X) £ Ve > 0, 3K(C FE) : Borel set s.t.

N(|F|)pg(K) < oo and 36 > 0 s.t. V mea’ble set
B C K with N(|F|)ug(B) < 9,

/ R(x,y)|F(y,w)|R(w,z)
ex\(k\B)? R(z,z)

sup N (y,dw)pg(dy)<e.

(x,z)eE?\d



Thm| 2.6 pry + p1 + N(F)pa € semi-Sig_ (X),
o+ N(F2)pg € semi-SbSO(X). Then TFAE.

(1) sup E; [ea(C)] <oo (2) sup EY [ea(¢Y)] <oo, Vy € E
xclk xc kY

(3) Mpv):=inf{Q(f, f)| f € F N Co(E), [ fPduy,=1} > O
(4) Subcriticality; RA(x,y) < oo Y(z,y) € E X E\ d.

(5) For Vy € E, 3C = CY > 0 s.t.

C'R(z,y) < R*(z,y) < CR(z,y) = € EY.



R?: Green kernel of the transformed process Z
by Z, := Yle A" with V' := Exp(MC + M~ue),,
Suppose py + p1 + N(Fi)pg € S (X),
p2 + N(F2)pg € Spg (X) and 3C > 0 s.t.

(RC) : C"'R(z,y) < R?(x,y) <CR(z,y), (x,y) € EXE\d.
Then (1)—(5) are equivalent to

(6) SUP (z,2)e Ex E\d E;[GA(CZ)] < o0.
(7) 3C > 0 independent of x,y s.t.

C 'R(z,y) < R%(z,y) <CR(z,y), (z,y) € ExE\d.



Rem 2.1 Examples satisfying (RC):

(1) uw =0, F1 € Ag (X) NJpe (X), B € Apg (X)
( Chen-Song (03) for F € Ay(X)).

(2) Brownian motion on R%: ( Song (06)).

(3) (Relativistic) stable-like process on R<:
( Chen-Kim-Kumagai (11)).



3 Rough sketch of the proof of Thm 2.2

iz € E s.t. Eglea(€)] < oo & Sug E.les({)] < oo
zE

Set n := uy, € Sii (X) C Sp, (X). Stollmann-
Voigt inequality, F, C L?*(E;n) and

/E F2dn < | Rnll<E(f, f)-

(X,n): the time changed process of X w.r.t. 7.



For simplicity, we assume supp|n| = E. Then
(EM,F") = (€, Fe), (Q", F") = (Q, Fe) on L*(E; n)
Qi f(x) = E [ea(t)f(X1)] := Eulea(r:) f(Xr)]:
€a(t) := ea(m) and 7 :=inf{s > 0 | A7 > t}.

e We may assume m € Si, (X) in proving
Thm 2.2 in view of the time changed process
(X,n) of X because n € SéKOO(X, n), " = Al

and

E;[€4(C")] = Ezlea(Tar)] = Ezlea(¢)]-



o V! := Exp(MCt + M~%C),, Z, := Ye A"
Z: e *“-sym process; EZ[f(X})]:=E:[Z:f(X})].

eu(a:)Ea3 [e—U(XC—)eA(C)] — Ef [eXp(A?w)]

—> sup E;[e4({)] < oo & sup Ef[exp(Agvl)] < oo.
rEFE relk

o Ifwegete *uy, € Sty (Z),e*"ui. € Sy, (Z),
then the proof can be reduced to Chen (02)!

To get this, we need more arguments.



o \(uw,):=inf{Q(f, f)| f € C, [ f*duy,=1} > 0
[TU (04)]&m€SCKOO( ) «
— = Ra=inf{ Q(£, ) + I £12,,.,, |
fec, [pfidim+ Nvl)—l} > 1
— Xo=inf{EZ(e"f, e ) + | 112, |
fec, |, f2d(m + py )=1} > 1

9m+ll' “Vl
sup E, eS¢ ] < oo
xel

) (X, m+ [LV) time change of the killed process

[Chen, Takeda (02)]

7" of 7 by et A satisfies (I), (AC), (GT)

Vi Z,m
= sup EZ[eA | < supE, T [eC+A '] < .

xeFl rel



o \Npy) >0 —= )\(p)(ug?)) > 0 for p close to 1.
AP (uP):=inf{ QP)(f, f)| f € C, [, f2dpi,, = 1}.
QP and V) are defined for pu, pu, pF as well
as @ and V are defined for u, u, F'.

—> Supergaugeability holds, i.e.

sup E;.[e4({)P] < oo for p close to 1.
rel

e sup E,[(Y,")P] < oo for p close to 1,
relk

because Y,! = e auv (t)e*(X)~uXo) for Fy = 0.

Then @y = 0 and A(yy) > 0 always hold.



o v E Sl (X) = e v € S, (2),
v € Sy (X) = e *v € S}, (2).
") supEZ[fO f(X5)AY] < sup Ew[Yl(f * AY) ]

L cup B[V sup B [((f » A7)o)7)
< ?fﬁl] + 1)HY ([Q]Jrf)EsEupE [(Y)P) /P
-sup E[(f * AY), ]1?;(6[5“).
Then WemEgEet

e "y, € Sty (Z), e *"u3y, € Sy, (Z), because
By, € Stx (X) and pj, € S}, (X).



1 Rough sketch of the proof of Thm 2.6

e \Muy) > 0< sup EY[ea(¢Y)] < o "y € E.
xe kY

e Rz,y) = EY[ea(¢Y)]R(x,y) m-a.e. x € EVY.

o RA(xz,y) <oo = EY[ea(¢?)] <oco m-a.e. x € EV.

= sup,ep EYea(¢V)] < 0o

e Fine continuity of E 3 y — R4(x,y).

® sup,.pv EY[ea(¢¥)] <oco = 7C > 0 s.t.
C'R< RA<CR m-a.e.on EY = on EY!



e Under (RC), we have e **u;, € S{g (Z) and
e *uy, € Spe (Z).

e From sup,.; EZ [exp(A?Vl)] < o0

sup (Ef)y {exp (A?;l)} < 00,
(x,y)EEX E\d

e We have the relation:
R“ (z,y) = R (z, y) (E)" [e*” | m-a.e. @ € BY,
e °C > 0 s.t.

C'R?(z,y) < R“"i(x,y) <CR?*(z,y) m-a.e. x € EY.



e C"'R< RA<CR m-a.e.on EY for all y € E.
= C 'R<RA<CRon E x E\d.

e C"'R<RA<CRoOonEXxE\d
= C~ ! < EY[ea(¢Y)] < C m-a.e. on EV.

e Fine lower semi continuity of

EY > x> EY[ea(CY)].

e We have
C~' <EYlea(¢V)] < Con EY "y € E.



Many thanks for your

attention!

Dziekuje za uwage!



