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Bernstein functions and Subordinate Brownian Motions

o Let v be the Laplace exponent of a subordinator S;. Assume
that ¢ is a Bernstein function:

BN = bA+ /0 T - e (da),

where the measure p: [ (1 — e *)p(dz) < co. In this talk
b=0.
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Bernstein functions and Subordinate Brownian Motions

o Let v be the Laplace exponent of a subordinator S;. Assume
that ¢ is a Bernstein function:

BN = bA+ /0 T - e (da),

where the measure p: [ (1 — e *)p(dz) < co. In this talk
b=0.
o Examples:
[-stable subordinator, 1(\) = M\, 0 < 3 < 1
geometric stable, ¥(\) =In(1+\),0< 3 < 1
relativistic stable 1»(\) = (A +m!/#)% —m,0< B <1,m >0
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Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X: = Bg,
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of the subordinator S;. From now on we consider
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Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X: = Bg,

o Generator of X;:
A=~ (-A)
o Lévy-Khintchine exponent of X;: W(x) = ¢(|z|?)

@ Examples:
a-stable process A = — (—A)Y2 0 < o < 2
geometric a-stable process
A=—In (1+(—A)°‘/2> 0<a<?
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Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X: = Bg,

o Generator of X;:

A=~y (-A)

o Lévy-Khintchine exponent of X;: W(x) = ¢(|z|?)
@ Examples:

a-stable process A = — (—A)Y2 0 < o < 2

geometric a-stable process

A=—In (1+(—A)°‘/2) 0<a<?2

relativistic a-stable process

A=— (—A+m2/a)a/2+m,0 <a<?2
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Subordinate Brownian Motions

@ The process X; has a density of the form

p(t,m,y) :p(tax - y) = Aw g(u,x - y)P(St S du)? (01)

where g(t,z — y) we denote the density of B;.
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Subordinate Brownian Motions

@ The process X; has a density of the form

p(t,m,y) :p(tax - y) = Aw g(u,:c - y)P(St S du)? (01)

where g(t,z — y) we denote the density of B;.

@ The Lévy measure of process X; is given by density

vta) = lim ) = [" g @utan)
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Subordinate Brownian Motions

@ The process X; has a density of the form

p(ty) =plt =) = [ glua—)P(S € du), (01)
0
where g(t,z — y) we denote the density of B;.

@ The Lévy measure of process X; is given by density

vta) = lim ) = [" g @utan)

@ The stable case v(z) = m%, but in the geometric stable

v(z) ~ ﬁ, lx] < 1.
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Survival probability. Dirichlet heat kernel.

o The first exit (survival) time from open D C R¢:

mp =inf{t >0: X; ¢ D}
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o The first exit (survival) time from open D C R¢:
mp =inf{t >0: X; ¢ D}

o Transition density (Dirichlet heat kernel) of the process
killed on leaving D:

pp(t,z,y) =p(t,z,y) — E*[tp < t; p(t — 7D, X7, y)]
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killed on leaving D:
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Michat Ryznar Heat kernels



Survival probability. Dirichlet heat kernel.

o The first exit (survival) time from open D C R¢:
mp =inf{t >0: X; ¢ D}

o Transition density (Dirichlet heat kernel) of the process
killed on leaving D:

pp(t,z,y) =p(t,z,y) — E*[tp < t; p(t — 7D, X7, y)]

We have P*(X; € B,7p >t) = [gpp(t, z,y)dy.
@ In particular pp yields the probability of surviving time t:

P> 1) = [ polt.a,y)dy,
and the Green function of D:

GD(xvy):/ pp(t, x,y)dt.
0
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Exact formulas for the stable case

@ The survival probability for a halfspace for a = 1 was
computed by Darling (1956). Recent progress: Doney (2008),
Graczyk and Jakubowski (2009), Doney and Savov (2010),
Kuznetsov (2010), Kuznietzov and Halubek (2011)
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@ The survival probability for a halfspace for a = 1 was
computed by Darling (1956). Recent progress: Doney (2008),
Graczyk and Jakubowski (2009), Doney and Savov (2010),
Kuznetsov (2010), Kuznietzov and Halubek (2011)

o Integral formulas for the heat kernel for a halfline for a = 1
were obtained by Kulczycki, Kwasnicki, Matecki, and Stés
(2009). Further work done by Kwasnicki (2010).
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Exact formulas for the stable case

@ The survival probability for a halfspace for a = 1 was
computed by Darling (1956). Recent progress: Doney (2008),
Graczyk and Jakubowski (2009), Doney and Savov (2010),
Kuznetsov (2010), Kuznietzov and Halubek (2011)

o Integral formulas for the heat kernel for a halfline for a = 1
were obtained by Kulczycki, Kwasnicki, Matecki, and Stés
(2009). Further work done by Kwasnicki (2010).

@ For more complicated sets - even intervals such formulas seem
to be out of reach.
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Classical Laplacian

@ Exact formulas for heat kernels are known in several cases:
intervals, halfspaces, balls and cones (for balls and cones in
terms of complicated series involving Bessel functions).

Michat Ryznar Heat kernels



Classical Laplacian

@ Exact formulas for heat kernels are known in several cases:
intervals, halfspaces, balls and cones (for balls and cones in
terms of complicated series involving Bessel functions).

o Explicit qualitatively sharp estimates for the classical heat
kernel in C*! domains, d > 3: Zhang (2002)

_ op(z 5
pp(t,z,y) > C™ (1 A tDlSQ)> p(t, cx,cy) (1 A ZS?) ,

op(x _ _ o
pD(t,LL’,y) §C<1/\ tDl(/2)>p(t7c 111,’70 1y) (1/\ ﬁgg)> )

forz,y e R, t<1,¢,C>1
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Classical Laplacian

@ Exact formulas for heat kernels are known in several cases:
intervals, halfspaces, balls and cones (for balls and cones in
terms of complicated series involving Bessel functions).

o Explicit qualitatively sharp estimates for the classical heat
kernel in C*! domains, d > 3: Zhang (2002)

_ op(z 5
pp(t,z,y) > C™ (1 A tDlSQ)> p(t, cx,cy) (1 A ZS?) ,

op(x _ _ dp(y
pD(t,LL’,y) S C <1 A tl(/2)> p(tac 111,’70 1y) (1 A t1§2)> 9
forz,y c R4 t<1,¢,C>1

o Qualitatively sharp heat kernel estimates for Lipschitz
domains: Varopulous (2003)

Michat Ryznar Heat kernels



Estimates for fractional Laplacian

o Upper heat kernel bounds for the complements of balls:
Kulczycki, Siudeja (2006)

Michat Ryznar Heat kernels



Estimates for fractional Laplacian

o Upper heat kernel bounds for the complements of balls:
Kulczycki, Siudeja (2006)

@ Upper heat kernel bounds for convex domains: Siudeja (2006)

Michat Ryznar Heat kernels



Estimates for fractional Laplacian

o Upper heat kernel bounds for the complements of balls:
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o Heat kernel for C1'! domains: Chen, Kim, Song (2008).
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Estimates for fractional Laplacian

o Upper heat kernel bounds for the complements of balls:
Kulczycki, Siudeja (2006)

@ Upper heat kernel bounds for convex domains: Siudeja (2006)

o Heat kernel for C1'! domains: Chen, Kim, Song (2008).
For0<t<1, z,y € RY,

/2 T a2
pD(tw%'?y)% (1/\ 5D\/§ )>P(t,x,y) (1/\5\/gy)> .

Here 0p(z) = dist(x, D).
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Estimates for fractional Laplacian

o Upper heat kernel bounds for the complements of balls:
Kulczycki, Siudeja (2006)

@ Upper heat kernel bounds for convex domains: Siudeja (2006)

o Heat kernel for C1'! domains: Chen, Kim, Song (2008).
For0<t<1, z,y € RY,

/2 T a2
pD(tw%'?y)% (1/\ 5D\/§ )>P(t,x,y) (1/\5\/gy)> .

Here 0p(z) = dist(x, D).
o Circular cones V: Bogdan and Grzywny (2008)

pv(t,a,y) ~ P*(ry > ) p(t,e,y) PY(ry > 1), t>0.
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Definition

Letz € RY, r>0and0 < k < 1. We say that open D is (k,r)-fat
at x if there is a ball B(A,kr) C DN B(x,r).
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k-fat domains

Definition

Letz € RY, r>0and0 < k < 1. We say that open D is (k,r)-fat
at x if there is a ball B(A,kr) C DN B(x,r).

B(A k)

Michat Ryznar Heat kernels



k-fat domains

Definition

Letz € RY, r>0and0 < k < 1. We say that open D is (k,r)-fat
at x if there is a ball B(A, kr) C DN B(x,r). If this is true for
every x € D then we say that D is (k,r)-fat.
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k-fat domains

Definition

Letz € RY, r>0and0 < k < 1. We say that open D is (k,r)-fat
at x if there is a ball B(A, kr) C DN B(x,r). If this is true for
every x € D then we say that D is (k,r)-fat. We say that D is
k-fat if there is R > 0 such that D is (k,r)-fat for all r € (0, R].

Let A,(z) = A.
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k-fat domains

Definition

Letz € RY, r>0and0 < k < 1. We say that open D is (k,r)-fat
at x if there is a ball B(A, kr) C DN B(x,r). If this is true for
every x € D then we say that D is (k,r)-fat. We say that D is
k-fat if there is R > 0 such that D is (k,r)-fat for all r € (0, R].

Let A, (z) = A.
We have:
dp(A,) =rVép(x).
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C1! domains

Definition

Open D is of class C'! at scale r > 0 if for every QQ € D there
exist balls B(z',r) C D and B(z”,r) C D° tangent at Q.
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C1! domains

Definition

Open D is of class C'! at scale r > 0 if for every QQ € D there
exist balls B(z',r) C D and B(z”,r) C D° tangent at Q.

If Dis Cb! at scale r then it is (1/2,p)-fat for all p € (0,7].
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General two-sided estimate of Dirichlet heat kernel. Stable
case.

Theorem ( Bogdan, Grzywny and R, 2010)

If D is k-fat then there is C = C(a, D) such that for all z,y € RY,

C
pp(t,z,y) = P*(tp > t)p(t,x,y) P/(tp > t), 0<t<1
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General two-sided estimate of Dirichlet heat kernel. Stable
case.

Theorem ( Bogdan, Grzywny and R, 2010)

If D is k-fat then there is C = C(a, D) such that for all z,y € RY,

C
po(t,z,y) = P*(rp > t)p(t,z,y) PY(rp > 1), 0<t<1.

@ The proof is based on the boundary Harnack principle (BHP),
the Lévy system of X, and comparability of p with v:
p(t,z) =t~ A |x|5+a
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General two-sided estimate of Dirichlet heat kernel. Stable
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Theorem ( Bogdan, Grzywny and R, 2010)
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@ The proof is based on the boundary Harnack principle (BHP),
the Lévy system of X, and comparability of p with v:
p(t,z) =t~ A |x|5+a

o Motivation: let c(t) = p(t,0,0) > sup, yera PD(t, 2, 9),
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General two-sided estimate of Dirichlet heat kernel. Stable

Case.

Theorem ( Bogdan, Grzywny and R, 2010)
If D is k-fat then there is C = C(a, D) such that for all z,y € RY,

C
po(t,z,y) = P*(rp > t)p(t,z,y) PY(rp > 1), 0<t<1.

@ The proof is based on the boundary Harnack principle (BHP),
the Lévy system of X, and comparability of p with v:
p(t,z) =t~ A |x|5+a

o Motivation: let c(t) = p(t,0,0) > sup, yera PD(t, 2, 9),

pD(3t’iU;l/) = //pD(t,x,z)pD(t,z,w)pD(t,w,y)dwdz
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General two-sided estimate of Dirichlet heat kernel. Stable

Case.

Theorem ( Bogdan, Grzywny and R, 2010)
If D is k-fat then there is C = C(a, D) such that for all z,y € RY,

C
po(t,z,y) = P*(rp > t)p(t,z,y) PY(rp > 1), 0<t<1.

@ The proof is based on the boundary Harnack principle (BHP),
the Lévy system of X, and comparability of p with v:
p(t,z) =t~ A |x|5+a

o Motivation: let c(t) = p(t,0,0) > sup, yera PD(t, 2, 9),

pD(3t’iU;l/) = //pD(t,x,z)pD(t,z,w)pD(t,w,y)dwdz

< c(t)
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General two-sided estimate of Dirichlet heat kernel. Stable

Case.

Theorem ( Bogdan, Grzywny and R, 2010)
If D is k-fat then there is C = C(a, D) such that for all z,y € RY,

C
po(t,z,y) = P*(rp > t)p(t,z,y) PY(rp > 1), 0<t<1.

@ The proof is based on the boundary Harnack principle (BHP),
the Lévy system of X, and comparability of p with v:
p(t,z) =t~ A |x|5+a

o Motivation: let c(t) = p(t,0,0) > sup, yera PD(t, 2, 9),

pp(3t,x,y) = //pD (t,z,2)pp(t, z,w)pp(t, w,y)dwdz
P*(tp > t)e(t)PY(tp > t) .
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General estimate of the survival probability. Stable case.

We let sp(z) = E*tp = [ Gp(z,y)dy if finite,
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General estimate of the survival probability. Stable case.

We let sp(z) = E%mp = [ Gp(z,y)dy if finite, otherwise we let

B _ . GD(x’ y)
sp(r) = Mp(z) = Hm oy
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General estimate of the survival probability. Stable case.

We let sp(z) = E%mp = [ Gp(z,y)dy if finite, otherwise we let

B _ . GD (l’, y)
sp(r) = Mp(z) = Hm oy

Theorem (Bogdan, Grzywny and R, 2010)

If D is (k,t'/®)-fat at = then

¢ sp(x)

P >0~ @)’
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General estimate of the survival probability. Stable case.

We let sp(z) = E%mp = [ Gp(z,y)dy if finite, otherwise we let

B _ . GD (l’, y)
sp(r) = Mp(z) = Hm oy

Theorem (Bogdan, Grzywny and R, 2010)

If D is (k,t'/®)-fat at = then

¢ sp(x)

P >0~ @)’

where C' = C(d, o, k).
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Applications: the complement of the ball D = (—1,1)¢ for

—d =1

Fora=d=1, sp(z) ~ 10g(1+51/2( )
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Applications: the complement of the ball D = (—1,1)¢ for

—d =1

Fora=d=1, sp(x) ~ log(1l + 53%1‘)), and so
sp(Ap/a(x)) =log(1 + (tV ép(x))'/?),

. L log(1+0%@) . log(1+67%()
P > 1) ~ log(1+ (tV (?D(x))l/Q) B log(1 +[7)51/2) '
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Applications: the complement of the ball D = (—1,1)¢ for

—d =1

Fora=d=1, sp(x) ~ log(1l + 5gz(x)), and so
sp(Ap/a(x)) =log(1 + (tV ép(x))'/?),

Py > 1)~ JBUFO@) | log(1+65%(@))
b log(1 + (£ V 6p(z))1/2) log(1 4 t1/2)
Thus

lo 1+51/2 T log(1 + §1/2
pD(t,x,y) ~ (1 N i)(g(l +Dtl/(2)))) p(t,x,y) (1 A lgo(g(:_—i- tl/(%))> .

Here all t > 0 and z,y € R? are allowed.
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Applications: the complement of ball D = (—1,1)¢ when

a>d=1

We have sp(x) ~ 6% 1 (z) A 5a/2( )
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Applications: the complement of ball D = (—1,1)¢ when

a>d=1

We have sp(x) ~ 6% 1 (z) A 5%/2(1‘), therefore

sp(Apsa(@)) & (9 V 5p ()~ A (£ V 5p (2))/?
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Applications: the complement of ball D = (—1,1)¢ when

a>d=1

We have sp(x) ~ 6% 1 (z) A 5%/2(1‘), therefore
sp(Apsa(®)) = YV 6p(x)* 1 A (/% v 5p(x))®/?, and so

5 (@) A 52 ()
(t1/a v §p(z))*t A (tl/a Vv 5D(a:))a/2'

P*(tp >t) =
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Applications: the complement of ball D = (—1,1)¢ when

a>d=1

We have sp(x) ~ 6% 1 (z) A 5%/2(1:), therefore
sp(Apsa(®)) = YV 6p(x)* 1 A (/% v 5p(x))®/?, and so

5 (@) A 52 ()

pP? t) ~ )
("0 > O™ ey ap (@)=L A (112 v op(x))72

We obtain that

poltz.y) <1A5% @) A0 (w >> <M5g L) A 8% >)

p(t,z,y) H—1/a p ¢1/2 A—1/a A {12

forall 0 < ¢t < oo and z,y € R%.
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Applications: the complement of ball D = (—1,1)¢ when

a>d=1

We have sp(x) ~ 6% 1 (z) A 5%/2(1:), therefore
sp(Apsa(®)) = YV 6p(x)* 1 A (/% v 5p(x))®/?, and so

5 () A (2)

pP? t) ~ )
("0 > O™ ey ap (@)=L A (112 v op(x))72

We obtain that

po(t:z.y) _ <1A5%‘1( D) A8 (@ >> <M5g L) A %2y >)

p(t,z,y) ~ =1/ p 41/2 =1/ A $1/2
forall 0 < ¢t < oo and z,y € R%.
In the transient case d > « similar estimates hold (obtained also by

Chen and Tokle (2010)).
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back to Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X = Bg,
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o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X = Bg,

o Lévy-Khintchine exponent of X; :  WU(xz) =y (|x|?), where 1
be the Laplace exponent of a subordinator S;.
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back to Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X = Bg,

o Lévy-Khintchine exponent of X; :  WU(xz) =y (|x|?), where 1
be the Laplace exponent of a subordinator S;.
@ The process X; has a density of the form

Pz —y) = /0 " gulz — y)P(S), € du),

where g;(z) we denote the density of B;.
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back to Subordinate Brownian Motions

o Let B; be a Brownian motion (with variance 2t) independent
of the subordinator S;. From now on we consider

X = Bg,

o Lévy-Khintchine exponent of X; :  WU(xz) =y (|x|?), where 1
be the Laplace exponent of a subordinator S;.
@ The process X; has a density of the form

Pz —y) = /0 " gulz — y)P(S), € du),

where g;(z) we denote the density of B;.
o Goal: find good estimates of Dirichlet heat kernel:

pD(t,ﬂl',y) :p(t,JT,y) - Ex[TD < t7 p(t - TDaXTD7y)]7

D - open set with a smooth boundary.
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Consider open Dy, D3 C D such that dist(Dy, D3) > 0. Let
Dy =D\ (D1 UDs). Ifx € Dy, y € D3 andt >0, then

po(t,z,y) < P%(X;, €D2) sup  p(s,z,y)
s<t,z€D>
+ (tAE®mp,) sup v(z—u).
u€D1,z€D3

Michat Ryznar Heat kernels



Lemma

Consider open D1, D3 C D such that dist(D;, D3) > 0. Let
Dy =D\ (D1UDs). Ifx e Dy, y€ D3 andt >0, then

t > ¢P? y i ).
pp(t,x,y) > tP%(1p, >t) PY(1p, > t) uEDl;lr,l£€D3 v(z — u)
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Some fluctuation theory

o {Y;}+>0, Yo = 0: Lévy process in R, not a subordinator
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Some fluctuation theory
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Some fluctuation theory

o {Y;}+>0, Yo = 0: Lévy process in R, not a subordinator
The characteristic function: E° exp{i¢Y;} = exp{—t¥ (&)}
Mt = Supogsgt YS

L, - local time of the reflected process M; — Y;
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Some fluctuation theory

o {Y;}+>0, Yo = 0: Lévy process in R, not a subordinator
The characteristic function: E° exp{i¢Y;} = exp{—t¥ (&)}
My = supp<s<; Vs
L, - local time of the reflected process M; — Y;

H; = MLZI - ladder height process

fo (Hs < x)ds - renewal function
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Some fluctuation theory

o {Y;}+>0, Yo = 0: Lévy process in R, not a subordinator
The characteristic function: E° exp{i¢Y;} = exp{—t¥ (&)}
My = supg<s<; Ys
L, - local time of the reflected process M; — Y;

H; = MLZI - ladder height process
fo (Hs < x)ds - renewal function

For our purpose we take Y; as a one-dimensional projection of

SBM X;. We know that V (r) =~ w(l —

]
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Scaling conditions for the Laplace exponent of the
subordinator

LSC condition for ¢). Thereare C >0and 0 <o <1and 6y >0
such that

Y(A) > CA7P(8), A=, 6> 6y

USC condition for ¢. There are C* > 0and 0 < o* < 1 and
05 > 0 such that

p(N) < CATP(B),  A=1, 6>6

USC condition for ¢/. Thereis C >0 and § < 0 and 6y > 0
such that

YA <ONY'(B), A>1, 6> 6.
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Estimates of the mean exit time

Assume USC fori’. Forr < R

CV(6(z))V(r) < E*7p(o,r) < 2V(3(2))V(r),

where the constant C depends on R and is decreasing in R.
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Estimates of the mean exit time

Assume USC fori’. Forr < R

CV(6(z))V(r) < E*7p(o,r) < 2V(3(2))V(r),

where the constant C depends on R and is decreasing in R.

@ The above estimate holds for all » > 0 in many cases. E.g. :
stable case, rel. stable, geometric stable, sum of two
independent stable. In the case of one dimensional process it is
always true. We do not know any example in multidimensional
case when it fails.
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Estimates of the mean exit time

Assume USC fori’. Forr < R

CV(6(z))V(r) < E*7p(o,r) < 2V(3(2))V(r),

where the constant C depends on R and is decreasing in R.

@ The above estimate holds for all » > 0 in many cases. E.g. :
stable case, rel. stable, geometric stable, sum of two
independent stable. In the case of one dimensional process it is
always true. We do not know any example in multidimensional
case when it fails.

@ The upper bound is true for any rotationally invariant Lévy
process.
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Estimates of the mean exit time

Assume USC fori’. Forr < R

CV(6(z))V(r) < E*7p(o,r) < 2V(3(2))V(r),

where the constant C depends on R and is decreasing in R.

@ The above estimate holds for all » > 0 in many cases. E.g. :
stable case, rel. stable, geometric stable, sum of two
independent stable. In the case of one dimensional process it is
always true. We do not know any example in multidimensional
case when it fails.

@ The upper bound is true for any rotationally invariant Lévy

process.
@ Recall that for any subordiante Brownian motion
Vir)~ L S—
() Y(r=2)
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Estimates of the mean exit time

Lemma

Assume USC for ¢)'. Let D = B(0, R)°. Suppose that r < R. Let
x € D such that 0 < ép(z) <r/2 and zo = z/|x|. We take

Dy = B(xg,7) N D. Then there is a constant C dependent of R
such that

sp,(x) = E*tp, < CV(r)V(dp(x))
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Estimates of the mean exit time

Lemma

Assume USC for i)’. Let D = B(0, R)°. Suppose that r < R. Let
x € D such that 0 < ép(z) <r/2 and zo = z/|x|. We take

Dy = B(xg,7) N D. Then there is a constant C dependent of R
such that

sp,(x) = E*tp, < CV(r)V(dp(x))

@ The above estimates are based on the estimates of the action
of the generator on a test function which is built from V. The
idea comes from the paper of Kim, Song and Vondracek
(2011).
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Survival time estimates

Let R < 1. There are Cy,Cso such that fort < C1V?(R)

V(&
(dB(o,R)) A 1) ‘

PZ(TB(O,R) >t) > Oy ( /i
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Survival time estimates

Let R < 1. There are Cy,Cso such that fort < C1V?(R)

V(6
PZ(TB(O,R) >t) > Oy (% A\ 1) .

Let D = B(0,1)¢ and let t < 1. There is C' such that

V(6p(z))
Y

P*(tp >t) < C
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Good properties for the transition density of the free process

Suppose that for t <1 and |y| < R:

[A1]  1f V(Jy])? < t, then Cip(t,0) < p(t,y) < p(t,0).
[A2]  Cy'p(t,y) < tv(y) < Cop(t,y), provided t < V(|y|)?

for some constants C7, Co possibly dependent on R.
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Good properties for the transition density of the free process

Suppose that for t <1 and |y| < R:
(A1l If V(Jy])? < t, then Cip(t,0) < p(t,y) < p(t,0).
[A2] - Cy'p(t,y) < tu(y) < Cop(t,y), provided ¢ < V(Jy|)?
for some constants Cy, Cy possibly dependent on R.
If t <V(|y|)? then A2 implies

sup p(s,y) < Csp(t,y).
s<t

The above conditions are satisfied by a number of examples: stable,
relativistic stable, sum of two stable processes (non-Gaussian), but
not for the geometric stable since p(¢,0) = oo for small ¢.
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Good properties for the transition density of the free process

Suppose that for t <1 and |y| < R:
(A1l If V(Jy])? < t, then Cip(t,0) < p(t,y) < p(t,0).
[A2] - Cy'p(t,y) < tu(y) < Cop(t,y), provided ¢ < V(Jy|)?
for some constants Cy, Cy possibly dependent on R.
If t <V(|y|)? then A2 implies

sup p(s,y) < Csp(t,y).
s<t

The above conditions are satisfied by a number of examples: stable,
relativistic stable, sum of two stable processes (non-Gaussian), but
not for the geometric stable since p(¢,0) = oo for small ¢.

pe(y) = p(t,0) Atv(y),t < 1,ly| < R
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Heat kernel estimates.

Theorem (Bogdan, Grzywny, R 2012)

Assume LSC and USC for the subordinator.

(A) Then the conditions A1 and A2 hold.

(B) Suppose that D is a bounded C! at scale ro. There are
constants C, ¢y, co dependent 1), ro and the diameter of D such

that
C'P*(tp > t) p(t,c1(z — y)) PY(mp > t)
S pD(taxay)
< CP*(tp>t)p(t,ca(lx —y)) PY(rp >t), 0<t<l.
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Heat kernel estimates.

Theorem (Bogdan, Grzywny, R 2012)

Assume LSC and USC for the subordinator.

(A) Then the conditions A1 and A2 hold.

(B) Suppose that D is a bounded C! at scale ro. There are
constants C, ¢y, co dependent 1), ro and the diameter of D such
that

C™'P*(rp > t) p(t,e1(x — y)) PY(1p > t)
< pD(taxay)
< CP*(tp>t)p(t,ca(lx —y)) PY(rp >t), 0<t<l.

In the recent years there has been a big progress in studying
subordinate Brownian motions. For example Chen, Kim, Song in a
number of papers (2010-2012) obtained sharp heat kernel estimates
in particular cases of subordinate Brownian motions for bounded
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Lower bound in the case D = B(0,1)

Lemma

Suppose that r < 1 and R > 0. There are ¢1,c*,C = C(R) such
that for t < c*V2(r) we have

PB(z,r)UB(y,r) (t7 u, U) > Cp(ta Cl(x - y)) ) ‘l‘ - y‘ <R.

where u € B(x,r/16) and v € B(y,r/16)
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Lower bound in the case D = B(0,1)

Lemma

Suppose that r < 1 and R > 0. There are ¢1,c*,C = C(R) such
that for t < c*V2(r) we have

PB(z,r)UB(y,r) (t7 u, U) > Cp(ta Cl(x - y)) ) ‘l‘ - y‘ <R.

where u € B(x,r/16) and v € B(y,r/16)

Let D = B(z,r)U B(y,r). Let D; = B(z,r) and D3 = B(y,r)
be disjoint. Then inf,cp, .ep, V(2 —u) > v(2(z —y))
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Lower bound in the case D = B(0,1)

Lemma

Suppose that r < 1 and R > 0. There are ¢1,c*,C = C(R) such
that for t < c*V2(r) we have

PB(z,r)UB(y,r) (ta u, U) > Cp(ta Cl(x - y)) ) ‘l‘ - y‘ <R.

where u € B(x,r/16) and v € B(y,r/16)

Let D = B(z,r)U B(y,r). Let D; = B(z,r) and D3 = B(y,r)
be disjoint. Then inf,cp, .ep, V(2 —u) > v(2(z —y))

pp(t,u,v) > tP“(tp, > t) P’(Tpy > 1) ueDilr,lgeDg v(z—u)
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Lower bound in the case D = B(0,1)

Lemma

Suppose that r < 1 and R > 0. There are ¢1,c*,C = C(R) such
that for t < c*V2(r) we have

PB(z,r)UB(y,r) (ta u, U) > Cp(ta Cl(x - y)) ) ‘l‘ - y‘ <R.

where u € B(x,r/16) and v € B(y,r/16)

Let D = B(z,r)U B(y,r). Let D; = B(z,r) and D3 = B(y,r)
be disjoint. Then inf,cp, .ep, V(2 —u) > v(2(z —y))

pp(t,u,v) > tP“(tp, > t) P’(Tpy > 1) ueDilr,lgeDg v(z—u)

pp(t,u,v) > PY(tp, > 1) P'(1py > 1) tv(2(x—y)) = Cp(t, 2(x—y))
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Lower bound in the case D = B(0,1)

Lemma

Let D= B(0,1). Letr <1. Letz € D : dp(x) < r/6. Denote
xo = z/|z|, x1 = xo(1 —r/3) and By = B(x1,7/8). There are
C, c such that for t < cV2(r),

t ¥
/ pp(t, z,v)dv > CVZ—(T)P (tp >t)

x
4
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Lower bound in the case D = B(0,1)

Lemma

Let D= B(0,1). Letr <1. Letz € D : dp(x) < r/6. Denote
xo = z/|z|, x1 = xo(1 —r/3) and By = B(x1,7/8). There are
C, c such that for t < cV2(r),

t ¥
/ pp(t, z,v)dv > CVZ—(T)P (tp > t)

x
4

Suppose that t < to and choose r such that t = cV?(r) then for
x € D with ép(x) < r/6.

/ pp(t,z,u)du > CP*(1p > t).
Bz
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Assume that the same holds for y € D

/ pp(t,z,u)du > CP (1p > t).
B.

pp(3t,z,y) > / / pp(t,z, u)pp(t,u,v)pp(t,v,y)dudv
By -

v

inf pD(tauv U) / pD(t,x,u)du/ pD(ta,U’y)d,U
u€ By, vEBy By By

> Cp(t,c(x —y))P*(tp > t)PY(rp > 1).
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Estimate of pp(t, x,y) for D = B(0, 1)°

Let 7,y € D. Let t < 1. We choose 7: V(1) = /t. First, assume
V2(jx —y|/3) > t, so |x —y| > 3r. We define

Dy = B(xzo, )N D, z9=z/|z|

and
D3 = B(z, |z — y|/2)°N D,
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Estimate of pp(t,z,y) for D = B(0,1)°

Let 7,y € D. Let t < 1. We choose 7: V(1) = /t. First, assume
V2(jx —y|/3) > t, so |x —y| > 3r. We define

Dy = B(xzo, )N D, z9=z/|z|

and
D3 = B(z, |z —y|/2)°ND

We assume 0 < dp(z) < r/3. Note that z € Dy = D\ (D1 U Dy),

|z —y| > |z —yl|/2,

sup  p(s,z —y) <supp(t, (z —y)/2) = q(t,(z —y)/2)

s<t,z€Da s<t
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Moreover for u € D1, z € D3 we have
lu—z| > |z —y|/2 — |z —u| — |zg — | > |x — y|/18, hence

sup  v(z— ) < v((z — y)/18).
uED1,2z€D3
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Moreover for u € D1, z € D3 we have
lu—z| > |z —y|/2 — |z —u| — |zg — | > |x — y|/18, hence

sup  v(z— ) < v((z — y)/18).
uED1,2z€D3

By Lemma

pD(taxay) < Pm(XTDl € DZ) sup p(’S?Z - y)
s<t,z€D2

+ (tANE®tp,) sup v(z—u),
ueD1,2€D3

hence

po(t,z,y) < PY(Xrp, € Da)q(t, (x—y)/2)+ E*1p,v((x—y)/18),
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Moreover for u € D1, z € D3 we have
lu—z| > |z —y|/2 — |z —u| — |zg — | > |x — y|/18, hence

sup  v(z— ) < v((z — y)/18).
uED1,2z€D3

By Lemma

pD(taxay) < Pm(XTDl € DZ) sup p(’S?Z - y)

s<t,z€D2
+ (tANE®tp,) sup v(z—u),
ueD1,2€D3
hence
po(t,z,y) < P*(X7p,, € D2)q(t, (x—y)/2)+E"mp,v((z—y)/18),
Next,
E*tp,
Px(XTDl € DQ) <C VQ(’I”)
and

E*rtp, <CV(r)V(dp(x)).
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Hence
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Hence




Hence

V(ép(z))
Vi(r)

Recall that V2(r) = t, so we obtain

po(t,z,y) <C (at, (z = y)/2) + VE(r)v((z —y)/18)) ,

Pt ey) < cmji(“’”” (alt, (& — 9)/2) + to((x — )/18)
< ov(éji(x” (p(t. ez — 9),

where we use the assumption on ¢(¢,x) and the Lévy density (if
V3(|lz —yl/3) > 1).




Next, we deal V2(|x — y|/3) < t. Then it is trivial that
V(ép(x))

\/‘E ’
where the last step follows from one of the previous Lemmas.
If V2(|o —y|/3) <t then p(t,0) < Cp(t,c(z —y).

pD(2t,x,y) < p(tv())Px(TD > t) < p(ta 0)
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Next, we deal V2(|x — y|/3) < t. Then it is trivial that

pp(2t,z,y) < p(t,0)P*(tp > t) < p(t, O)V(‘S\th(””)),

where the last step follows from one of the previous Lemmas.
If V2(|o —y|/3) <t then p(t,0) < Cp(t,c(z —y).
Combining all facts we obtain

polt,z,y) < C (”5%” A 1) plt, ez — ),

where z,y € D |z|,|y| < R, R > 1 and the constant C' = C(R)
increases with R.
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Next, we deal V2(|x — y|/3) < t. Then it is trivial that

pp(2t,z,y) < p(t,0)P*(tp > t) < p(t, O)V(‘S\th(x)),

where the last step follows from one of the previous Lemmas.
If V2(|o —y|/3) <t then p(t,0) < Cp(t,c(z —y).
Combining all facts we obtain

polt,z,y) < C (”‘”’ﬁ(” A 1) plt, ez — ),

where z,y € D |z|,|y| < R, R > 1 and the constant C' = C(R)
increases with R.

pD(t,l‘,y) < Cpx(TD > t)p(t,c(l‘ - y)):

where C' might depend on R in the increasing way.
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