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Parabolic Problems - Related Articles

@ A new formulation of Harnack’s inequality for nonlocal operators,
C. R. Math. Acad. Sci. Paris, 2011

@ (with A. Mimica)
Analysis of jump processes with nondegenerate jumping kernels,
arXiv

@ (with M. Felsinger)
Local regularity for parabolic nonlocal operators, arXiv

@ (with B. Dyda)
Local regularity and comparability for symmetric nonlocal Dirichlet
forms, arXiv (new version soon)
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Discussion of the title |
Nonlocal Operators:

@ (—A)*/2 or more general generators of Lévy processes

o (Lu)(x) =p.v. [ (u(y)— u(x))k(x,y)dx
Rd

Local Regularity:

@ Given D C R? we establish properties in D' € D which hold uniformly
for all functions u which satisfy Lu = for Lu < fin D.

@ We interpret Lu = f or Lu < fin D probabilistically if helpful.

Area strongly influenced by Hilbert’s 19th problem and the solution by
DeGiorgi/Nash. Problem: Given F € C>(RY) convex with bounded
2nd derivatives, can one prove that every minimizer of
I(v) = [ F(Vv(x))d(x) is smooth ?

D

Moritz KaBmann Reg. for parabolic nonlocal operators September 14, 2012 4/22



Universitt Bielefeld @

Discussion of the title Il
Robust Approach:
Given ag € (0,2) assume

r L is an (integro-)differential operator of
differentiability order o with ag < a <2 | °

A (regularity) result for £ is called robust if the corresponding estimates for
L € £ are uniformly continuous for o € («v, 2) where « corresponds to L.
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Discussion of the title Il
Robust Approach:
Given ag € (0,2) assume

ccll L is an (integro-)differential operator of
differentiability order o with ag < a <2 | °

A (regularity) result for £ is called robust if the corresponding estimates for
L € £ are uniformly continuous for a € (ayg, 2) where « corresponds to L.
Example: Assume £ = {(—A)*?|ag < o < 2}. Then

t

p(t,x,y) < t“"/d(m) cannot be robust.

But, for D ¢ R3 a bounded C'-'-domain,

1A dp(x)*/26p(y)/2
X — y|*
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Discussion of the title Ill
Why are robust results interesting?
@ Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.
@ Important for the investigation of operators like (—A)**), ag < a < 2.
@ ... not necessarily as a tool for the study of the limit case a = 2.
What are specific problems ?

@ Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.

@ Assumptions and technical tools/auxiliary results have to be robust !
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Discussion of the title Il
Why are robust results interesting?

@ Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.
@ Important for the investigation of operators like (—A)**), ag < a < 2.
@ ... not necessarily as a tool for the study of the limit case a = 2.
What are specific problems ?
@ Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.

@ Assumptions and technical tools/auxiliary results have to be robust !

Example:(Poincaré Inequality) Given « € (v, 2), p > 1, ¢ some
admissible weight, there is C = C(ayp, p, d, ¢) > 0 such that for u € LP(By)

/ u(x) — U [P6(x) o < C(2 — a) // ) (60) A 0l oy o
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Elliptic Problems - Symmetric Nonlocal Dirichlet Forms
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Elliptic Problems |

For k : R? x RY — [0, 00) and « € (0,2) we consider the following
quadratic forms on L2(D) x L2(D):

SD(u u) //(u —u(x (x y)dxdy, (1)
£3(u,u) = a(2 - a) /D /D (u(y) — u()lx — y| @ dxdy,  (2)

where D C RY is some open set.
Given a kernel k : RY x R — [0, 0o) and functions u, v : RY — R we
define the quantity

E(u, v) = // y) — u(x) (v(y) — v(x))k(x, ) dy dx

if it is finite.
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Elliptic Problems Il
Assume a € (0,2), A,B>1and k : R x R? — [0, 00) be measurable.

For all balls B  R? with radius smaller or equal one and all
functions u € CX(B): A 'ER(u,u) < E5(u,u) < AEK(u, u).

For every R, p € (0, 1) there is a nonnegative function
7 € C'(RY) with supp(7) C Bry,, 7(x) = 1 on Bg and
2 —Q
sup [ (r(y) = 7(x))"k(x,y) dy < Bp™*.

xERA
R
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Elliptic Problems il

Fix ap € (0,2), A> 1, B> 1. Let K£(ap, A, B) denote the set of all
measurable kernels k : R? x R — [0, co) with the property that for each
kernel k there is a € (ap,2) such that (A) and (B) hold.

Theorem (Weak Harnack Inequality, MKO7, Dyda-MK11)

Letag € (0,2) and A > 1, B > 1. There are positive reals py, ¢ such that
for every k € K(ag, A, B) and every u € L°(R9) N Ha/Z(B(1 )) withu >0

loc

in B(1) satistying £¥(u, ¢) > 0 for every nonnegative ¢ € C3°(B(1)) the
following inequality holds:

cBinf u>( ][ u(x)P dx)”p0 —cC sup / u=(2)k(x,z)dz.
(1/4) 5 xeB(1/2)
(1/2) RA\B(1)

The constants py, ¢ depend only on d, ap, A, B.

y
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Parabolic Problems
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Parabolic Problems - Setup

Fix an open domain Q Cc R%, d >3,/ C R, ag € (0,2) and v, M, \, A > 0.
Fort e I, a € (ap,2) and x, y € RY assume ki(x, y) = ki(y, x) and

A2 —a) A2 —a)

|X_y|d+a§kt(xay)§ |X—y|d+a if |X_y|§17 (K1)
M2 — « .
Oﬁkt(x»}’)ﬁw it [x—yl>1. (K2)

We study (super-)solutions u: / x R — R of
otu—Lu=f in/xQ,

where  (Lu)(t,x) = p.v. /Rd(u(t,y) — u(t, X)) ke(x, ) dy.
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Parabolic Problems - Special case: L = —(—A)*/2

a+
G-

Let Ay —o = W(_ZQ)N Note that

Ag_o~a2—a) foraec(0,2).

If ke(X, ¥) = Ag.—a |x — y| 797, then for u € C°(RY)

L u(y) — u(x)
(Lu)(x) = Ag—a m| /| il
y—x|>e

Lu(¢) = ¢ T(E).
Think: k(x,y) = (2 — a)g(t, x,y) |x — y| 797 with A < g(t, x, ) < A.
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Parabolic Problems - Main Theorems |

Theorem (Weak Harnack inequality, MF/MK 2012)

There is a constant C = C(d, aw, A, \, v, M) such that for every
supersolution u on Q = (—1,1) x Bx(0) which is nonnegative in
(—1,1) x RY the following inequality holds:

ey < € (fpru+ Wi (H)

where Us = (1 — (3)*,1) x By2(0), Us = (—1,—1+(3)*) x By/2(0).
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Parabolic Problems - Main Theorems |

Theorem (Weak Harnack inequality, MF/MK 2012)

There is a constant C = C(d, aw, A, \, v, M) such that for every
supersolution u on Q = (—1,1) x Bx(0) which is nonnegative in
(—1,1) x RY the following inequality holds:

ey < € (fpru+ Wi (H)

where Uy = (1— (3)*,1) x By2(0), Us = (=1, 1+ (3)*) x B12(0).

« in the domains Ug and Ug can be replaced 2, i.e. the assertion is still
true if

Up = (3,1) x B12(0), Us = (—1,-2) x By 2(0).
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Parabolic Problems - Remarks

"For every supersolution® means

o forevery a € (v, 2)
o for every ki(x, y) satisfying (K1), (K2)
e for every supersolution.
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Parabolic Problems - Remarks

"For every supersolution“ means
o forevery a € (v, 2)
o for every ki(x, y) satisfying (K1), (K2)
e for every supersolution.

Example: For o, =2 — 15 k{'(x,y) corresponding to a, and u, a
(super-)solution to
atUn - LnUn = f,

the estimate holds uniformly in n € N.
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Parabolic Problems - Main Theorems i

Theorem (Hélder regularity)

There is a constant 5 = 5(d, A, \,v, M, ap) such that for every solution u
in@Q=1xQ withf =0 and every Q & Q the following estimate holds:

pa— u oo
sup lu(t, x) — u(s, y)| < | IILDnga) |
(tx),(s.y)eQ <\x —yl+|t— S|1/a)

with some constant D = D(Q, Q') > 0.

Moritz KaBmann Reg. for parabolic nonlocal operators September 14, 2012 16/22




Proof of the Harnack inequality — Key Lemma @

Lemma (Bombieri-Giusti)

Let (U(r))o<r<1 be increasing with U(r) C R%*". Fixm,cy > 0, 6 € [1/2,1],
n € (0,1) and0 < py < oo. Assume that w: U(1) — [0, o0) is measurable and

1/po 1/p—1/po 1/p
(Ué we) §<—(R—r)cf(’)7|u(1)|> (U(/R) w?) U <o (BGH)
forallr,R € [0,1],r < R and for allp € (0,1 A npo). Additionally suppose
Vs > 0: |U(1)ﬂ{|ogw>s}|§%|u(1)|. (BG2)
Then there is a constant C = C(0,n, m, ¢y, po) Such that

(/ W”“)Um < clua)® .

u(o)

4
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r R¢
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Moritz KaBmann Reg. for parabolic nonlocal operators September 14, 2012 18/22



Proof of the Harnack inequality — Tool 1 @

Let u be a supersolution and set t = u + 11l o< (-
U~ satisfies (BG1) with pp = oo and U(r) = (1 — r*,1) x B,.
U satisfies (BG1) with pp = 1 and U(r) = (=1, -1+ r®) x B,.

Proposition 1

Let% < r < R < 1. There are constants Cy, Co,w > 0 depending on
d, o, A\, \, M, ~ such that for every supersolution u in Qg = (—R*, R*) x Q,
Q> Brwithu>e>0inQpg:

1
N . " ) /P
Vp > 0: il(er)) u' < (m) / u—P(t, x)dxdt )
U(R)
]
) o " i /p
Vp e (0,1): /u(t,x)dxdtg (W) / uP(t, x) dx dt

u(n (R)

v
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Proof of the Harnack inequality — Tool 2 @

w = e 2y~ ! satisfies (BG2)
w = e%u satisfies (BG2)

Proposition 2

There is C = C(d, a, A\, \, v, M) > 0 such that for every supersolution u
in Q = (—1,1) x Bx(0) which satisfies u > ¢ > 0 in (—1,1) x RY, there is
a constant a = a(u) € R such that:

Vs > 0: (dt ® dx) (Qa(1) N {logd < —s — a}) < L1521 C|B1|
Vs> 0: (dt®dx)(Qs(1)N{logu >s—a}) < C|SB1’.

Note logu < —s—a< logw > sandlogu > s —a< logw > s.
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Proof of the Harnack inequality — Final argument

[ ®)

Both w = e~ 2y~ " and w = e?u satisfy the assumptions in the Lemma of

Bombieri-Giusti. Hence,

sup w=e?sup U ' <C,
U(1/2) u(1/2)
”W||L1(U(1/2)) = e ||UHL1 U(1/2)) <C.
This yields
—1
u <CC| sup u" ’
18l @1 2y < (U(1/2) )
and finally

and

1
ullpuey < Nullpusy = € <SUPH_1> <C (infU-l- ||f||Loo(o)) :
Us Us

Moritz KaBmann Reg. for parabolic nonlocal operators

September 14, 2012

21/22



Proof of the Harnack inequality — Final argument @
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