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A new formulation of Harnack’s inequality for nonlocal operators,
C. R. Math. Acad. Sci. Paris, 2011
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Discussion of the title I
Nonlocal Operators:

(−∆)α/2 or more general generators of Lévy processes

(Lu)(x) = p.v .
´
Rd

(
u(y)− u(x)

)
k(x , y)dx

Local Regularity:

Given D ⊂ Rd we establish properties in D′ b D which hold uniformly
for all functions u which satisfy Lu = f or Lu ≤ f in D.

We interpret Lu = f or Lu ≤ f in D probabilistically if helpful.

Area strongly influenced by Hilbert’s 19th problem and the solution by
DeGiorgi/Nash. Problem: Given F ∈ C∞(Rd ) convex with bounded
2nd derivatives, can one prove that every minimizer of
I(v) =

´
D

F (∇v(x))d(x) is smooth ?
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Discussion of the title II
Robust Approach:
Given α0 ∈ (0, 2) assume

L ⊂
{

L
∣∣∣ L is an (integro-)differential operator of

differentiability order α with α0 ≤ α < 2

}
.

A (regularity) result for L is called robust if the corresponding estimates for
L ∈ L are uniformly continuous for α ∈ (α0, 2) where α corresponds to L.

Example: Assume L = {(−∆)α/2|α0 ≤ α < 2}. Then

p(t , x , y) � t−α/d
( t
|x − y |α+t

)
cannot be robust .

But, for D ⊂ R3 a bounded C1,1-domain,

GD(x , y) � |x − y |α−d
(

1 ∧ δD(x)α/2δD(y)α/2

|x − y |α
)

can be robust .
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Discussion of the title III
Why are robust results interesting?

Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.
Important for the investigation of operators like (−∆)α(x), α0 ≤ α ≤ 2.
... not necessarily as a tool for the study of the limit case α = 2.

What are specific problems ?
Detection of joint properties of continuous/discontinuous processes or
local/nonlocal operators.
Assumptions and technical tools/auxiliary results have to be robust !

Example:(Poincaré Inequality) Given α ∈ (α0, 2), p ≥ 1, φ some
admissible weight, there is C = C(α0, p, d , φ) > 0 such that for u ∈ Lp(B1)ˆ

B1

|u(x)− uφB1
|pφ(x) dx ≤ C(2− α)

¨

B1B1

|u(x)− u(y)|p
|x − y |d+pα/2

(φ(y) ∧ φ(x)) dy dx
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Elliptic Problems - Symmetric Nonlocal Dirichlet Forms
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Elliptic Problems I
For k : Rd × Rd → [0,∞) and α ∈ (0, 2) we consider the following
quadratic forms on L2(D)× L2(D):

Ek
D(u, u) =

ˆ
D

ˆ
D

(u(y)− u(x))2k(x , y) dx dy , (1)

EαD (u, u) = α(2− α)

ˆ
D

ˆ
D

(u(y)− u(x))2|x − y |−d−α dx dy , (2)

where D ⊂ Rd is some open set.
Given a kernel k : Rd × Rd → [0,∞) and functions u, v : Rd → R we
define the quantity

Ek (u, v) =

¨

RdRd

(
u(y)− u(x)

)(
v(y)− v(x)

)
k(x , y) dy dx ,

if it is finite.
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Elliptic Problems II
Assume α ∈ (0, 2), A,B ≥ 1 and k : Rd × Rd → [0,∞) be measurable.

For all balls B ⊂ Rd with radius smaller or equal one and all

functions u ∈ C∞c (B) : A−1 Ek
B(u, u) ≤ EαB (u, u) ≤ A Ek

B(u, u) .
(A)

For every R, ρ ∈ (0, 1) there is a nonnegative function

τ ∈ C1(Rd ) with supp(τ) ⊂ BR+ρ, τ(x) ≡ 1 on BR and

sup
x∈Rd

ˆ

Rd

(
τ(y)− τ(x)

)2k(x , y) dy ≤ Bρ−α .
(B)
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Elliptic Problems III

Fix α0 ∈ (0, 2), A ≥ 1, B ≥ 1. Let K(α0,A,B) denote the set of all
measurable kernels k : Rd × Rd → [0,∞) with the property that for each
kernel k there is α ∈ (α0, 2) such that (A) and (B) hold.

Theorem (Weak Harnack Inequality, MK07, Dyda-MK11)

Let α0 ∈ (0, 2) and A ≥ 1,B ≥ 1. There are positive reals p0, c such that
for every k ∈ K(α0,A,B) and every u ∈ L∞(Rd ) ∩ Hα/2

loc (B(1)) with u ≥ 0
in B(1) satisfying Ek (u, φ) ≥ 0 for every nonnegative φ ∈ C∞c (B(1)) the
following inequality holds:

c inf
B(1/4)

u ≥
(  

B(1/2)

u(x)p0 dx
)1/p0 − c sup

x∈B(1/2)

ˆ

Rd\B(1)

u−(z)k(x , z) dz .

The constants p0, c depend only on d , α0,A,B.
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Parabolic Problems
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Parabolic Problems - Setup

Fix an open domain Ω ⊂ Rd , d ≥ 3, I ⊂ R, α0 ∈ (0, 2) and γ,M, λ,Λ > 0.
For t ∈ I, α ∈ (α0, 2) and x , y ∈ Rd assume kt (x , y) = kt (y , x) and

λ (2− α)

|x − y |d+α
≤ kt (x , y) ≤ Λ (2− α)

|x − y |d+α
if |x − y | ≤ 1, (K1)

0 ≤ kt (x , y) ≤ M(2− α)

|x − y |d+γ
if |x − y | > 1 . (K2)

We study (super-)solutions u : I × Rd → R of

∂tu − Lu = f in I × Ω,

where (Lu)(t , x) = p.v .
ˆ
Rd

(u(t , y)− u(t , x)) kt (x , y) dy .
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Parabolic Problems - Special case: L = −(−∆)α/2

Let Ad ,−α =
2αΓ( d+α

2 )
πd/2|Γ(−α2 )| . Note that

Ad ,−α ∼ α(2− α) for α ∈ (0, 2).

If kt (x , y) = Ad ,−α |x − y |−d−α, then for u ∈ C∞c (Rd )

(Lu)(x) = Ad ,−α lim
ε→0

ˆ

|y−x |>ε

u(y)− u(x)

|y − x |d+α
dy

L̂u(ξ) = |ξ|α û(ξ).

Think: kt (x , y) = (2− α)g(t , x , y) |x − y |−d−α with λ ≤ g(t , x , y) ≤ Λ.
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Parabolic Problems - Main Theorems I

Theorem (Weak Harnack inequality, MF/MK 2012)

There is a constant C = C(d , α0, λ,Λ, γ,M) such that for every
supersolution u on Q = (−1, 1)× B2(0) which is nonnegative in
(−1, 1)× Rd the following inequality holds:

‖u‖L1(U	) ≤ C
(

inf
U⊕

u + ‖f‖L∞(Q)

)
, (HI)

where U⊕ =
(
1− ( 1

2 )α, 1
)
× B1/2(0), U	 =

(
−1,−1 + ( 1

2 )α
)
× B1/2(0).

α in the domains U⊕ and U	 can be replaced 2, i.e. the assertion is still
true if

U⊕ =
(3

4 , 1
)
× B1/2(0), U	 =

(
−1,−3

4

)
× B1/2(0).
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Parabolic Problems - Remarks

”For every supersolution“ means

for every α ∈ (α0, 2)
for every kt (x , y) satisfying (K1), (K2)

for every supersolution.

Example: For αn = 2− 1
n , kn

t (x , y) corresponding to αn and un a
(super-)solution to

∂tun − Lnun = f ,

the estimate holds uniformly in n ∈ N.
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Parabolic Problems - Main Theorems II

Theorem (Hölder regularity)

There is a constant β = β(d , λ,Λ, γ,M, α0) such that for every solution u
in Q = I × Ω with f = 0 and every Q′ b Q the following estimate holds:

sup
(t,x),(s,y)∈Q′

|u(t , x)− u(s, y)|
(
|x − y |+ |t − s|1/α

)β ≤
‖u‖L∞(I×Rd )

Dβ
,

with some constant D = D(Q,Q′) > 0.
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Universität Bielefeld Proof of the Harnack inequality – Key Lemma

Lemma (Bombieri-Giusti)

Let (U(r))θ≤r≤1 be increasing with U(r) ⊂ Rd+1. Fix m, c0 > 0, θ ∈ [1/2, 1],
η ∈ (0, 1) and 0 < p0 ≤ ∞. Assume that w : U(1)→ [0,∞) is measurable and

( ˆ

U(r)

wp0

)1/p0

≤
(

c0

(R − r)m |U(1)|

)1/p−1/p0 ( ˆ

U(R)

wp
)1/p

<∞ (BG1)

for all r ,R ∈ [θ, 1], r < R and for all p ∈ (0, 1 ∧ ηp0). Additionally suppose

∀s > 0 : |U(1) ∩ {log w > s}| ≤ c0

s
|U(1)| . (BG2)

Then there is a constant C = C(θ, η,m, c0, p0) such that

( ˆ

U(θ)

wp0

)1/p0

≤ C |U(1)|1/p0 .

Moritz Kaßmann Reg. for parabolic nonlocal operators September 14, 2012 17 / 22



Universität Bielefeld Proof of the Harnack inequality – Key Lemma

Rd

t

B2 × (−1, 1)

Û(r)

U(r)

U⊕ = U(12 )

U⊖ = Û(12 )

rα

rα

r
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Universität Bielefeld Proof of the Harnack inequality – Tool 1

Let u be a supersolution and set ũ = u + ‖f‖L∞(Q).
ũ−1 satisfies (BG1) with p0 =∞ and U(r) = (1− rα, 1)× Br .
ũ satisfies (BG1) with p̂0 = 1 and Û(r) = (−1,−1 + rα)× Br .

Proposition 1

Let 1
2 ≤ r < R ≤ 1. There are constants C1,C2, ω > 0 depending on

d , α0, λ,Λ,M, γ such that for every supersolution u in QR = (−Rα,Rα)× Ω,
Ω c BR with u ≥ ε > 0 in QR :

∀p > 0 : sup
U(r)

ũ−1 ≤
(

C1

(R − r)d+α

)1/p




ˆ

U(R)

ũ−p(t , x) dx dt




1/p

,

∀p ∈ (0, 1) :

ˆ

Û(r)

ũ(t , x) dx dt ≤
(

C2

(R − r)ω

)1/p−1




ˆ

Û(R)

ũp(t , x) dx dt




1/p

.
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Universität Bielefeld Proof of the Harnack inequality – Tool 2

w := e−aũ−1 satisfies (BG2)
ŵ := eaũ satisfies (BG2)

Proposition 2

There is C = C(d , α0, λ,Λ, γ,M) > 0 such that for every supersolution u
in Q = (−1, 1)× B2(0) which satisfies u ≥ ε > 0 in (−1, 1)× Rd , there is
a constant a = a(ũ) ∈ R such that:

∀s > 0 : (dt ⊗ dx) (Q⊕(1) ∩ {log ũ < −s − a}) ≤ C |B1|
s

,

∀s > 0 : (dt ⊗ dx) (Q	(1) ∩ {log ũ > s − a}) ≤ C |B1|
s

.

Note log ũ < −s − a⇔ log w > s and log ũ > s − a⇔ log w > s.
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Universität Bielefeld Proof of the Harnack inequality – Final argument

Both w = e−aũ−1 and ŵ = eaũ satisfy the assumptions in the Lemma of
Bombieri-Giusti. Hence,

sup
U(1/2)

w = e−a sup
U(1/2)

ũ−1 ≤ C, and

‖ŵ‖L1(Û(1/2)) = ea ‖ũ‖L1(Û(1/2)) ≤ Ĉ .

This yields

‖ũ‖L1(Û(1/2)) ≤ C Ĉ

(
sup

U(1/2)
ũ−1

)−1

,

and finally

‖u‖L1(U	) ≤ ‖ũ‖L1(U	) ≤ C

(
sup
U⊕

ũ−1

)−1

≤ C
(

inf
U⊕

u + ‖f‖L∞(Q)

)
.
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