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X; - the symmetric a-stable process in RY, o € (0,2).
g : R? — R belongs to the Kato class J¢.

@ We say that a Borel function v on R? is g-harmonic in an
open set D C R¥ iff

u(x) = E [exp < /0 ™ a(x:) ds> u(XTW)] Cxew,

for every open bounded set W, with W C D.
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X; - the symmetric a-stable process in RY, o € (0,2).
g : R? — R belongs to the Kato class J¢.

@ We say that a Borel function v on R? is g-harmonic in an
open set D C R¥ iff

u(x) = E [exp < /0 ™ a(x:) ds> u(XTW)} Cxew,

for every open bounded set W, with W C D.

o If uis g-harmonic in open set D C RY then u is a weak
solution of
A*?u4+qu=0, on D. (1)

A2 ;= —(—A)*/? - the fractional Laplacian.
A®/2 1 g - the fractional Schrédinger operator.
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X; - the symmetric a-stable process in RY, o € (0,2).
g : R? — R belongs to the Kato class J¢.

@ We say that a Borel function v on R? is g-harmonic in an
open set D C R¥ iff

u(x) = E [exp < /0 ™ a(x:) ds> u(XTW)} Cxew,

for every open bounded set W, with W C D.

o If uis g-harmonic in open set D C RY then u is a weak
solution of
A*?u4+qu=0, on D. (1)
A2 ;= —(—A)*/? - the fractional Laplacian.
A®/2 1 g - the fractional Schrédinger operator.

o If D c RY is an open bounded set and (D, q) is gaugeable
then a weak solution of (1) is a g-harmonic function on D
after a modification on a set of Lebesgue measure zero.
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@ If uis g-harmonic in D then it is continuous in D.
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@ If uis g-harmonic in D then it is continuous in D.

Theorem 1

Let a € (0,1], d € N and D C R9 be an open bounded set.
Assume that g : D — R is Holder continuous with Holder
exponent 17 > 1 — «. Let u be g-harmonic in D. If u is nonnegative
in R then Vu(x) exists for any x € D and we have

u(x)

< © /N A 10 D7
|Vu(x)] C(5D(x)/\1 X €

where dp(x) = dist(x,dD) and ¢ = ¢(«, d, q).
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@ If uis g-harmonic in D then it is continuous in D.

Theorem 1

Let a € (0,1], d € N and D C R9 be an open bounded set.
Assume that g : D — R is Holder continuous with Holder
exponent 17 > 1 — «. Let u be g-harmonic in D. If u is nonnegative
in R then Vu(x) exists for any x € D and we have

u(x)
< 9 D7
|Vu(x)] Cép(x) 1 X €

where dp(x) = dist(x,dD) and ¢ = ¢(«, d, q).

<

@ The existence of Vu(x) and similar gradient estimates are well
known: for & = 2, M. Cranston, Z. Zhao (1990),
for a € (1,2), K. Bogdan, T. K., A. Nowak (2002).
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@ If uis g-harmonic in D then it is continuous in D.

Theorem 1

Let a € (0,1], d € N and D C R9 be an open bounded set.
Assume that g : D — R is Holder continuous with Holder
exponent 17 > 1 — «. Let u be g-harmonic in D. If u is nonnegative
in RY then Vu(x) exists for any x € D and we have

u(x

)
|Vu(x)| < CW,

x € D,

where dp(x) = dist(x,dD) and ¢ = ¢(«, d, q).

<

@ The existence of Vu(x) and similar gradient estimates are well
known: for & = 2, M. Cranston, Z. Zhao (1990),
for a € (1,2), K. Bogdan, T. K., A. Nowak (2002).

@ The results for a € (1,2] were shown under the assumption
that g € 72 1. The case o € (0,1] is different. In the proof
of Theorem 1 probabilistic ideas are used (see e.g. B.

», », A/ N
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One may ask whether it is possible to weaken the assumption in
Theorem 1 that q is Holder continuous with Holder exponent

n > 1 — a. It occurs that the exponent n = 1 — « is critical in the
following sense.

Proposition 2

For any a € (0,1], d € N and any open bounded set D C R? there
exists g : D — [0, 00) which is 1 — o Holder continuous, a function
u:R? — [0,00) which is g-harmonic in D and a point z € D such
that Vu(z) does not exist.

The proof of this proposition is based on the estimates of the
Green function of the killed Brownian motion subordinated by the
«/2-stable subordinator, obtained by R. Song (2004).
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When a g-harmonic function u vanishes

continuously near some part of the boundary
of D and D € R? is a bounded Lipschitz

Vi F domain then the estimates obtained in
Theorem 1 are sharp near that part of the
boundary.

Theorem 3

Let a € (0,1], d € N, D C RY be a bounded Lipschitz domain and
g : D — R be Holder continuous with Holder exponent n > 1 — a.
Let V C R be open and let K be a compact subset of V. Then
there exist constants ¢ = ¢(D, V,K,a,q) and e = ¢(D, V, K, a, q)
such that for every function v : RY — [0, 00) which is bounded on
V/, g-harmonic in D N V and vanishes in D N V we have

u(x)

1 u(x)
550 < |Vu(x)| < cm, xe KND, dp(x)<e.

Similar result was obtained for « = 2 by R. Bafiuelos, M. Pang
1999) and for « € (1,2) by K. Bogdan, T. K.;»A. Nowak (2002):

C
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Applications

Let us consider the eigenvalue problem for the fractional
Schrodinger operator on D with zero exterior condition

Ao+ qp = —Ap on D,
¢ = 0 on D°.

It is well known that for the above problem there exists a sequence
of eigenvalues {\,}52, satisfying
A< X< A3<..., lim A, = oo,
n—oo
and a sequence of corresponding eigenfunctions {¢,}7°;, which
can be chosen so that they form an orthonormal basis in L2(D).

All ¢, are bounded and continuous on D and ¢ is strictly positive
on D.
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Applications

Corollary 4

Assume that « € (0,2), D C R9 is an open bounded set,

g€ J* 1 when a € (1,2), or q is Holder continuous on D with
Holder exponent 7 > 1 — o when «a € (0, 1]. Then Vg,(x) exist
for any n € N, x € D and we have

¢1(x)
< b b
|V1(x)] C59(X)/\1 xeD
Ven(X)| < —" . xeD
e b 5D(X)/\].’ ’

Furthermore, if additionally D C R? is a bounded Lipschitz domain
then there exists ¢ = ¢(D, g, «) such that

e1(x)
dp(x)’ )
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IVipr(x)| > ¢

xeD, op(x)<e.




Applications

Corollary 5

Let « € (0,1), d € N and D C R9 be an open bounded set.
Assume that g : D — R is Holder continuous with Holder
exponent 17 > 1 — o and either u is nonnegative on RY or
|ulloo < 00. If uis a weak solution of

AY2u4qu=0, on D. (2)

then (after a modification on a set of Lebesgue measure zero) u is
continuous on D and it is a strong solution of (2).
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The idea of the proof. (d > «)

B = B(xo, r),
r=(6p(x0)/2) A c,
@B D u(x) = EXu(Xs) + Gg(qu)(x), x€ B
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The idea of the proof. (d > «)

B = B(xo, r),
r=(6p(x0)/2) A c,
@B D u(x) = EXu(Xs) + Gg(qu)(x), x€ B

o f(x) = EXu(X;;) - a-harmonic function in B.

flxo) _  ulxo)

< <
|Vf(x0)] C15B(Xo) =
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The idea of the proof. (d > «)

B = B(xo, r),
r=(6p(x0)/2) A c,
@B D u(x) = EXu(Xs) + Gg(qu)(x), x€ B

o f(x) = EXu(X;;) - a-harmonic function in B.

[VF(x0)| < a 5Z(Xj3) <o ”(f").
o Gg(qu)(x) = [z Ga(x,y)a(y)u(y) dy
a*GB qu)( / 7GB (x,y)a(y)u(y) dy.

For a € (0,1] 8?(, Gg(x,y) is not mtegrable

2 Ga(x,y) = i |x — y[amd = L) [ — yjad-L,

(the difference between cases a € (0,1] and a € (1, 2))
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The idea of the proof. (d > «)

(%)
X = (x1,X2,...,Xd) e R
T x N
X = (*Xl X2,...,Xd)
] ot
T2
D={xeR?: %eD}
ila  m D - symmetric iff D = D,
D, Dy = {(x1,x2,...,x4) € D: xx >0}

Gof(x) ~ Gof(%) = [ (Go(x.y) — Go%,)(F(y) ~ F(7)) dy.

Dy

In order to get estimates of %pr(O) it is enough to get
estimates of Gp(x,y) — Gp(X,y).
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The idea of the proof. (d > «)

*] Xt = B77t'
X; - the symmetric a-stable process in R, B; - the Brownian

motion in RY, 1, - a/2-stable subordinator (starting from 0).
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The idea of the proof. (d > «)

° Xy = B,,.
X; - the symmetric a-stable process in R, B; - the Brownian
motion in RY, 1, - a/2-stable subordinator (starting from 0).

o H=RJ = {x=(x1,%,...,x4) € R?: x; > 0}.

B! - the Brownian motion in R9 killed on exiting H.

)N<t - (BH)ﬁt'

XP - the process X; killed on exiting D~  pp(t,x,y).
)N(,.LD+ - the process X; killed on exiting D~ P, (t,x,y).

l~3D+(t7X7Y):PD(t7Xa)’)_PD(tﬂ?a}/)’ Xaye D+‘

Tadeusz Kulczycki Gradient estimates



The idea of the proof. (d > «)

I~3D+(t7X7}/):PD(taan)_PD(tMA(a}/)a X7y€D+‘

XtD ~ GD(X7Y):IOOOPD(t?X>y) dt.

)?1P+ ~ GD+(X7y) = fooo ﬁD+(t7X7y)~dt' .

For symmetric domains D C U we have Gp, (x,y) < Gy, (x,y). In
particular we have Gp, (x,y) < GRi (x,y).

Let B= B(0,r), x,y € B4. We have

Galx.y) ~ Ga(%y) = Gs,(x.y) < Galx.y)
= G]Rd(x7y) - GRd(%vy)
C1 1
x —y[do g —ylde
clx -y
x =yl —y|
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The idea of the proof. (d > «)

o Let w € (0,1), B = B(0,r). Assume that the function
f : B — R is Borel and bounded on B and satisfies

|F(x) = F(R)] < Alx|”, x € B(0,r/2),
for some constants A > 1 and 3 > 0.
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The idea of the proof. (d > «)

o Let w € (0,1), B = B(0,r). Assume that the function
f : B — R is Borel and bounded on B and satisfies

1£(x) — F(X)] < Alx|?, x € B(0,r/2),

for some constants A > 1 and 3 > 0.
o If « €(0,1) and B € [0,1 — «) then there exists
¢ = ¢(d, a, ) such that for any x € B we have

f‘
|Gaf(x) — Gaf(X)| < cAlx|?+* + CMWW
r
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The idea of the proof. (d > «)

o Let w € (0,1), B = B(0,r). Assume that the function
f : B — R is Borel and bounded on B and satisfies

1£(x) — F(X)] < Alx|?, x € B(0,r/2),

for some constants A > 1 and 3 > 0.
o If « €(0,1) and B € [0,1 — «) then there exists
¢ = ¢(d, a, ) such that for any x € B we have

f‘
|Gaf(x) — Gaf(X)| < cAlx|?+* + CMWW
r

o If « € (0,1) and 5 > 1 — « then there exists ¢ = ¢(d, «, 3)
such that for any x € B we have

f
|Ggf(x) — Ggf(X)| < cAlx| + CsupyerB(y)|x|.
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The idea of the proof. (d > «)

o Let w € (0,1), B = B(0,r). Assume that the function
f : B — R is Borel and bounded on B and satisfies
F(x) — F(%)] < Alx|”, x € B(0,r/2),

for some constants A > 1 and 3 > 0.
o If « €(0,1) and B € [0,1 — «) then there exists
¢ = ¢(d, a, ) such that for any x € B we have

f‘
|Gaf(x) — Gaf(X)| < cAlx|?+* + CMWW
r

o If « € (0,1) and 5 > 1 — « then there exists ¢ = ¢(d, «, 3)
such that for any x € B we have

supyEB f(y)
r

|Gef(x) — Ggf(X)| < cAlx| + ¢ x].

o Recall that u(x) = EXu(X;;) + Gg(qu)(x). Put
F(x) = a(x)u(x).
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The idea of the proof. (d > «)

o Let w € (0,1), B = B(0,r). Assume that the function
f : B — R is Borel and bounded on B and satisfies
F(x) — F(%)] < Alx|”, x € B(0,r/2),

for some constants A > 1 and 3 > 0.
o If « €(0,1) and B € [0,1 — «) then there exists
¢ = ¢(d, a, ) such that for any x € B we have

f‘
|Gaf(x) — Gaf(X)| < cAlx|?+* + CMWW
r

o If « € (0,1) and 5 > 1 — « then there exists ¢ = ¢(d, «, 3)
such that for any x € B we have

f'
|Ggf(x) — Ggf(X)| < cAlx| + CsupyerB(y)|x|.
o Recall that u(x) = EXu(X;;) + Gg(qu)(x). Put

f(x) = q(x)u(x).
@ This allows to obtain estimates of aiGB(qu)(O).

X1
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