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Talk is based on two papers:

e K. Bogdan, T. J., Estimates of heat kernel of fractional
Laplacian perturbed by gradient operators., Comm. Math.
Phys., 271(1):179-198, 2007.

e T. J., Fractional Laplacian with singular drift. Studia Math.
207 (3) (2011)



Fractional Laplacian

o Let d € Nand a € (0,2). We define p: (0,00) x RY = R
/ p(t,z)e?¢dz = 7% ceRY, t>0,
Rd

p(t,x,y) = p(t,y — x) - density of isotropic a-stable process.

@ Fractional Laplacian - generator of stable semigroup

A2 = fim % [ ple.y = x)(F(y) = ()

t—0t+ t
o f(x+y)—f(x) o0 (Tod
- lim ¢ / Ty, e CEme).
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@ b depends on time and space
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We assume 1 < o < 2
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Kato classes

Definition

We say that b belongs to the Kato class Kjfl if

e—0 xE€Rd

im sup [ [b(y)lly = x4 dy = o.
ly—x|<e

equivalently
be Kt iff

t
lim sup// s Y%p(s,x,y)|b(y)| dy ds = 0.
o Jrd

t—0 xERd
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Theorem (K. Bogdan, T.J., 2007)
There is continuous transition density p(t,x,y) such that (weakly)

im ,E’tf(x) —f(x)

t—0 t

= AY2f(x) + b(x) - Vf(x),
where P,f( = Jga B(t,x,y)f(y)dy. Furthermore,

Cp(t,x,y) < p(t,x,y) < Cp(t,x,y), 0<t<ty, x,y €RY,

where C = C(d,a, b, tp) , and C — 1 as ty — 0.
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Consider:
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° (6 - a)_l = (1 - f ) 1€ ' Zn O(K—Ia)ng—l )
o P - the inverse of 9/0t — A¥/?,
o P - the inverse of /0t — A2 — A,

It can be expected that P = 3270 ((PA,)"P.

f(s,x) = / / —5,x,2)f(s,z)dzds, f € C°(Ry x RY).
R4

We inductively define the integral kernel p, of (PA)"P,
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(PAy)"P = [(PAy)" ' P]A,P

Hence, pg := p, and for n > 1,

t
pn(t, x,y) = / / pn—1(t — s,x,2)b(z) - Vp(s,z,y) dz ds.
0o Jrd

We define
Bt x,y) an (t.x,y)

p(t, x,y) shoud be the density of P
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estimate of p;

Let b e ICE‘_I. For every t > 0 there is C = C(d, a, b, t) such that

t
// p(t — 5, %, 2)|b(2)| [Vap(s, 2, y)| ds dz < Cp(t,x, ),
0 R4

C —>0ast—0.

tools:
o p(t,x)~td/apn L

|X|d+a

@ transference property
_d+2 t _ _
Fap(t A = o] (&5 A s ) < e (b )

@ 3P inequality
p(s,x)p(t,y) < Cp(s+t,x +y)(p(s,x) + p(t,y))
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@ Martin representation and Relative Fatou Theorem:
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@ Other classes of drifts (depending also on time):

T. J., K. Szczypkowski, Time-dependent gradient
perturbations of fractional Laplacian. J. Evol. Equ.,
10(2):319-339, 2010.



e consider |b(z)| = |z|9



e consider |b(z)| = |z|9

obE/CZ‘fl:>q>1foz



e consider |b(z)| = |z|9
° b€/C3‘71:>q>1foz

o Takeg=1—q.



e consider |b(z)| = |z|9
e bekKi'=qg>1-qa
o Takeg=1—q.
We will consider drifts allowing singularities like

|b(2)| ~ |2|'~
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Motivations — results for diffusions:

@ local in time outcomes
e D. G. Aronson, 1968 - Non-negative solutions of linear
parabolic equations.
e Q. Zhang, 1996 - Gaussian bounds for the fundamental
solutions of V(AVu) + BVu — uy = 0.
e V. Liskevich and Y. Semenov, 2000 - Estimates for
fundamental solutions of second-order parabolic equations.
@ global in time outcomes
e V. Liskevich and Qi. S. Zhang, 2004 - Extra regularity for
parabolic equations with drift terms.
e Qi. S. Zhang, 2004 - A strong regularity result for parabolic
equations.



classical case — A + b(x)Vy

V. Liskevich and Qi. S. Zhang, 2004

@ There exists a constant B such that
[P < B [ VoGP, o€ Ce(re)
Rd R
@ There exists a constant § > 0 such that

/ [div b(x)|6(x)? < (2 5) / Vo()Pdx, e C(RY)
R R

sup/ Mdy is sufficiently small

x€Rd Rd ‘X_ ‘d 2

Example in R?

b = (25 ) 10O = = 2



A + b(x)Vy

Theorem

There exist positive constants ¢; and ¢, such that, for any
x,y €RY and t >0

a calx — y|?
g(t,x,y) < WeXP <_t> )

where g is the density of the semigroup generated by A + b(x) - V

<
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a-stable case

(Conditions on b)
(1) There is a constant Cp, such that for all s > 0,

sup /Rd s7Hp(s,x,y)|b(y)|dy < Cps™t,

xERd

(2) divb =0 in the sense of distributions

o |b(x)| ~ |x|}~« satisfies the condition (1).

o Example in R?

(recall that b belongs to Kato class ICS*I if)

t
lim, G / / s7Hp(s, x, y)|b(y)|dyds = 0
0 Rd

t—0 xcRd




Condition (1) is equivalent to

sup supp T / Ib(y)ldy < C (%)
B(x,t)

t>0 xcRd

o If b satisfies (%), it means that b belongs to the Morrey space
M=

@ The best constant C in (%) is denoted by ||bHM1170¢.



tx
n=[
[ete=s
X
Z
b(z)
-V
2p(s,2,y)
,y)dzd.
S
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estimating p;

(t,x,y) / / —s,x,2)b(z) - V,p(s,z,y)dzds
Rd

Condition (1) on b does not assure convergence of p:

t
pi(tx,y)| < a / / p(t — 5.x,2)|b(2)|s/° p(s, 2, y)dzds

< cp(t,x,y) /[ s)l/erts=l/a 4 s71ds = oo



applying condition divb =0

t/2
(t,x,y) / / —s,x,2z)b(z) - V,p(s,z,y)dzds
Rd

/ / —5,x,z)b(z) - V,p(s, z,y)dzds
t/2 Jrd



applying condition divb =0

t/2
(t,x,y) / / —s,x,2z)b(z) - V,p(s,z,y)dzds
Rd

/ / —5,x,z)b(z) - V,p(s, z,y)dzds
t/2 Jrd

t/2
/ V.p(t —s,x,z) - b(z)p(s, z,y)dzds
Rd

/ / —5,x,z)b(z) - V,p(s, z,y)dzds
t/2 Jrd
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t/2
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t/2
/ V.p(t —s,x,z) - b(z)p(s, z,y)dzds
Rd

/ / —5,x,z)b(z) - V,p(s, z,y)dzds
t/2 Jrd

S Cp(t7x7)/)7

where C does not depend on t,x, y.
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remark on divb =0

@ quasi geostrophic equation

¢r =A%) —u- Vo,
oV oV
u=(u, )= <_8X2’ 8x1> :
APV = ¢,
[Constantin, Wu, 1999], [Schonbeck, Schonbeck, 2003],
[Cérdoba, Cérdoba, 2004]
o pseudodifferential equation

u =A%y —b-Vu,
divb =0,
u(0, x) = up(x).

[Constantin, Wu, 2009], [Caffarelli, Vasseur, 2010],
[Friedlander, Vico, 2011], [Silvestre, 2011]
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t
p(txy)= [ [ pilsix.2)bla) Tap(t - s.2.y)deds
0 R4

:/Ot/os/Rd/de(r,x,w)b(W)-pr(s—r,w,z)

b(z) - V,p(t —s,z,y)dzdwdrds

>
»

t/29




p2 (t,x,y)
2

t/
= / pi(s,x,z)b(z) -V p(t —s,z,y)dzds
0

JRRd

—i—/ Vzp s,x,z) - b(z)p1(t — s, z,y)dzds
t

/ 2 /ot/z/Rd /Rd p(r,x, w)[Vz - (b(w) - Viwp(s — r,w, 2)b(2))]

p(t — s, z,y)dzdwdrds

t/29
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partition of the simplex

Sn(a,b) :=={(s1,%,...,sn) ER":a<s <s<...<s, < b}.

n—1
Sn(0,1) = S,(0,¢/2) U (U Sn_k(0,t/2) x Si(t/2, t)) U Sa(t/2,t),
k=1
tlh t
/2 t/ /

\J
7

v2 t



estimating p,

Lemma

For n > 2 we have

n(t, X, y)

t/2
/ / Pn—1(s,x,2)b(z) - V,p(t — s,z,y)dzds
Rd

+ / V.p(s,x,z) - b(z)pp—1(t — s, 2, y)dzds
/

2 JRd
n=2 .t p)2
—i—Z/ / / dzdwdrds
i—o’/t/2Jo JRIJRY

p,,_2_k(r,x, W) [VZ ’ (b(W) : va(s = sz)b(z))] pk(t - 5727)/) )
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Mo=1, Mi=1, My=2 My=4 My=9, Ms=21

O 0O O
O 0O O
O O O
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@ generating function

o
1—x—+v1—-2x—3x2
M(x) = Z M x" = %) ;
n=0
@ recurrence relation
n—2
My = Mp—1 + Z MMy 2k , Mo =M =1.

k=0

There is a constant C such that for all t > 0, x,y € RY and n > 1,

lpn(t, X, y)| < M C'p(t, x,y).




n—2

My = Mp—1 + Z MMp 2k , Moy =M, =1.

k=0

txy

t/2
/ / pn—1(s,x,2)b(z) - Vp(t — s, z,y)dzds
R4

+ / V.p(s,x,z) - b(z)pa—1(t — s, 2z, y)dzds
/

2 JRd
n—2 .t )2
+) / / / dzdwdrds
—o/t/2Jo JRrd JRI

Po—a—k(r,x,w)[Vz - (b(w) - Vup(s — r,w,z)b(z))] pi(t

—S,Z,y)



n—2
My = Mp—1 + Z MMp 2k , Moy =M, =1.
k=0

‘pn(t,X,y)|

t/2
< Mp_iC / / p(s, %, 2)|b(2)||Vp(t — 5.2, y)|dzds
0 Rd
t
My Ot / / 1V2p(s, %, 2)[|B(2) |Pas(t — . 2, y)dzds
t/2 JRY

n—2 t t/2
+ ) Maa "2 My CH / / / dzdwdrds
k=0 t/2Jo  JRd JRI

p(l’,X, W)‘VZ ’ (b(W) ’ vWp(s - W,Z)b(z))‘p(t - 5727)/)



n—2
My=Mn1+ MMy ok,  Mo=M =1.
k=0

|pn(t,X7y)‘
< M,,_lC"p(t,x,y)
n—2

+ c” Z Mn—2—kMkp(t7 Xa.)/)
k=0



n—2
My=Mn1+ MMy ok,  Mo=M =1.
k=0

|pn(t,X,y)‘

< Mn—lcnp(t7xay)
n—2

+C" Z My ok Mikp(t,x,y) < MaC"p(t, x,y)
k=0



estimates of p

There is a constant 1 = n(a, d, Cp) such that if ||b||,n-o <1,
1
then the function

Bt x,y) antxy

is the transition density of the semigroup with the (weak) generator
A2 4 b-V. Furthermore there is a constant K = K(d, a, Cp, r)
such that

K= tp(t,x,y) < p(t,x,y) < Kp(t,x,y)




