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Chapter 1

Poisson Geometry

1.1 Poisson algebra

Definition 1.1. A Poisson algebra is an associative algebra A (over a field K) with a
linear bracket {-,-}: A® A — A such that

1. {f,g} = —{f. g} (antisymetry),
2. {f,gh} = g{f.h} + R{f, g} (Leibniz rule),
8. AfAg.ht}t +{hAf, g3} + {9, {h, f}} =0 (Jacobi identity),
forall f,g,h € A.
Remarks:
e A needs not to be commutative.
e Every associative algebra A can be made into a Poisson algebra by setting {f,g} = 0.

e When A is unital we get from the assumptions

so {f,1} =0 for all f € A.

Exercise 1.2. Let U be an almost commutative algebra, i.e. filtered associative algebra,
U Cc Ul C ..., U U C UM, such that gr(U) = @2, U/U’ is commutative. Let
[z] € gr(U) be the class of x € U, and define

{lz], [y]} := [y — ya] € gr(U).
Prove that it s a Poisson algebra.

Definition 1.3. Poisson morphism (A,{}4) % (B,{}p) is a morphism of algebras such
that

o({f,gta) ={o(f),e(9)}p, forall f,g€A.

Exercise 1.4. Prove that Poisson algebras with Poisson morphism form a category.

Definition 1.5. A Poisson subalgebra is a subalgebra closed with respect to {}. Poisson
tdeal I is an ideal with respect to the associative product, such that {f,i} € I for all f € A,
1el.



For Poisson morphism ¢: A — B, ker ¢ is an ideal in A, im ¢ is a subalgebra in B, and there
is an exact sequence of Poisson algebras

0—kerp —A—imp — 0.

Definition 1.6. Let A be Poisson algebra. An element f € A is Casimir if {f,g} =0 for
all g € A.

Definition 1.7. Let X € End(A). It is called canonical if it is a derivation with respect to
both the associative product and the bracket, i.e. for every f,g € A

1. X(fg) = (Xf)g+ f(Xg)
2. X{f, g} ={Xf, g} +{f, Xg}

The set of all Casimir elements in A will be denoted by Cas(A), and set of canonical endo-
morphisms by Can(A).

Proposition 1.8. For every f € A, X¢: g+— {f, g} is canonical.
Proof. From Leibniz identity:

Xy(gh) ={f,gh} ={f,gth+g{f,h} = (Xsg)h + g(X;h)

From Jacobi identity:

Xr({g,h}) = {f{g. h}} ={{f. 9}, h} + {9, {f, h}} = {Xrg,h} + {g, X¢h}
0

Definition 1.9. Canonical endomorphisms of the form Xy are called hamiltonian and
denoted by Ham(A).

With Der(A) we will denote the set of derivations of the associative algebra A. We have
the following chain of inclusions.

Ham(A) C Can(A) C Der(A).
Let us recall now that Der(A) is a Lie algebra with respect to the commutator of endomor-
phisms. Can(A) is a subalgebra of Der(A).
Proposition 1.10. Ham(A) is an ideal in Can(A) and a subalgebra of Der(A).
Proof. Let X € Can(A), Xy € Ham(A). Then
[X, X7)(9) = X (X (9)) = X;(X(g))

= X{f,9} —{f. X(9)}

={X(f) g} +{/, X(9)} = {/, X(9)}

= Xx(p(9),

so [X,Xy] = Xx() € Ham(A). To prove that Ham(A) is a subalgebra of Der(A), one
computes
(X7, Xol = Xyrgph = Xp(Xgh) — Xo(Xph) = Xypgph

= {fv {gah}} - {97{f7 h}} - {{f7g}7h}
= —Jac(f,g,h) = 0.



Proposition 1.11. Let (A,{-,-}4) and (B,{-,-}p) be Poisson algebras. Then their tensor
product A ® B has a natural structure of Poisson algebra given by

{a1 @ b1,a2 ® ba} = {a1,a2}a ® biba + ajaz @ {b1, b2} B.

The maps A - A®B,a+— a®1l, B— A® B, b+— 1® B are Poisson morphisms and
{a®1,1®b} =0 forallac A, be B.

Definition 1.12. Poisson module structure on a left A-module M over a Poisson algebra
A is a linear map
{3-}A[:/l@>ﬂl-—>ﬂ4

such that
1S, gy asmiu = {f{g:mis}ne = {g.{f.mbn}ur,
2. {fg;mtn = f-{g,mbu +g-{f, miu,
3. A{f.g-mim ={f.gta-m+g{f,miu

Remark: It is a definition of a flat connection when M is the module of sections of a vector
bundle. Indeed, when we denote

T: M — Homg(A, M), m — Ty = {-,m}u
then
L <= Tn({f 9}4) ={f, Tn(9)} s — {9, Tin(f)}as (that is Ty, € Der((A, {:,-}4); M)),
2. <= T =f -Tlg) +{f,9ta-m=f -Tnu(g) + Xs(g) -m,
3. <= Tn(fg) = fTin(g) + 9T (f) (that is Ty, € Der((4,-); M)).

One may ask whether this is a reasonable definition of Poisson module. It is, in a sense, the
categorical notion of Poisson bimodule as it verifies the so-called square-zero construction
which can be summarized as follows: let A be a Poisson algebra and M Poisson A-module;
define a Poisson algebra structure on A @ M using formulas

(f+m)-(fi+mi):=FH+(f-m+fi-m),
{f+m7f1+m1} = {fvfl}A+{f7m1}M_{f17m}M-

Proposition 1.13. A & M is a Poisson algebra if and only if M is a Poisson module.
Furthermore the projection A® M — A is a map of algebras, M? =0 and M is an ideal.

1.2 Poisson manifolds

Definition 1.14. A smooth Poisson manifold M is a smooth manifold together with a
Poisson bracket on C*°(M).

An affine algebraic Poisson variety M is an affine algebraic variety such that A =
K[M] (algebra of regular functions) is a Poisson algebra over K.

An algebraic Poisson variety M is an algebraic variety such that the sheaf of regular
functions is a sheaf of Poisson algebras.



Definition 1.15. A morphism of Poisson manifolds is a differentiable function p: M —
N such that ©* is a morphism of Poisson algebras, i.e.

e {f gt ={f9kmop={fop,goptn ={&"f, ¢ g}n
for f,g € C>°(M).
The map f — X takes values in Der(C*(M)) = X!'(M). Thus we can write

Cas(M) ={f € C®(M) : {f,g} =0 Vge C®(M)} =ker(f — Xy),
Ham(M) = Hamiltonian vector fields = im(f — Xy).

To put it another way we have the short exact sequence
0 — Cas(M) — C*°(M) — Ham(M) — 0.
The Cartesian product of Poisson manifolds is a Poisson manifold
C* (M x M3) D C®(M;) ® C>(Ma).
There is a Poisson structure on C°°(M7) @ C*°(Ms) and it extends to C°(M; x Ms) by
{f(w1,22), 9(w1,22) } = {fas gua J2(x1) + {fi1, Gy }1(22), Where

le: $2'—>f($1,$2), fac1 GCOO(MQ)7
f$2: :L'l'_)f(xla$2)7 fwz ECOO(MI)

Ezxamples 1.16.
1. Each manifold is a Poisson manifold with trivial bracket {-,-}.

2. Let (M,w) be a symplectic manifold i.e. w € Q*(M), dw = 0, w nondegenerate
(W = k< wij(x)dz’ A da?, where [w;;] is an antisymmetric matrix of maximal rank).
Define Xy by w(Xy, —) = (=df, —), that is ix,w = —df, w(X,Y) = —(df, V) = =Y f.
Now

{f: 9} = —w(Xy, Xp) = w(Xy, Xy) = —{g, [}
Indeed, {-,-} is bilinear:

{f.9} =ix,dg, d(g1+ g2) =dg1 +dgo
<X7 dgl +d92> = <X7 dgl) + <X) d92>,
Xf+9 :Xf+X9’ W(Xf+gﬂ_) :w(va_)+w(Xga_)7
{-,-} satisfies Leibniz identity:
= ix,(gdh + hdg)

= g’indh + hindg
=g{f,h} +h{f, g}



{-,-} satisfies Jacobi identity:

0= dw(Xy, Xy, Xp) = Xpw(Xg, Xp) — Xyw(Xy, Xp) + Xpw (X, Xg)

—w([Xy, Xg], Xn) + w([Xy, Xp], Xg) — w([Xg, Xn], X7)

= X{g,h} — Xo{f, h} + Xp{f, g}
+ [ Xy, Xg](R) + [Xg, Xn](f) + [Xn, X1](g)

={f {9, h}} —{g, {f, h}} +{h,{f. g}}
+ [Xr, Xgl(h) + [Xg, Xn](f) + [Xn, Xf](9)

= Jac(f, g, h) + Xp(Xgh) — X,(Xsh) + X (Xnf)
— Xn(Xgf) + Xn(Xrg) — Xp(Xng)

=Jac(f,g,h) +{f. {9, h}} — {9, {f, h}} + {g.{n, f}}
—{hAg, £}y +{hAf, g3} = {f. {h,g}}

= 3Jac(f,g,h).
We used
k+1 4 -
dn(X1,. .., Xgy1) = Z(—l)ZHXi (X1, Xy Xig)
=1

+ Z (—1)i+j’l’]([Xi,Xj],X17...,Xi,...,Xj,...,Xk+1),
1<i<j<k+1

(with the usual hat notation to denote missing terms) and

w([ Xy, Xg], Xp) = (ix,w)([Xf, X))
= —(dh, [Xy, Xg])
= _[vaXg](h)-

Thus every symplectic manifold is a Poisson manifold.

Consider special case of the previous example, (R?",w = > dp; A dg;). Every symplectic
manifold is locally symplectomorphic to this one (but that does not mean that this is unique
symplectic structure on R?" !).

Let f:= f(pi,¢), w(Xy,Y) ==Y f. Then for Y = 9,, and Y = 0, we have respectively

_iﬁqiw = w(_u 8qi) = —dp;

—ig, W = w(—,0p;) = —dg;
Xf = Zaz@qi + b;0 i

=1

Now w(X¢,0y,) = —bi, w(X¢,0p,) = —a; and

Xf = Z _8Pifa¢h' + 8‘1if8pi7
i=1

i=1



Exercise 1.17. Prove by applying definitions that if M = R*™, w = o, dgi A dp;, then
{fag} = Z?:l _apifa 9t 8¢]1f8 9

Exercise 1.18. Derive canonical Poisson relations

{QzaQJ} = 07
{pi,pj} = 0.

Proposition 1.19. On every Poisson manifold there is a unique bivector field IT € T'(A2T M)
such that

{f,9} = (IL df A dyg).
Proof. We need to show that {f,g}(x) depends only on d, f and d,g. Consider f fixed

{f,9}(@) = (Xy9)(x) = (Xf(2), dzg)-

Similarly for g fixed
{f:9}(x) = —(Xy(2), dof)-
Furthermore f +— d,f, C*(M,R) — T;M is surjective, therefore there exists II(z) bilinear,

skewsymmetric on 7, M such that

{f,g}(a?) = H(l’)(dxf, da:g)'

The map z — II(z) is a differenital bivector field. Locally in a coordinate chart II =
ZKj ;;0z; A Oy,. This means {z;,z;} = IL;. O

Fix on M a coordinate chart (U;x1,...,x,). Then the bivector II is locally given by
Iy = Z H,-j(‘)xi A &cj
1<j

where the coefficients II;; are functions on U explicitely given by II;; = {x;,;}. Therefore
IT is determined once you know brackets of local coordinate functions

{f.9} =D {wi, 2300, f0u;9.
ij=1

Let IT := ), _ y
Poisson structure on R?" will be given simply by lifting brackets of coordinants.

;j0z, A Oz; be a bivector field, where I1;; = {z;,7;}. In many examples a

Exercise 1.20. Prove that the Jacobi identity (Jac(zi, xj, x) = D cyenc{{zi zjt ar}t =0) is
equivalent to

Oll;; oll; oIl
Z 9 Ty + leﬂki + Thﬂkj = 0. (1.1)
k=1, icj<t OTk Tk Tk
Let V be a real n-dimensional vector space. Consider coordinates z1,...,z,. Then

Yic j I1;;0z;, A O, is Poisson tensor if and only if li holds.

Ezxample 1.21. Special cases.

1. dmV =1 = II=0



2. dimV =2 = 1II = I20;, A O,,. In R? every bivector defines Poisson bracket
T = f(x,y)0: A Oy, {z,y} = f(z,y).

3. dimV = 3 - exercise.

4. Say 1I;; are linear functions in 1, ..., x,,

n
2 : k
k=1

81_[1']' _ Ck
Oz, — Tij)

Therefore

n
k h k _h k _h
0= Z CijCliTh + CiCLiTh + C1iCliTh
k=1

n

_ k h | k. h  k.h

= E (cijCri + €51k + CliClj)Th
k=1

n

k h |k h o kb _
= E (cijCri + ik + criciy) = 0,
k=1

for all 4, 7,1, h. Thus ij are structure constants of a Lie algebra. Therefore for any
given Lie algebra we have a Poisson structure.

Another way to obtain the same result is to take a Lie algebra g, V' = g* linear functionals
on g If one knows a Poisson bracket on a basis of g*, then knows it on V. Let Xq,...,X,
be basis of g, [X;, Xj] = > cijk. Let &1,...,&, be the dual basis of g*. Say a € g*,
frg € C®(g*). Then dnf € (g*)* = g and

{fa g}(a) = <a7 [daf7 dag]>'
For example if f ~ X, g ~ X;, X;(§;) = 0i;

{Xi, X5} (&) = (& [X5, X))
= <£k7 ZCZXh>
h=1
k
ijo
{XZ‘,XJ'} = C%Xk.

= C

Thus IT = Y7, ciji A X is a linear Poisson tensor on g*. The dual of a Lie algebra has
always a canonically defined Poisson tensor.

Ezample 1.22. Consider
_ _ N AN 2 _
M-SU(Q)-{(_ﬁ d>.|a| + |5 —1}.

Then
{avd} = _i|/8|27
{/87 B} = 07
{a, 8} = jiap
{a, 8} = 3a3

defines uniquely a Poisson bracket on su(2). Are you able to find Casimir functions ?

10



Ezample 1.23. Let ¢ be smooth function on R3. Define

{z,y} = 0.¢
{y,2} == 0wp
{z, 2} = Oyp.

Then for any ¢ these formulas define a Poisson bracket. In fact
{JI, {ya Z}} + {27 {JI, y}} + {ya {Z, JI}} =

= zSO(ayaxSO) - 8y90<8z8z80) - 8%0(81/8?:90) + 3y¢(3x3290) - 8290(8w8y90) + 8z90(azay90) =0
Ezample 1.24. Let $* = {(a, 3,t) e Cx C x R : |a|?> + |B]> = t(1 — t)}. Then
II = 804 N O — 3" 0 N\ O« — @ B0n+ N Og + ™ 3" Onx N O

is Poisson tensor. Can you find conditions for f to be a Casimir function ? Remark: t is a
Casimir function.

Ezample 1.25. Let V be a real vector space of dimension n, and U, P;, j = 1,...,n — 2
polynomials in variables x1,...,x,. Define

0
J(hl, ey hn) = det [%$j]

Prove that
{f7g} = U'](fagapla'--apan)

defines a Poisson bracket.

Example 1.26. On R* with coordinates zq, 21, 2, 3 take real constants Jia, Jo3, J31 and define

{.%L', .’Bj} = 2Jijxoxk

{zo,2:} := —2xjx1, where (i,7,k) =(1,2,3) or cyclic permutation.
Find the conditions on J;; that implies this is a Poisson bracket. These are called Sklyanin
Poisson algebras. Can you find Casimir functions 7 Hint: two quadratic polynomials.
1.3 The sharp map

Let M be a manifold, and II a Poisson bivector.

Definition 1.27. For every Poisson manifold (M,11) we define its sharp map
#n: T"M — TM

#Hiz(x, 0p) = (x, (i, 1) (), oy € TyM.

Remark: (io,I1)(Bz) = (II, By A ap) = Iz (g, Be) for all ag, B, € TEM.
Properties:

e #i7 is a bundle map on M. It is also called the anchor of (M,II).

11



e Being a bundle map it induces a map on sections

i QY M) — X(M), o il

e in particular on exact 1-forms one easily has #p(df) = Xy. In fact

(#ul(df), dg) = 11(df,dg) = {f, g} = (X}, dg).

Remark then, that a vector field is uniquely determined by its contractions with exact
1-forms (locality of vector fields).

e Local expression

#n (Zn: az‘dwi> = Zn: I;;a;04,
i=1

1,j=1
#H(dl‘j) =1I (Z aidazi, dﬂfj> = ZH(CLZdl‘“d{E]) = Zaiﬂi]’.
i=1 =1 =1

If I1;; are smooth, then so is #y.

e im#p, = Ham,(M) - vector subspace of T, M. This is an easy consequence of

#n(df) = X;.

Definition 1.28. The assignment of a vector subspace Sy of T, M for every x € M 1is called a
(generalized) distribution. A distribution is differentiable if for all xo € M and vy € Sy,
there exists a neighbourhood U of o and a smooth vector field on U such that X(y) € Sy for
ally € U and X (z¢) = vo.

The word generalized refers to the fact that we do not require dim S; M to be constant in x.
The fact that im #p7 is locally generated by Hamiltonian vector fields proves that im #y is a
differentiable distribution. It will be called the characteristic distribution of the Poisson
manifold (M, II).

Exercise 1.29. On (im #11), it is possible to define a natural antisymmetric non-degenerate
bilinear product. Let v,w € (im #11), and choose oy, By such that v = #m(ag), w = #n1(6z),

(v,w) = (g, az A By).
Prove that it is well defined, and its properties.

Definition 1.30. Let p(x) := dimim #yy,. We call it the rank of the Poisson manifold (at
the point x).

Remarks:

e The reason for the name is that in local coordinates

p(x) = rank(Ilj;(z)) = rank({X;, X;}()).

e p: M — Z; from the differentiability of the distribution it follows that p(x) is lower
semicontinuos function of x, i.e. it cannot decrease in a neghbourhood of z. Indeed,
take v1,...,v, - basis of (im #11)z,, X1, ..., X, corresponding local vector fields, then
Xi(z),..., X, (x) are linearly independent in a neighbourhood of z.

12



Exercise 1.31. Show that p(z) € 2Z (is always even).

Definition 1.32. If p(x) = k € Z for all x € M the Poisson manifold (and also the charac-
teristic distribution) is called a regular. If xo € M is such that p(y) = p(xo) for all y in a
neighbourhood Uy, of xo, then xq is called regular point of M. It is called a singular point
otherwise (i.e. if for all neighbourhoods U of xq, there is y € U such that p(y) > p(x)).

Remark 1.33.

e The set of regular points is open and dense, but not necessarily connected. That it
is open is obvious from definition. Let z¢ be a singular point. Take U C U,,, there
exists y € U such that p(y) > p(xp). We want to prove that y is regular. Say it is
not, then there exists y; € U (also neighbourhood of y) such that p(y1) > p(y). If y1 is
not regular repeat. Find a seqence {y,} in U such that p(y;+1) > p(yi). If it admits a
converging subsequence we are OK. We can have this from the fact that M is locally
compact therefore we can always choose U to be such that U is compact.

e If in M there are singular points then im #i7 is not a vector subbundle of TM. This is
very general (and almost by definition of subbundle): the image of a bundle map is a
subbundle if and only if its rank is constant.

Examples 1.34.

1. Let M = R?"™P with coordinates (q1,. .., qns D1y sPrs Y15 Yp)- Let IT=3"" 1 05 A
Op;- Then (M,II) is regular and p(x) = 2n. Here im #y1 are tangent spaces to linear
subspaces parallel to y; = ... =y, = 0.

2. Let I = (22 +y%)0, A Oy in M = R?. Then

(im #11) (0,0 = {0},
(im #H)(a:,y) = R2 if ($ay) 7& (030)'

(0,0) is singular, (x,y) # (0,0) is regular. More generally for f(z,y)0, A 0y if I'y =
{(z,y) : f(x,y) = 0} then the set of singular points is 0T';.

Proposition 1.35. Let (M,1II) be a Poisson manifold. It is the Poisson manifold associated
to a symplectic manifold if and only if it is reqular, of dimension 2n and rank 2n, i.e. if and
only if #11 is an isomorphism.

Proof. (sketchy) M symplectic implies im# = T'M. In fact locally on U C M w|y =
Z?:l dg; N dp; and the corresponding Poisson bivector is

n
H‘U = Za(h' A api'
i=1
Therefore #11(dg;) = 0p,, #1(dp;) = —0,, and 7 is isomorphism.
Let #11 be an isomorphism (i.e. Vo € M #y,: Ty M — T, M is an isomorphism). Define
by TuM — TEM, by = #ﬁlx Define Q, € A’T;M as Q. (v, w) = I, (b,v,b,w). Prove that
€2 is a 2-form such that {f, g} = Q(X, X,) and therefore Jac(f, g, h) = dQ(Xs, X4, Xp,). O

13



1.4 The symplectic foliation

Definition 1.36. Let S be a distribution on a manifold M. An integral of S is a pair (N, h)
of a connected differential manifold N and an immersion h: N — M (dhy: Ty N — Ty (M)
injective and h injective) such that

T.(h(N)) C Sy.
It is called a maximal integral if
To(h(N)) = S,.

An integral submanifold of S is a connected immersed submanifold N of M such that
(N,in) is an integral.

Remark 1.37. Integral manifolds are immersed submanifolds but not necessarily embedded
submanifolds. i: N — M is an immersion at z if ranki,, = dimN. i: N — M is an
embedding if it is an immersion and a homeomorphism from N to i(N) (equipped with the
topology of M). In particular integral submanifolds are not necessarily closed.

Definition 1.38. A distribution is fully integrable if for every x € M there exists a maxi-
mal integral (N, h) of S such that x € h(N) (mazimal at each point).

Frobenius theorem: A constant rank differentiable distribution is fully integrable if and only
if it is involutive, i.e. for all X, Y-sections of S, [X,Y] € S.

For a regular Poisson manifold (M,II) of rank 2n, the characteristic distribution is of
constant rank, and also involutive, due to [Xf, Xg] = Xy, 4. Therefore it is fully integrable.
Each regular Poisson manifold thus, comes equipped with a regular foliation.

Furthermore on the tangent space to the leaf (im #py), it is always possible to define a
natural antisymmetric nondegenerate bilinear product.

Computations similar to those of proposition allow to prove that if (N, h) is the
maximal integral containing z, then there is a symplectic 2-form wy on N such that wy =
h*wir, where (wr): € A%(im#11)% is determined by the above bilinear product.

We will call this foliation the symplectic foliation of M.

Ezample 1.39. M = R*"*P 11 =", 9, A dp,. The leaves are
Seioey = AY1=20¢1,...,Yn = Ca} - linear subspaces.

On each leaf w = >"" | dg; A dp;.

Remark: Not every foliation is a symplectic foliation. In fact, first of all leaves need to carry
a symplectic structure, a condition which already puts some topological restriction (e.g. you
cannot have symplectic structure on S?” if n > 1). Furthermore more delicate obstructions
depend on how the symplectic forms vary from leaf to leaf [?].

Now we want to generalize this statement to non regular Poisson manifolds.

Theorem 1.40 (Weinstein’s splitting theorem). Let (M,II) be a Poisson manifold. Let
xg € M, pri(xo) = 2n. Then there exists a coordinate neighbourhood U of xg with coordinates
(G1,- s @nsD1s - Pns Yty -5 Yp) (Aim M = 2n +p =m) such that

n p
(z) = Za‘li A Op; + Z @ij(x)0y, N Oy, Vx €U,
i=1

i<j=1

and such that @;j(x) depends only on coordinates y1,...,yr and p;j(xg) = 0.
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Proof. Induction on n, pr(zg) = 2n. If n = 0 there is nothing to prove. Say it holds for
n — 1. There are f,g € C°°(M) such that

Let p1 = g. Then X, (f)(zo) # 0, so X, (x¢) is a nonzero vector field. By the rectifying
theorem there exists coordinate neighbourhood centered at zy such that —X,, = d,,, hence
{¢1,p1} = —Xp,¢1 = 1. Remark that X,, and X,, are linearly independent (if X, = AX,,
then {q1,p1} = Xg,(p1) = AXp,(p1) = —Adgp1 = 0). Furthermore [Xq, Xy, | = X, p, =
X_1 = 0. Therefore around xg these two vector fields span a regular involutive distribution,
which is integrable due to Frobenius theorem.

As a consequence there are local coordinates (yi,...,¥ym) centered at xg such that
Xq =0y,
Xp, = Oy,

{a,vi} =Xy =0 Vi#l
{p1,yi} = Xpyi =0 Viz#2

Lemma 1.41 (Poisson theorem).

{p1,{vi,y;}} =0 Vi, j>3,
{1, {yi,y;}} =0 Vi, j>3.

Proof. (of lemma) Simply apply Jacobi identity. O

Remark: The reason for giving these equalities the dignity of a separate statement is due to
the fact that historically this is the first form in which Jacobi identity was stated.

Now (q1,p1,93,---,Ym) is @ new coordinate system, because (y1,...,¥ym) is a local coor-
dinate system and the map ®: (y1,...,ym) — (q1,p1,Y3,- -, Ym) has Jacobian

We have
II =04 NOp, + Z Héj(y& ey Ym) Oy, A 8yj.

3<i<j<m

Now apply the induction hypothesis to the right summand which is a Poisson bivector on M
of rank 2(n — 1). O

In the symplectic case this theorem recovers a well-known result:

Corollary 1.42 (Darboux theorem). Let (M,w) be a symplectic manifold and xo € M. Then
there exists a coordinate neighbourhood (U;qi,...,qn,P1,--.,Pn) of o such that

n
wly = Z dg; N dp;.
i=1

In analogy with this last statement coordinates generated by the splitting theorem are
also called Darboux coordinates centered at z.
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Ezample 1.43. Let g* be the dual of a Lie algebra g and II = Zcijkai A 0;. Then these
are Darboux coordinates centered at the origin in which there is no symplectic term and all
functions ¢;; are linear.

Definition 1.44. Let (M,II) be a Poisson manifold. A hamiltonian path on M is a
smooth curve v: [0,1] — M such that each tangent vector 4 at y(t) belongs to im #y () for
allt € [0,1]. Let x,y € M. We say that x and y are in hamiltonian relation if there exists
a piecewise Hamiltonian curve v on M connecting x to y.

Lemma 1.45. Hamiltonian relation is an equivalence relation.

Proof. (exercise) Reflexive - trivial; symmetric - change backwards the time parametrization;
transitive - concatenation of Hamiltonian paths is an Hamiltonian path. O

Definition 1.46. Connected components of equivalence classes of this relation are called
symplectic leaves of (M,1I).

Proposition 1.47. Each symplectic leaf is a maximal integrable submanifold of (M,1I).

Proof. (sketchy) Let F' be a leaf, z € F', T, ' C im #7, because all paths on F exiting from
x are Hamiltionian paths.

Let X € X(M) such that X(z) € im #p1,. Consider the flow of X starting at x. This is
a curve exp, (tX): (—e,e) — M which is an Hamiltonian path. Therefore each point of this
curve is in F', so X (z) € T, F'. Thus T, F = im #15.

Fix a local splitting at x € F.

im#H,m = <8q17 . ,8qn,ap1,. . .,(‘)pn>
F' is locally given by y; = ... =y, = 0 therefore F' is an immersed submanifold. O

Proposition 1.48. Let (M,1I) be a Poisson manifold. On each symplectic leaf F there is a
well defined symplectic structure such that the inclusion map i: F' — M is a Poisson map.

Proof. Let x € F and F), has splitting coordinate neighbourhood (U;q1, ..., qn, P1, - Pns Y15 - - -

Therefore (q1,...,qn,p1,--.,Pn) are local coordinates for F' around x. Define
n
Wy = Z deqi Ndzpi, w€U.
i=1

This defines a symplectic structure on F'. To verify that ¢: ' — M is Poisson, it is enough
to check it on brackets of coordinate functions. O

Examples 1.49.
1. Each symplectic manifold is a symplectic leaf of itself.

2. (R?, f(z,y)0z A 0y). Each point of T'y = {(x,y) : f(z,y) = 0} is a O-dimensional
symplectic leaf. Each connected component of R? \ I' 7 is a 2-dimensional symplectic
leaf.

3. M = g*. By the Leibniz rule
im #m,, = span{Xy(x) : f linear }

16
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Let f,g € C*(g*) be linear i.e. f,g € g. Fix a € g*

{f:93(@) = a([f, 9]) = (@, adf g) = —(ad} a, )

Xy(a) = (—ad})(@), where ad} is an infinitesimal coadjoint action i.e. fundamental
vector field of the adjoint action. Symplectic leaves are coadjoint orbits. Therefore each
coadjoint orbit in g* carries a naturally defined symplectic form, called the Kirillov-
Kostant-Souriau form (KKS).

Proposition 1.50. Let (M,II) be a Poisson manifold. Casimir functions are constant along
the leaves (therefore leaves are contained in connected components of level sets of Casimirs).

Proof. Let F be a leaf, f a Casimir function. We want to prove that f|z is constant. This
is equivalent to X f = 0 for all X € TF (vector fields tangent to F, locally). But locally
X(F) = im #1 = Ham(M) and

Xof ={9, /1 =0 Vge (M)
O

Proposition 1.51. Let (M,II) be a Poisson manifold, dim M = m. Let xo € M be such
that ranky(xo) = prr(xo) = m. Then the symplectic leaf through xo is open in M.

Proof. Around zp rank is constant and equal dim M. Therefore (im #11)z, = T»M and due
to lower semicontinuity the same holds for any y in an open neighbourhood U of xg. Thus
every path on M exiting zq is locally Hamiltonian, hence the thesis. O

Proposition 1.52. Let (M,II) be a Poisson manifold. Let fi,..., f, be Casimir functions
on M. Let

Lie:={z€M: fi(z) =c}

IfI'nen...NTpe has dim = ranklIly and is smooth, then its connected components are
symplectic leaves.

Remark: But I'y . N ... NI, . may have dim # rank IIj.

Let us consider a general polynomial Poisson bracket on R", i.e. a Poisson bracket such
that {z;, x;} = Pjj(x1,...,2,). A function f € C°(R") is a Casimir function if and only
if {x;, f} = 0for any i = 1,...,n. This can be rewritten as >, P;;0y; f = 0. Therefore f
has to be a smooth solution of a system of linear first order PDE’s. If, as in this case, we
are considering a linear Poisson structure the system has constant coefficients (which are the
structural constant of the Lie algebra) and its solutions can be explicitly determined.

Ezample 1.53. Consider su(2)* = R3. Its Lie-Poisson bivector is
H(IEl, 9, .’Eg) = xlﬁm A 8x3 + 1’28333 A 811 + .Igaxl A &L«Q.
Find the symplectic foliation.

#11(dz1) = =205, + 3045,
#H(dJ:Q) = xlaxg - $38117
#n(dxs) = —x10y, + 20y, .
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Thus

0 —X3 o
(1, 29,23) = [ 23 0 —x1
—X9 I 0

Compute rank I;;(z1, x2, z3).

If (x1, 22, 23) = (0,0,0) then pr1((0,0,0)) = 0, and if (21, x2, x3) # (0,0,0) then pry((x1, 2, x3)) =
2 (always 2 x 2 minor # 0). Therefore we have everywhere rank 2, except at origin, which is

an isolated 0-dimensional symplectic leaf.

Remark that 27 + 23 + 3 is a Casimir function

{z1, =} = 22o{w1, 22} + 223{z1, 23} = 22023 — 22372 = 0,

{z1, =} = 221 {w2, 21} + 223{x2, 23} = 22123 — 22321 = 0,

{1‘1, —} = 2:61{.1‘3,.%1} + 2ZBQ{$3,$2} = 2x1x9 — 22921 = 0.
Thus symplectic leaves are contained in spheres x? + 23 + 22 = r2. Each leaf is a connected
open 2-manifold in S?, so each leaf is homeomorphic to S2.

It is easily checked that the corresponding symplectic structure is the unique SU(2) in-
variant volume form on the sphere of radius r.

Ezample 1.54. (Natsume-Olsen Poisson sphere)
SPcCxR, ((+22=1
The following Poisson brackets on S? were introduced in [62]
{¢, 2} =i(1 = 2%,

{C_a Z} = _Z(l - ZQ)C_a
{¢. ¢ =—2i(1 - 2*)=.

Therefore
I = (1= 2*)[iCOc A D. — iCOz N D: — 2i20. A O] = (1 — 2°)To.
where Tl is the standard rotation invariant symplectic (i.e. volume) form on S2. The sharp
map #p is given by:
dz > (2% = 1)i(CO, — C0p),
dz — (1 — 22)i(Co, — 220¢),
dz — (1 — 2%)i(—C0, + 220;).

so that in the obvious basis it is represented by the matrix:

0 (1—-2%)i¢ —i(1—2%)¢
(22 —1)i¢ 0 2i(1 — 22)z
—i(z2 = 1)¢ 2i(z2 - 1)z 0

Such matrix has rank = 0 if ( = ( = 0, that is if 1 — 22 = 0. This happens in two points

(= 0, z = —1 south pole,

=(=0, z=1north pole.

oy
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Chapter 2

Schouten-Nijenhuis bracket

2.1 Lie-Poisson bracket
Let (M,II) be a Poisson manifold.

Theorem 2.1. There exists a unique R-linear skewsymmetric bracket [—, —|p: Q' M xQ!M —
QM such that

1. |df,dg] = d{f,g} for all f,g € C>(M),
2. o, f8] = flev, B] + (#n(a) f)B for all a, B € Q' M, f € C®(M).

It is given by
[, 8] = Lpyy ()8 — L3y — d((av, B)).

Furthermore [—, —|n is a Lie bracket and #11: Q' M — X(M) is a Lie algebra homomorphism:
[#n(a), #u(6)] = #n(le Bln).
Proof. Such [—, —]i1 should be local i.e. if §1]y = (2|y in a neighbourhood U of z, then

[, B1]m(x0) = [, B2]m(zo). Take a compact neighbourhood z, € V,, C U and f € C*°(M)
such that f =1 on Vi, flang = 0. Then

[, fB1](w0) = f(z0)[ex, Bi]m(wo) + (F#u () f)(w0)B1(20)
N N gaa

=1 =0

e, fB1](@0) = f(z0)[ev, Ba]m(zo).
——

=1

Applying twice property 2. one has the following:

Lemma 2.2.

[hev, fBlm = (hf)le, B] + h(#m(a) )8 = f(#u(B)h)o
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Take o = Zaid:vi, 0= Zﬂldxz, II = Zﬂm&cz VAN 633],. Then

o, Bln = Z[Oéz'd%,ﬂjdxj]ﬂ

.3

= ifldu, dujln + i (#u(de) )y — By (#u(dwj)os)da;
2%

= Z (aiﬂjd{:ﬂi, ZL‘]’} + Z (aiﬂiké)kﬂjdxj — ﬂjﬂjkakaidxi)>
%, k

=d Z ;0605 | — Z i;8;do; — Z I;c:dB;

i ij 0]
= d(IL, & A B) + iy (o) B — iy () dv-

This does not depend on the choice of local coordinates, so we have the existence of [—, —|f1.
Recall Cartan’s magic formula:

Lx =dix +ixd
Using it we get:
[df, dg]r[ = L#H(df) dg — L#n (dg) df — dH{df, dg}
= Ldeg - Lngf - d{fag}
——
Xy(9) Xq(f)

=d{f g}
Furthermore
[Oé, fﬁ]ﬂ = d<Ha a A fﬁ) + Z#H(a)d(f/@) - Z#H(fﬁ)da
= d(f(IL, a A B)) + iy () d(fB)-
The Jacobi identity is proved locally using adf, bdg, cdh. O

Definition 2.3. Let M be a manifold, E — M wvector bundle. Then E is called a Lie
algebroid if there exists a bilinear bracket

[ —]: T(E) x I'(E) — I'(E)
and a bundle map, called the anchor, p: E — TM (p: I'(E) — X(M)) such that
1. (I'(E),[—,—]) is a Lie algebra,
2. p s a Lie algebra homomorphism,
3. [v, fw] = flv,w] + (p(v) flw for all v,w € T(E), f € C®°(M).
Remarks:

e Given any Lie algebroid, the image of the anchor is always a generalized integrable
distribution; its maximal integrable submanifolds are called orbits of the Lie algebroid.
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e The tangent bundle T'M to a manifold is always a Lie algebroid with the trivial anchor
map p = id.

e Theorem 2.1 proves that for any Poisson manifold M, its cotangent bundle T*M is a Lie
algebroid with anchor the sharp map. The orbits of this algebroid are the symplectic
leaves of M

2.2 Schouten-Nijenhuis bracket

Let M be a smooth manifold of dimension M. Recall

OP(M) =T(APT*M) differential p-forms, p > 1,

XP(M) =T'(APTM) p-multivector fields, p > 1,
(M) = x°(M) = C*(M ),

Q* (M) = EB QP(M

M) = @ XP(M) graded vector spaces.

External product gives both spaces a structure of graded, associative algebra, Zo-commutative

(supercommutative) i.e.
PAQ= ( )dedeegPQ/\P

The natural duality pairing between T, M and 7T, M extends to a natural pairing between
Q°*(M) and X°*(M) as follows
(o, X)p = (a(x), X(x)) for a € QY (M), X € XY(M),
P
€ETyM €T, M

0 p#q
(w, P) = ¢ det({e;, X;)) p=¢q forw=aiA---Aag, P=X1 A NX),
o; € Ql(M), Xj S %1(M)

Remark 2.4. (w, P)(z) depends only on w(z), P(x). Locally every g-form (resp. p-vector
field) is decomposable. Therefore formula above defines a C'°°(M)-bilinear pairing on the
whole space M.

Inner product for P € X*(M), w € Q*(M):
lipw, Q) = (w, PAQ) VQeX*(M).

It is the left transpose of external product.
XY(M) is a Lie algebra with bracket [X,Y] = XY — Y X of vector fields. Let g be a Lie
algebra over K.

Proposition 2.5. There is a unique bracket on A®g which extends the Lie bracket on g and
such that if A € A®g, B € Abg, C € A°g then:

1. [A,B] = —(=1)(e=D0-D[B_A];
2. [A,BAC]=[A,B]AC + (—1)@" B A [A,C);

21



3. (71)((1_1)(6_1)[*’4’ [Bv CH + (71)(b_1)(c_1)[B7 [Ca A]] + (71)(0_1)(1)_1)[07 [Av BH = 0;
4. The bracket of an element in A® with an element in A°g =K is 0.

Remark: Tt is not correct to say that A®g is a graded Lie algebra. In fact in a graded Lie
algebra the 0-component should be a Lie subalgebra, therefore the 0-component should be g.
A**tlg is a graded Lie algebra.

Proof. Start from 2 to prove a formula for

[A’Bl/\"'/\Bn]:Z(—l)*Bl/\-"/\[A,Bi]/\"'/\Bn
i=1

Then using 1 prove the formula for [B; A -+ A By, A] and having that prove the formula for
[BiA---ABp, A1 A--- AN A,]. Extend by K-linearity to sum of decomposables. Verify Jacobi
identity. O

Proposition 2.6. Let M be a manifold. Then there exists a unique R-bilinear bracket
[—,—]: X*(M) x X*(M) — X*(M) such that

1. [—,—] is of degree -1;
2. For all X € X1(M) and Q € X*(M)
(X, Q] = LxQ.
In particular the bracket coincides with the usual Lie bracket of vector fields on X' (M);
3. For all P € XP(M) and Q € X9(M)

[P,Q] = —(-1)" VD@, P]

4. For all P € XP(M), Q € X9(M), R € X*(M)
[P,QAR] = [P.QI AR+ (-1)""VIQ A [P, R].
Such bracket will be called the Schouten-Nijenhuis bracket of multivector fields. It will
furthermore satisfy:

5. For all P € XP(M), Q € X4(M), R € X7(M)

(~)® VI[P Q. R + (1) VEVQ, [R, P + (-1)" DU V(R, [P,Q]) = 0.

Proof. The first step is to proof that such bracket has to be a local operation, i.e. for all
U open in M, [P,Q]|uy depends only on P|y, Q|y. The proof of this fact is similar to the
analogous proof in theorem Due to antisymmetry it is enough to show that if Q1| = Q2|v
then [P, Q1](x0) = [P, Q2](xo) for a neighbourhood U of xy. Take f = 0 outside U, f =1 in
a compact neighbourhood of xg contained in U. Then fQ1 = fQ2 on M. Applying property
4. with Q = f € X'M we get

[P, fR] = [P, fIANR— f[P,R] = (Lpf)R — [P, R].
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Now show that

[P7 le](‘TO) = [Pan](‘TO)
[Pv fQQ](xO) = [Pa QQ]($0)

Locality allows us to work in a coordinate chart. P and ) can therefore be taken as finite
sums of exterior products of vector fields. Remark that from property 4. we get

n

X, QA AQal =Y (-1 Qi A~ AX, QA AQ,

i=1
[Pl/\"'/\Panl/\"'/\Qm]:

=N P QIAPLA AP A APAAQIA - AQj A A Q.

i<j
Now
[Pl/\.../\meQl/\.../\Qm] =
=[PLA- APy, fINQIN - ANQum+ (=1)"fIPLA-- APy, Q1 A+ A Q]
=(=1)"[f,PrA-+APn]
and

(CD"f LA AP = (1" Y Lp(f)PLA - AP A AP,
i=1

These fixes all values and thus proves unicity. Finally one has to prove the independence of
local coordinates - on the overlapping coordinate domains you have the same result. Other
properties are proved by direct (lengthy) computation. ]

Definition 2.7. A Gerstenhaber algebra is a triple (A, A\, [—, —]) such that
1. a is a N-graded vector space, A=A D AU D .. .;
2. A is an associative, supercommutative multiplication of degree 0 (UA; N C Aiyj);
3. [—,—] is a super Lie algebra structure of degree (—1) ([2;, ;] C Aiyj—1) satisfying

[a,bAc] = [a,b] Ac+ (=1)1ad=Dblp A Ta, ¢].

Ezamples 2.8.

e Multivector fields on a manifold M are a Gerstenhaber algebra with respect to Schouten-
Nijenhuis bracket.

e Differential forms on Poisson manifold are a Gerstenhaber algebra.

e Similarly from any Lie algebroid E there is a natural construction of Gerstenhaber
algebra on I'(A®E) generalizing the costruction of the Schouten-Nijenhuis bracket (
just remark that the proof of proposition [2.6| uses exactly the fact that T'M is a Lie
algebroid with anchor p = id).

e From any Lie algebra g you can construct a Gerstenhaber algebra A®g.
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e Hochschild cohomology has a Gerstenhaber algebra structure (coefficients in the given
algebra). Hochschild-Kostant-Rosenberg map

¢HKR HHcont<COO(M)) - :{.<M)

fails to be a Gerstenhaber algebra morphism. This is what leads to Lso-algebra struc-
tures and Kontsevich formality.

Let (2, A,[—,—]) be a Gerstenhaber algebra. An operator D: A* — 2A*~! is said to
generate the Gerstenhaber algebra if for all a € %, b € A

[a,b] = (=1)"(D(a Ab) — Da Ab— (—1)'a A Db).

If D? = 0 we say that our Gerstenhaber algebra is exact or Batalin-Vilkovisky algebra.

We will show that the Gerstenhaber algebra of differential forms on a Poisson manifold is
a Batalin-Vilkovisky algebra. Its generating operator will be called Poisson (or canonical
or Brylinski) differential.

2.2.1 Schouten-Nijenhuis bracket computations

Fix a system of local coordinates and consider two vector fields

X:Zaiazi, Y:Zbﬁxi, X, Y e X(M), =xi,...,z, coordinates
i i

da
Zaz Jaxj Zb Zafax]
Let (; = 0,, and consider it as an odd formal variable

GGG = —CiGi  (Op; N Oz; = —0g; N Ox,).
X = Zaz@', Y = Zbi@‘

X.¥] = Z <aX oy ayax)

Then

G 0z;  0G; Ox;

= (Z 0c, A am) (X®Y).
i
Extend this idea to multivector fields

PeXP(M), P= Y 0o AoNOw = > PiiGin--Gip

11<...<ip 11<...<ip

Fix the following differentiation rule
aCip (Cn s Cip) = Ci1 s Cz'p,1
9, (Gir -+ Gip) = (1P FG, . G o Gips-

Then we claim that

[PQSN_ZaQPa Q— (1P~ DNy, Qa,,P.
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2.2.2 Lichnerowicz definition of the Schouten-Nijenhuis bracket

Lichnerowicz defined the Schouten-Nijenhuis bracket implicitly as follows.

Proposition 2.9. For all P € XM, Q € XM, w € QPTi=1 M
(w, [P,Q)) = (=)D Dd(iqw), P) — (d(ipw), Q) + (—1)P(dw, P A Q) (2.1)

With respect to our explicit construction this formula has the advantage of being well
adapted and easy to use in ”global type” computations.
Look at what happens, for example, when X,Y € X'(M), w € Q' M

(w, [X,Y]) = {d(iyw), X) — (d(ixw), Y) — (dw, X AY)
which you can rewrite as
dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X,Y])

i.e. the formula for the differential of 1-form.

In our approach this formula needs a proof. It suffices to show that the bracket defined
by has the same algebraic properties as the Schouten-Nijenhuis bracket. Unicity then
implies the claim.

2.2.3 Jacobi condition and Schouten-Nijenhuis bracket

Let II be a bivector on M, so [II, 1] € X3M. Let w be a 3-form on M. Then (w, [II,1]) is a
function and

(w, [ILT) = —(d(inw), TT) — (d(inw), TT) + {dv, TIATE.
Let w = df Adg A dh. Put {f,g} = (df A dg, II). Remark that
(inw, X) = (df Ndg A dh, II A X)
for all X € X' M. Since d(df A dg A dh) = 0 we have
(w, [IL,T]) = —2(d(iqw), II).

Lemma 2.10.
(df A dg A dh, [ILTI]) = £2 Jac(f, g, h)

Proof.
(df Ndg A dh, [IL 1)) = —2(d(ig(df Adg A dh)), IT) =

= —=2(d({g, htdf —{f, h}dg +{f, g}dh), II) =
= —2(d{g,h} Ndf —d{f, h} Ndg + d{f, g} Ndh, II) =

=—=2({{g, n}, [} =, Y g} +{{f. g}, B}) =
= 2Jac(f,g,h).

Corollary 2.11. A bivector I1 € X2M s Poisson if and only if [IL,II] = 0.
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As an application of corollary (2.11]) consider a Lie algebra g, manifold M, £: g — X(M)
an infinitesimal map (a Lie algebra homomorphism). Then £ extends uniquely to a degree 0
map

N ANg — X°(M)
TIN- ANy = E(x) A ANE(xy)

which preserves the graded brackets

Nela, B] = [NE(a), NE(B)] s

This is a simple consequence of the fact that both brackets are determined by their values in
degree 0 and 1.

Another easy consequence of characterization [II,II] = 0 is that if dim M = 2, then any
bivector IT € X2M is Poisson. Indeed [II,1I] € X3M = 0.

Let now G be a connected Lie group such that Lie(G) = g (not necessarily simply con-
nected). Let us denote the translation operators by

Ly: G— G, hw— gh,
Ry,: G — G, hw— hg.
We will use the following notations for the tangent maps 7.G' — T,G.
Lgy: ThG — TG Ry .: TG — TG
L!/;’*: ANT.G — A T,G R;\’*: ANT.G — ANT,G

Let now a € A®g. We will denote with a” (resp. aff) the left (resp. right) invariant
multivector field on G whose value at e € G (identity of G) is « i.e.

a(g) = L).a, (resp. a(g) = R),a)

In the same way we consider a’? to be the right invariant multivector field on G' whose value
at e is a.

Proposition 2.12. For any v € A%g the following are equivalent
1. v% is a left invariant Poisson structure.
2. vf is a right invariant Poisson structure.
3. [v,7] =0 (bracket in A®g)

Proof. Lx4: g — X(G) is an infinitesimal action.
A s (9) = (L2 v, L2 ) (g) = L2 4,4,

so the left hand side is zero if and only if the right hand side is zero. [y%,¥*]sny = 0 is the
condition for being Poisson. The computation for right invariant multivectors is exactly the
same. 0

The condition [y,7] = 0 is called classical Yang-Baxter equation. The above propo-
sition can be stated as:

Corollary 2.13. There is a one to one correspondence between left (resp. right) invariant
Poisson structures on a Lie group G and solutions of classical Yang-Baxter equation on

Lie(G).
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2.2.4 Compatible Poisson tensors

Say that IIy, Il are Poisson bivectors on M.
Question: is II; 4+ IIs a Poisson bivector on M 7
If this is the case we will say that they are compatible Poisson tensors.

Proposition 2.14. II; and Ily are compatible if and only if 11, 13] = 0.

In this case all; + bIl5 is Poisson for all a,b € R and {all; + bIls : a,b € R} is called a
Poisson pencil.

Proof.
(I + Iy, Iy + o] = [I1y, I1; | + [, o] +2[I1;, T3],
—— T/
=0 =
so [II; 4 I, Ty + IIp) = 0 if and only if [IIy,IIs] = 0.
Furthermore
[aH1 + blls, ally + bHQ} = 2ab[H1, HQ}.

0
2.2.5 Koszul’s formula
Theorem 2.15 (Koszul formula). Let P € XPM, Q € X1M. Then
ipg = ()P VO Vipdiq —igdip + (—1)Pippgd + (—1)1dipag (2.2)

Remark: Koszul formula implies Lichnerowicz formula (2.1) after contracting with (p +
q — 1)-form.

Proof. (of Koszul formula) By induction using Leibniz rule. Say first you want to prove it
for deg P = 0, deg ) whatever.

[P,Ql = Lofw P=f ipw=fw

iLgf = fdig —iqQdf +irqd+ (=1)1disq

Lyq

Ligw = fLgow

iLgfW = (Lof, w).

This formula can be also memorized as
Z'[P,Q] = [[indLiQ]
but with graded commutators on the right !
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2.3 Poisson homology
Definition 2.16. Canonical (or Brylinski) operator
O :=ind — dirr: QFM — QF 1M

Proposition 2.17. The following identities are verified

1. dOm + Ond = 0.

2. Omin — inon = 0.

3. 04 =0.
Proof.

1. don = dind = —0nd.

2. Apply Koszul’s formula to see that

0 = i, = [[i11, d}, in] = [On, in1)-
3. Omimr = im0 as a consequence of Koszul formula. Thus
2indin = ifd — dif).

Apply d on the left
2dipdiy; = did.

Apply d on the right
2indind = did.

Therefore ditrdiny = —inpdinnd and

6121 = (ind — din)(ind — dir[)
= indind — dimrinnd + dindin
= 2ipdind — dimrind = 0.
O

Definition 2.18. The homology of the complex (2°,0r) is called Poisson (or canonical)
homology and it is denoted by HE(M)
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Chapter 3

Poisson maps

3.1 Poisson maps

Recall that if (M7,11;), (Ma,1I3) are Poisson manifolds then ¢: M; — Ms is a Poisson map
if *: C°°(Ms) — C°°(M;) verifies

o {f, gta, =" f, ¢ 9}

for all f,g € C°°(Ms). Here ¢*: f+— foo.

Recall also from differential geometry that having a map ¢: M — N, you can pull-back
forms, but in general you cannot push-forward vector fields.

Let X € X(M) and Y € X(N). Then the two vector fields X and Y are said to be
p-related if

P, (Xx) = Ygo(:c)

for all z € M, puy: ToM — T, N. This relation does not define a map. In fact you
can have more than one vector field on N related to a fixed vector field on M. (Think of
¢0: R? — R2, p(x,y) = (z,0). Then saying that Y is ¢-related to X says something only
about values of Y on the line (z,0).) You can also have none. (In the example as before if
X(z,0) and X(, 1) have different projections on im ¢, ;).

If ¢ is a diffeomorphism then ¢, : X(M) — X(N). Remark that you can define -relation
on multivectors simply by considering goi\,m.

Proposition 3.1. Let (M1,11y), (M3, 113) be Poisson manifolds and ¢: My — My smooth
map. The following are equivalent.

1. ¢ is Poisson map.
2. X+p € Ham(My) and Xy € Ham(Ms) are p-related for all f € C*°(Ma) i.e.
for all x € M.

3. Let t(p*wz T;(m)Mg — TrMy. Then
#H2,<p(x) = iz O Fl 2 of P
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4. Iy, s are p-related i.e.

<H2,<P(:v)a aAB) = (I, tSO*,aca A Px20)
for all a, B € T;(z)MQ and all x € M.
Proof. (3) <= (4) by definitions.
(1) < (4) using
{fa g}(x) = (Haca d:}cf A da:g>

and the fact that for all o € T;j My there exists f € C°°(Mz) such that d,)f = a.

(1) < (2) using

(z)

{fs g} = Xyg = (Xy, dg).

Remark 3.2. From property (3):

P11y (x) > PIl, ((p(l‘))
because (im #11,) p(z) € @« (im #11, ). This fact has remarkable, though easy consequences.

e Let xy € Mj be a 0-dimensional symplectic leaf. Then ¢(z¢) is a 0-dimensional sym-
plectic leaf. Thus for example there is no Poisson map ¢: g* — M if M is symplectic
and g is a Lie algebra.

e Let p: My — M3 be a Poisson immersion, i.e. a Poisson map such that ¢, , is injec-
tive. Then ranky, (z) = rankp, (x). This in particular holds if ¢ is a Poisson (local)
diffeomorphism (even more so for Poisson automorphism).

e Let ¢: M; — Ms be a Poisson map between symplectic manifolds. Then

pi, () = pr, (p(2))
—_—— —
dim M dim Mo
and ¢ has to be a submersion i.e. ¢, surjective, because im ¢, , is forced to be

Tp(z)Ma for all z € M;. So the only Poisson maps between symplectic manifolds are
submersions.

This shows that being a Poisson map between symplectic manifolds is very different from
being a symplectic map (which means ¢: M; — Ma, p*ws = wy). This difference is made
explicit by the following two examples.

Example 3.3.
i: R? - R4,
(Q17p1) — (QI»p17070)>
w1 =dq A dpr,
wg = dq1 A dpy + dga N dpa.

Then 7 is a symplectic map but it is not a Poisson map:

{g2, p2} ot #{qz o i, ppoi}.
=1 =0
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Ezample 3.4.

(I8 R* — ]RQ,
(Q1aP17Q2aP2) — (thl))

w1 = dq1 A dp1 + dga N dps,

wa = dq1 N dps.

Then 1 is a Poisson map:

{a2, p2} o = {qg oy, ppo)}

=1 =1

but it is not symplectic:
Y*(dgr A dpyr) = dgy A dpy # dgy A dpy + dga A dps.

This difference between morphisms in the Poisson and symplectic categories implies, ob-
viously, that related concepts such as subobjects and quotients have different behaviours. We
will see later an example of this issue when referring to submanifolds.

Proposition 3.5. Let (M;,11;), i = 1,2,3 be Poisson manifolds. Let ¢: My — My and
P Moy — M3 be smooth maps.

1. If ¢ and ¢ are Poisson, then i o ¢ is Poisson.
2. If ¢ and 1) o p are Poisson, and ¢ is surjective, then 1 is Poisson.

L is Poisson.

3. If ¢ is Poisson and a diffeomorphism, then ¢~
Proof.
1. Obvious.

2. Take y € My, y = p(z).

Hilapiy) = (0 @)sz o #m,, o (Yo p)s
= ¢*,y O Px.x O #Hl’x of P, o! 1/1*4/
= thyy 0 #HQ,x of Yy

3. Follows immediately from (2).

Ezamples 3.6.

1. Let ¢: h — g be a Lie algebra morphism. Prove that ¢*: g* — §* is a Poisson map. Is
the converse true 7

2. Any Poisson map from M to a connected symplectic manifold S, p: M — S is a
submersion.
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Proof.
‘P(TmM) CT,S

It is a submersion if and only if equality holds. Say there is no equality.
—_——
=Ilg(z)

But then choose & € TS such that & € @, (T, M)+, ¢ # 0. Then (¢, g(z)) = 0
contradicting nondegeneracy of Ilg. O

3. Any Poisson map ¢: M — N such that M is symplectic is called a symplectic re-
alization of (N,IIy). It can be proven that any Poisson manifold admits a surjective
symplectic realization. Note that surjectivity of ¢ implies that functions in C*° (V) are
faithfully represented as vector fields on M by f > X .

4. Let G be a Lie group, g = Lie(G). Consider T*G with the standard symplectic struc-
ture. Let L: T*G — g* be defined by (g,p) — (Lg)*p for L;: T;G — TyG = g*. Then
L is always symplectic realization.

5. Any Poisson map p: M — g* is called a moment map. When there is such a map,
then M carries an infinitesimal g-action by infinitesimal Poisson automorphisms of
which this is the moment map. This ia consequence of the fact that the composition

g = C%(g") £5 (M) = Ritam(M)
is a Lie algebra homomorphism.

Definition 3.7. Let (M,II) be a Poisson manifold. A Poisson vector field X € X(M)
(or infinitesimal Poisson automorphism) is a vector field such that its flow ¢ induces
for allt € R a local Poisson morphism ps: M — M.

Proposition 3.8. Let (M,II) be a Poisson manifold, and X € X(M). The following are
equivalent:

1. X is a Poisson vector field

2. X 1is a canonical derivation i.e.
X{f.g} ={Xf. 9} +{f. Xg}
8. LxII=0.
Proof. We have

because Lxd = dLx. Now rewriting this with brackets we get

S0 2) <= 3).
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Let X € X(M), and let ¢, be its flow. Let f,g € C°(M,R).

d * * * * * * * * * * * *
%@—t{wt [y 059} i=to = =04y (X{01, fr 01,93) + 020 U X 01, £ 03,93) + 024, ({01, f5 X 03, 9))

L { fopr,gopi Yot

Now 1) <= left hand side is 0, and 2) <= right hand side is 0. O
Remark 3.9.

L. From Lixy] = [Lx, Ly] it immediately follows that the bracket of Poisson vector fields
is a Poisson vector field.

2. Let X be a Poisson vector field. Then the rank pr(x) is constant along the flow of X,
but the flow of X need not be contained in a leaf.

3. Hamiltonian vector field is Poisson vector field, but the opposite is false. For example
on (M,II = 0) every vector field is Poisson (Lx0 = 0), but only the 0 vector field is
hamiltonian. For (R?", std) we have Ham(M) = Poiss(M) = X(M).

Definition 3.10. Let dp: X*(M) — X*¥+1(M), I + [II, P]. Then dy is called the Lich-

nerowicz coboundary.

Remark 3.11. If I is Poisson, then df = 0. In fact [IL, [II, P]] = [[II, 1], P] from the Jacobi
identity of the Schouten bracket.

Definition 3.12. The cohomology of the complex (X*(M),dn) is called Poisson (Lich-
nerowicz) cohomology of (M,1I) and is denoted by HY(M).

We have HY (M) = Cas(M), [II, f] = Xy, and Hf;(M) = Poiss(M)/ Ham(M).

3.2 Poisson submanifolds

Recall that for Poisson manifolds (M,I1;), (M2, II2) ¢: My — My is a Poisson map if and
only if o2 (111 (z)) = Ily(p(x)) for all x € M;.

Recall that a submanifold of M is a pair (N,7) where N is a manifold and i: N < M is
an injective immersion.

Definition 3.13. Let (M,II5s) be a Poisson manifold. Then (N,i) is is a Poisson sub-
manifold if N has a Poisson structure Iy such that i is a Poisson map.

Remark 3.14. If i is an immersion, then i}?

i2% (M (x)) = M (i(2))

uniquely determines ITy to be Poisson diffeomorphic to the restriction of Il to i(N). The
symplectic leaves of a Poisson manifold are a natural example of Poisson submanifolds.

is injective at every x and

Proposition 3.15. Every open subset U of (M,Ily) is an open Poisson submanifold. A
closed submanifold N of (M,I1r) is Poisson if and only if it is a union of symplectic leaves.

Proof. From II being Poisson we have Il|y; is Poisson for all open U C M.

Let (N, i) be a closed submanifold. The question is whether IIy is a Poisson bivector on
N. This is true if and only if Il is tangent to N at any of its points, which locally, around =z,
means exactly that the leaf through N is contained in N. Now apply the usual open-closed
argument. [
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Ezample 3.16. When M is a symplectic manifold the only Poisson submanifolds are open
subsets. This is in contrast with what happens for symplectic submanifolds (think again
at the case R? < R*). To relax this rigidity the notion of Poisson-Dirac submanifold of a
Poisson manifold was recently introduced (see [22, [80]).

An interesting way to construct a Poisson manifold with prescribed Poisson submanifolds
is that of gluing symplectic structures on given symplectic leaves. The following theorem
([72], page 26, gives a characterization for such construction. Let us remark that in general
using topological constructions in the differential geometrical setting of Poisson manifold is,
at the same time, an interesting and difficult procedure, related to what is called flexibility
of the geometrical structure. A construction of suspension of Poisson structures on spheres
was realized in [7]. For other constructions and some general consideration see [48] 23].

Proposition 3.17. Let M be a differentiable manifold and let F be a generalized foliation

on M such that every leaf ' € F is endowed with a symplectic structure wr. For any

[ € C®(M) define Xy(x) = #_-1(dof). If all Xy’s are differentiable vector fields then there
F

exists a unique Poisson structure on M having symplectic (F,wp) as symplectic leaves.

Ezample 3.18. Let D = D(0, 1) be the disc and let II;, ITs be Poisson structures on D going
to zero at the boundary. Then there exists a unique Poisson structure II on S? such that

ip: D —S?

sending D to the upper hemisphere is a Poisson submanifold (D, II;),
i_: D — S?

sending D to the lower hemisphere is a Poisson submanifold (D, IIs),
ig: St — S?

sending S! to the equator is a Poisson submanifold (S!,0).

Proof. There exists a uniquely determined bivector IT on S? with such properties. The ques-
tion is whether this bivector is Poisson and smooth. Being [II,II] = 0 a local condition it
certainly holds true at any point of the lower and upper hemisphere. Then if II is smooth,
being [T, 1] smooth, by continuity [II,I] = 0 on all of S?. So smoothness is the only real
issue here. But the smoothness is true if by ”going to zero at the border” we mean that it
can be smoothly extended over the border. Then with a partition of unity argument you can
prove smooth gluing. O

3.3 Coinduced Poisson structures
Let ¢: M1 — M> be a surjective map. Then if we want it to be Poisson, then Il5 is uniquely
determined by II;.

Definition 3.19. A surjective mapping from a Poisson manifold can be Poisson for at most
one Poisson structure on M. If this is the case we will say that the Poisson structure on Ms
s coinduced via ¢ from that on M.

Proposition 3.20. Let (Mi,11;) be a Poisson manifold. If ¢: (My,111) — My is a surjective
differenitable map, then Mo has a coinduced Poisson structure if and only if

{¢"f, ¢*g}an
is constant along the fibers of ¢ for all f,g € C*°(M).
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Proof. If {¢* f, ¢*g}n, is constant then define
{f, 9ha(p(@)) :={e™f, 0 g} an ().

This is well defined, i.e. it does not depend on z but only on ¢(z) (and it is defined everywhere,
because ¢ is surjective). That it is Poisson is an easy consequence of {—, —} s, being Poisson
(remark that here you are using again surjectivity of ).

Conversely, let Il exists. Then

{o*f, ¢*gta (07 (W) = {f. 9} (¥)

and the right hand side does not depend on ¢, hence the left hand side is constant along
fibers. O

Example 3.21. Consider S? 2, RP? the projection being given by identification of antipodal
points (z, —x) ~ [z]. There exists a coinduced Poisson bivector on RP? if and only if for any
given pair of functions on RP?

{o°f, ¢* g} p2(z) = {¢" f, 9" g} (—).

So if we identify C°°(RP?) — C>(S?)%2, the previous equality states that maps f, g belonging
to C°°(S%)Z2 have to satisfy

((z), dof A dog) = {F, G}(2) = {f, §}(~2) = (IL(~2), duf A ds).

for all z € S?. Choosing functions giving you a basis of the cotangent space this implies

In particular if IT on S? is constructed by gluing this implies II;(x) = IIy(—2) where now
x € D. This does not say that for any surjective map ¢: S?> — RP? you have the same
condition.

Proposition 3.22. Let (My,111) be a Poisson manifold. Let p: My — My be a surjective
submersion with connected fibers. If

ker . » C #m,2(M1)
18 locally spanned by hamiltonian vector fields, then Ms has coinduced Poisson structure.

Proof. Take f,g € C*™(Msy). We want to prove that {¢*f, ©*g}a, is constant along the
fibers. Because ¢ is a submersion fibers are submanifolds. Since ker ¢, , C #y1,(M;) it is
enough to prove that for all A\ € C°(M;) if A € ker . then X\({¢*f, ¥*g} ) = 0 (because
ker ¢, is the tangent space to the fibers). But this follows from Jacobi identity. In fact

XM f, e gba ={e" f, Xa(@"g) bar, +{XN(@" ), © g}
But ¢*f and ¢*g are constant along the fibers (by definition) and therefore
Xa(¢"g) = Xa(¢™f) =0,

from which
Xa({e™f, ¢ gta) =0

hence thesis. O
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3.4 Completeness

Let o: M — N be a Poisson map and F a leaf in M. One could ask whether ¢ brings
symplectic leaves of M into symplectic leaves of N. This is easily seen not to be the case.
Let us take ¢: R? — R, ¢(x,y) = x is Poisson with respect to the standard Poisson structure
in R? and zero structure in R. But ¢(R?) is a union of leaves. From this example one could
guess that in general ¢(F') is a union of leaves. Even this turns out to be wrong, though for
a subtler reason. Consider U C R?” open set and i: U — R?" with the standard Poisson
bivector IT on R?" and II|;; on U. The image of the leaf U is not a whole leaf but just an
open set in the leaf. Why is it so?

Consider now ¢(F') and take ¢(x) € S, where S is a leaf through ¢(z) in N. Take y € S
and a piecewise Hamiltonian curve from y to ¢(x). We would like to lift this curve from N
to M. Say the first Hamiltonian piece is the flow of X}. Even if X, is complete X+, is not
necessarily complete.

Definition 3.23. A complete Poisson map is a Poisson map ¢: M — N such that Xy
complete implies X+, complete.

Then we immediately have

Proposition 3.24. Let (M1,111) and (M2,113) be Poisson manifolds and ¢: My — My a
complete Poisson map. Take F to be a leaf of M. Then ¢(F) is a union of symplectic leaves
m Mg.

Remark 3.25.
e Let M; be compact. Then any Poisson map ¢: My — Ms is complete.
e Let ¢: M; — My be a proper Poisson map. Then it is complete.

Remark that also when we consider algebraic smooth Poisson varieties and alegbraic maps
between them, properness, in the algebraic sense, implies completeness. This is often used
when dealing with algebraic Poisson groups.
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Chapter 4

Poisson cohomology

Let us recall the definition of Poisson cohomology. Let (M, II) be a Poisson manifold. Con-
sider the cochain complex (X*(M), dr1), where

di: ¥8(M) — (M), P [1, P, (4.1)

where [—, —] is the Schouten bracket. Then d% = 0 as a consequence of the graded Jacobi
identity together with [II,II] = 0. Remark that the Poisson tensor itself always defines a
2—cocycle and, thus, a Poisson cohomology class. When [II] = 0 the Poisson manifold is
said to be exact. We would like now to give a different, more explicit expression for this
coboundary operator.

Proposition 4.1. In the above hypothesis, for all P € XF(M) and for all a; € QF(M),
i=0,...k

k
(dnP)(ao,. .. ax) = Y (=) #n(e)Plao, ..., 6. .. op) + (4.2)
1=0
> ()P, ), a0, Gy 0 ).

0<i<j<k
Proof. Let us first remark that the formula is true for k = 0,1
k=0 (duf)(e) =#n(a)f,

Let now P be a decomposable k-vector and prove (4.2)) by induction on k. Due to the graded
Leibniz identity for the Schouten bracket

dyP =[Py A--- AP =[LPIA(PoA---AP) + (=1)'PLA[IL Py A--- A Py.
Therefore
(dHP)(O[(),...,ak) = [H,P]/\(PQ/\"’/\Pk)(OéO,...,O[k)—P1/\[H,PQ/\"'/\P]C](O[(),...,ak)

= Z [H7P1](aiaaj)P2/\"'/\Pk(a()?"'ad\iw"7@7"'7ak‘)
0<i<j<k
k

=Y Pi(ew)du(Py A+ A Py) (0w, .o Gy o).
=0
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We have thus proven our claim on all decomposable k—vector fields. Due to locality of
the Schouten—Nijenhuis bracket (together with the fact that locally any k-vector field is
decomposable) tha claim holds true for all k—vector fields. O

Remark 4.2. From this expicit expression it would be tempting to say that the Poisson
cohomology is some sort of Lie algebra cohomology, and precisely the Lie algebra cohomology
of (C*°(M),{—, —}). This is not precise, because we do not have an identification between
cochains (which are linear maps A*C*(M) — C*°(M)) with multivectors. Multivectors are
exactly those cochains which are differentiable in each argument. From this remark one can
construct a homomorphism

Ju: Hi(M) — Hf3o(C®(M), {=, =}).

Computations of the cohomology on the right hand side are even harder than those for Poisson
cohomology. This is one of the reasons why such cohomology is seldom considered.

Remark 4.3. Let f be a Casimir function for (M,II). Let P € X¥(M). Then dp(fP) =
[IL, f] A P + f]II, P] = f[II, P] = fduP. Hence we can define a product f - [P] = [fP]. So
there is a structure of HY (M) = Cas(M)-module on each Hfj(M).

Proposition 4.4. The external product of multivector fields induces an associative and super
commutative product in Poisson cohomology.

A: HE (M) x Hy (M) — HEF (M),
this product will be called the Poisson product.

Proof.
[ILPAQI=[ILPIAQ+ (-1)P'PAILQ)]
Therefore if [II, P] = [II, Q] = 0 also [II, P A Q] = 0, hence the product of two cocycles is a

cocycle
[—,—]: ZII‘C[ X Zf — Zﬁ+q_1_

This product descends to cohomology. Define [P] A [Q] := [P A Q]. This is well defided,
because

[P+ [ILR] A Q] = [(P+[ILER])AQ]
=[P AQI+[IL, Rl A Q]
= [PAQ]+ (=1)" [P, RA[IL Q] + [P, [IL R A QJ].
=0
The algebraic properties are a trivial consequence of analogous properties of A. 0

Remark 4.5. In a similar way it is easy to verify that also the Schouten bracket descends to
cohomology via

[[P], [Q]] := [P, Q]].
Here the key property is connected to the Jacobi identity for [[II, II], Q].

Remark 4.6. Hlﬁ is not functorial. In fact given a Poisson map ¢: M; — Ms you do not have
a corresponding map on chains ¢, : X¥(M;) — X¥(My), where as we remarked already, only
the weaker notion of ¢,-relatedness survive.
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Theorem 4.7. Let (M,II) be a Poisson manifold. The sharp map intertwines the Poisson
and de Rham cochain complexes, i.e.

#1: QF(M) — XM(M),  #nod=dno#n,
and therefore induces a homomorphism
H1: HER (M) — HE(M).

This morphism is an algebra morphism with respect to cup products. Furthermore, if M is
symplectic then #11 is an isomorphism.

Proof. Here #1 is extended to k-forms as
(#nw)(at,...,ar) = w(#FHn(a), ..., #n(ag)).

Let w € Q%(M) and ag, ..., ax € Q' (M). Then

k

(dn(#n(w)))(ao, ..., ar) = Z(— ) (ed) (#n(w)) (0o, .., G, o)

+Z D (@) (0, 0], 00, G T )

1<j

k

Z 1) i (ai)w(#n(ao), - #ulai), . ., #u(ar))
£ () ([ (o). ()] #n(0o). . (e,

L #(0y), . #nlon)
= dw(#n(ao), cvey #H(ak))
= #n(dw).

The fact that the sharp map respects cup product is obvious from definitions already at the
chain level

#r(wr Awz) = Fr(wi) A #n(wa)-

Lastly if M is symplectic, #11 is invertible at the chain level and therefore it remains such on
cohomology. O

Proposition 4.8. Let g be a Lie algebra, and g* the dual vector space with the Lie-Poisson
bracket. Then
Hfi(g") = H} (g) ® Cas(g"),

where on the left le is the Lie algebra cohomology of g.

Remark 4.9. To complete the list of basic examples consider that if (M, 0) is considered as
a Poisson manifold then HY (M) = X*(M). Therefore the Poisson cohomology has a huge
variety of behaviours and is in general likely to be infinite dimensional over R. We will see
in examples that even the weaker property of being finitely generated as H?(M )-modules is
not always satisfied by Poisson cohomology groups.
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Theorem 4.10 (Mayer-Vietoris sequence for Poisson cohomology). Let (M,II) be a Pois-
son manifold. Let U and V' be open subsets of M, considered as Poisson manifolds under
restriction of the bivector (U,1l|y), (V,I1|y). Then there is a long exact sequence

o HE UV S EEULY) s BEU) e HE(V) S BRUNYV) S HE OUY) - .

Proof. Here one basically recalls how the proof of Mayer-Vietoris theorem goes on forms.
Given two open sets U and V, let P € XK(U), Q € X¥(V), R € X*(U U V). Then
R+ R|y, R~ R|y are maps to X¥(U) and X*(V) respectively. Being the Shouten bracket a
local operator one has [II|¢, R|y] = [IL, R]|y and [II|y, R|y] = [II, R]|v. Therefore restriction
induces a map on chains, trivially injective. Now start from P and Q. We want a vector
field on U N V. We can of course consider P — Q|yny. If [I|y,P] = 0 = [}y, Q] then
[II, P — Qluny] = 0. So again we have a cochain map. This map is surjective. Indeed,
given a vector field S on U NV we may extend, by the usual trick of smoothing function,
to Pon U and @ on V such that. P — @ = S on U NV. Therefore we have a short exact
sequence of cochain complexes. This induces as usual a long exact sequence in cohomology.
Given S € X*(U NV), [I1,5] = 0 consider (P,Q) as before such that P — Q = S. Being
11, (P, Q)] = ([, P, ]y, Q]) we have [Il|y7, P] - [I|v, Q] = [|yny, P—Q] = 0. Therefore
there exists T € X(U U V) such that P = T|y, Q@ = T|y. Define 9[S] := [T]. The usual

arguments, based on the snake lemma, prove the theorem. O

4.1 Modular class

Let (M,II) be a Poisson manifold. Let us assume, for simplicity that M is orientable. Let
Q be a volume form on 2. Consider for any f € C*°(M), Lx,Q € Q"M. There exists a
function ¢q(f) such that Lx,Q = ¢a(f)Q.

Fact 4.11. ¢q is a vector field.

Proof. We have to prove ¢q(fg) = ¢a(f)g+ foalg). But Xsq = X5+ f X,y (from {fg, h} =
g{f, h} + f{g, h}). Therefore

Lx;, Q= Lox 1 px,0 = gLx, Q+ X () + fLx, Q2+ Xo(/)Q = 9¢a(f)Q + féalg)R
hence thesis. O
Definition 4.12. ¢q is called the modular vector field of (M,I1) with respect to €.
Fact 4.13. The modular vector field is an infinitesimal Poisson field.

Proof. We have seen that this is equivalent to ¢q € Der(C*(M),{—, —}). Now
Lx(s, gy = Lixsx) 82
= [Lx;, Lx,|Q
= Lx;(0a(9)Q) — Lx,(¢a(f)Q)

= ¢a(9)Lx, Q2+ {f, ¢a(9)}Q — da(f)Lx,2—{g, da(f)}2
= ¢a(9)da(f)Q+{f, ¢a(9)}Q+ da(f)Palg)+ {palf), 9},

SO

pa({f, g}) = {oa(f), g} +{f, dal9)}-
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Fact 4.14. Ly,Q = 0.

Proof.
L¢QQ = di¢QQ + i¢QdQ = di¢QQ = d(diHQ),

because dir) = i, 2. O

Take another volume form €’ = af). Then
Lx, Y = oo (£)Q = por (f)af

LXf (CLQ) = aLXfQ + Xf(a)Q = ang(f) + Xf(a)

Furtermore

ade (f) = aga(f) + Xy(a),

bor () = balf) + ~ X (a).

and

%Xf(a) _ é{f, a} = {f. loglal} = —{log|al, f}

Hence the modular vector fields with respect to different volume forms differ for a hamiltonian
vector field.

ooy = ga + X log |a|*

Definition 4.15. The vector field ¢q defines a class [pq] € Hi(M). This class is independent
of Q, and is called the (Poisson) modular class.

Definition 4.16. Let (M,II) be a Poisson manifold such that [¢pq] = 0. Then (M,II) is
called unimodular.

Exercise 4.17. On (R?, f(x,y)dz A dy) compute the modular class.

Ezxamples 4.18.

1. Let (M,w) be a compact symplectic manifold, IT = w~!. Then the modular class is 0.

In fact the volume form ‘;’TT is invariant under all Hamiltonian vector fields.

2. Let (M,II) = (g*,Ijiy). Then M is unimodular if and only if g is unimodular as Lie
algebra, i.e. tr(ady) =0 for all X € g.

3. Let (M, II) be a regular Poisson structure. It can be proved that there exists an injective
map

H'(M) — Hpy(M)

sending Reeb class [Reeb] to [pq]. The Reeb class is an obstruction to the existence of
a volume form of the usual bundle invariant for vector fields tangent to leaves [I].
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Let (M,II) be compact unimodular Poisson manifold. Then there exists  such that
Ly, Q2 = 0. Then

| inae= [ (00

2/ LXf(QQ)_/ gLxQ
M M

_ / dix,99) +ix,d(gQ) / gLx,Q
M N—— M
=0 by Stokes theorem =0

=— /M 990 (f)Q.

This is called also infinitesimal KMS condition. Being (M, IT) unimodular, we can choose
a volume form Q such that ¢o =0, so [, {f, g}2 =0, i.e.

/MQ: C=(M) — R

is a Poisson trace.

4.2 Computation for Poisson cohomology
Let us consider the quadratic Poisson structure on R?

Io(z,y) = (2° +y°)0z A 0.
We want to prove the following

Proposition 4.19 (Ginzburg). The Poisson cohomology of (R?,11) is given by

HY, (R?) =R,
Hho (R?) = R(z0, + YOy, YOy — x0y),
Hfp (R?) = R(9, A 9y, 1p).

Proof. To make computations easier let us identify R? ~ C, z = v + iy, 2 = z — iy, 0, =

0, — 10y, 0z = 0y + 10y, Ily = —2i220, N\ 0z. We will omit the factor (—2¢) from now on.
Let us start by considering vector fields having coefficients which are formal power series

in z and z (real coefficients): %’}(RQ). Let us denote with V,, the space of homogeneous

polynomials in z and z of degree n, V,, = (2", 2" 1z,...,2"), dimV,, = n + 1.

e¢]
%?(R% = formal power series in z and z = H Vi,

i=1

=1 =1 =1

X3 (®R?) = [[Vio: A 0=
i=1
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Now we compute [II, f] on f € C®(R?):
[IL, f] = 22((0-(£)) 9= — (0:(£))0-), (4.3)
and [II, X] with X € XY (R?), X = f(2,2)0. + g(z, 2)0=:
[IL, X] = 22(9:(f) + 9:(9)) — Zf — 2g. (4.4)
From this formulae it is evident that
di: Vier — V0, © Vi0s

dr: V;0, ® V;0; — ‘/i+laz A Os.

Therefore the complex on formal vector fields splits into a direc sum complexes
0— Vit = VP2 Vi — 0

If we denote with ¢; 1= dx|y,: Vi — V2 and ¢ = dri|y 2 Vi692 — Vi41, this means that

i+l
HY = @ ker ;
i€N
Hi; = @ ker v/ im ¢
ieN
Hfy = (P imy;
ieN

Let us first consider the case i > 2.
0— Vit = VP2 Vi —0
The cohomology contributions of these complexes are
ker ;1 — Hy, kervy;/img;_1 < Hij, Vip1/imep; — HE.
Observe that dim V;_1 = ¢, dim Vi692 =2(1+1),dimV;41 =7+ 2. Now
1. ;1 is injective. In fact from |4.3
gpmH(zmil) =mzmzH19; — 1213,
Therefore ker p;—1 = {0}, dimim ¢;_1 = i.
2. 1; is surjective. In fact from [4.4]
Vmyr(2™28,) = (m — 1)2"210, A 8s,
Ymar(2M20:) = (1 —1)2" 129, A ;.
Therefore Vi11/imy; = 0 — H%I

3. lastly dimker; = dim Vi@2 —dimim; = 2(: +2) — (¢ + 2) = i + 2 which implies
ker;/imp;_1 =0 — H111
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Thus no contributions to cohomology comes from ¢ > 2. Let us look what happens when
i=0,1.
Vo Vo © Vo Vo

©0 Yo
VieWn Vi

U1
Va

Again an easy and explicit computation shows that

gy [0 7010
") 6. — 20, A B,

wo =0,
20, — 0
20, — —Z220, N 05
205 — —220, A\ O3
zZ0s +— 0.

Y1

Now
kercp():Vo:R%HOH
ker g @ ker 1)1 /im g = ker i) — Hll-[, ker iy = (20, 20z)
Vo ® Vi/imy @ Va/impy = Vo @ (220, A 9z) — HE.

Moving to real coordinates

Vo = (0 N Oy)
(220, A 0z) = (IT)
20, = 20, + y0y
205 = YOy — x0y.

Now we need to prove that only this formal vector fields contribute to the Poisson smooth
cohomology. Define flat functions to be those f € C°°(R?) such that all their derivatives at
the origin are 0 and f(0) = 0. Similarly flat multivector fields are those with flat coefficients.
Then we have a short exact sequence of complexes

0— x}lat(R2) - %.(M) - :{}OTmal(M) —0

Exactness is a consequence of Borel’s theorem.
If we prove that H¥,; 17, (R?) = 0 we are done.

Now consider #ry: Q}lat — L’é"}lat (here as usual by #1 we denote the extension to all
Q1*M; as we have seen #n(f) = Xy¢). We claim that #p is an isomorphism. Let us prove it
on 1-forms

#u(fdx + gdy) = (° +y°)(f0, — g0a).

Now tha point is that if f is flat, then (2% + y?)f is also flat, but also the other way around,
ie.

(2 +y)f=f
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has always a flat solution in f, i.e. -
f
is a well defined flat function.
The key points are that II has polynomial coefficients and has isolated singular points
(this can be weakened). O

Ezample 4.20. Let SU(2) have Poisson structure we already mentioned. The adjoint action
of SU(2) on su(2) ~ R? is then action by rotations. The isotropy subgroup of (1,0,0) is

{(g g) la| = 1}. The orbit of (1,0,0) is S?. The map

¢: SU(2) — SU(2)/ U(1) ~ §*

is given by the formula

a Py _ 2182, —i(aB — af), —(« af
6% ) = (o - 18P, zitap - aB), (a5 + aB)

1 z2 3

Check that indeed =% + 23 + I% =1
We claim that ¢ coinduces a Poisson structure on S?. Using the explicit expression for p
one can explicitly compute

{z1, 2} = (1 — x1)x3
{za, 23} = (1 — x1)21
{z3, 1} = (1 — z1)x2
Iy = (1 — z1)[2304, A Opy + 100y A Org + 22054 A Ony]
= (1 —a1)IL,
Symplectic foliation consists of two 0-leaves - the north and south pole, and complement
which is a 2-leaf.

Ezample 4.21. Take the stereographic projection from the south pole, i.e.
R? — §?\ {N}

(,y) = [ —2—, 22
1+z1 1421

Then Iy on R? becomes (22 + y2)8, A 0y
Of course if you take the stereographic projection from the north pole you get

R? — §%\ {S}

with the symplectic structure (it can be proved that it is the standard one).

We wanto to use the Mayer-Vietoris exact sequence to compute the Poisson cohomology
of (82, HQ)
U=S*\{N} V=8*\{N} UnV=82\{N,S}

(22 +y*)0, N,  symplectic symplectic
HY(U) =R HY(V) =R HY(UNV)=R
Hi(U) = R? Hi (V) HH(UNV)=R
HZ(U) = R? HZ(V) = HA(UNV)=0

0
0
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The sequence is
0 R—-R®eR—-=R —

— H}(SH - R*©0—-R —
— H4(SH - R*90—0
The first row is exact (a Casimir function is constant on each of U and V).

0-HY(SY) - RZAR A HY(S?) —R2—0
20z +y0y—yds —0y

Because ) is surjecitve dimker A = 0 and dimimu < 1, so g = 0 and H%(S?) ~ R2. If you
know that Hi;(S?) is nontrivial then Hi(S?) ~ R.
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Chapter 5

Poisson homology

Recall that

o = ind — diyp: QM — QF M.

We showed that 8% = 0 and defined Poisson homology as the homology of the complex

(Q°,0n).

Proposition 5.1. The Poisson homology is explicitely computed (in local coordinates) by

on(fodfy .. dfe) = > (V)™ o, fikdfy A+ Ndfi Ao Adfi

1<i<k
+ Y (S0 fod{fi, fiYdfu A Adfi A
1<i<j<k

Proof.

on(fodfy ... dfy) = in(dfo Adf1 ... dfy)
—d[ > (=U)" fod{fi, f3}dfy A

1<i<j<k

= Y (=0 fiYdfo Adfy A

1<i<j<k

+ Z (—I)H_j{fi, fj}dfo AN df1 A

1<i<j<k

/\gf;/\

/\C/lﬁ/\
/\C/lf\z/\

/\C/Zﬁ/\

A dfy

Adf; A
Adf; A

Adf; A

"'/\dfk]
"'/\dfk

"'/\dfk:

+ > (CUT fod{ i, fiYdfu A Adfi A N A A df

1<i<j<k

O]

Remark 5.2. One could use this formulas a definition for dr. This is correct, but requires

also checking that the formula does not depend on local choices and this is quite difficult.

Note that 0.(fodf1) = {fo, f1} and therefore The 0-th Poisson homology is just given
by: C®(M)/{C>*(M), C>°(M)}. Thus it can be considered as the dual space to Poisson
traces. This apparently easy definition does not mean that, even in very explicit examples,

such invariant can be easily computed.

Theorem 5.3 (Brylinski). If M is symplectic manifold then

HY' (M) ~ HpF (M R) ~ HY R (M),
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Proof. (sketch) Given w symplectic form, take the volume form “’an = Q. You can use it to
define a ”"Hodge-like” *-operator

w: QF (M) — Q2m=k (M),

implicitly as
(B A xa) =" (a, B) Q.

N——
cC>=(M)
This operator verifies the following:
1. %% =id,
2. B A (xa) = (~1)Fa A (x8),
3. on QF(M), O = (—1)F! x dx.
Therefore it intertwines d with * and therefore induces an isomorphism in homology. O

Remark 5.4. This map is similar to Poincare duality. In fact one could recover the same
result through the existing duality between Poisson homology and cohomology.

Poisson homology is functorial. Given a Poisson map ¢: M; — My there is a map
©*: Hi(My,TIy) — HE (M, 10;). In particular for any leaf S of M

*

HI(S) —— HIl(M)

|

Hy(S)

:

PR (S)

@*

Again deciding whether this map is injective or surjective is a difficult problem.
In the canonical double (mixed) complex you have dor + dpd = 0

Q2 (M) <2— QY(M) <1 (M)

QL (M) <4— QO (M)

QM)

Starting from this you can define cyclic (negative, periodic) Poisson homology and a long
exact sequence of Connes-type.
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Example 5.5. Consider on R? the Poisson bracket

{9, 23} = 2proxs — qr} = g1,
{1, x3} = 2px123 — 23 = go,

{1, 22} = 2pz129 — q23 = g3.

Check that
o= %(a::{' + 23 4+ 23) — 2priT9m3
is a Casimir element. Can you prove that there are no other functionally independent
Casimirs?
Let

V = (O, Oy, Ogy).-

Verify that
Vo = (91,92,93),

and that

V % (91, 92,93) = 0.

(here we are denoting VX to be the curl as in usal vector calculus). Then, again by direct
computation you can verify that

On(x1dzry + xodwo + x3drg) = V(x1, 22, 23) - Vo,

on(z1dxy N dxs + wodxs A dry + x3dry A dwg) = V(x1, 22, 23)dd — d[(x1, 22, 23) - V),
an(fd$1 Adxo A dajg) = —df Ndo.

These formulas are basically all one needs to thoroughly compute in an explicit manner the
Poisson homology groups, as explained in [77].

The result of computation of Poisson homology is that HI'(R?) is a free R[¢]-module of
rank 8, 8, 1, 1. Hg(R?’) is generated by xi1drodxs, rodrsdr, xsdxidrs. Hg(Rg) is generated
by d.%'ldx’Qd:Bg.

5.1 Poisson homology and modular class
Say 2 is a volume form on M.
O = indQ — digQ = —ig, Q.

If M is unimodular Poisson then there exists 2 € Q"(M) such that ¢ = 0, so g2 = 0 and
thus [] # 0 € HL(M).

For this reason in quantization you can regard Connes axiom of having ”quantum” homo-
logical dimension equal classical dimension as a condition of unimodularity of the underlying
Poisson manifold.

Let us now consider the Poisson structure of example (5.5). We want to compute its
modular form starting from the standard volume form €2 = dx; A dzs A dx3. This means we
want, for any f € C*°(M)

Lx,Q=¢(f)2
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Then, explicitely

LXle = digy0,—g,052
= d (g310,2 — 921952)
= d(—gsdz1 N dxg — godxy A dz2)
= (0293 — 0392) A2

And similar computations show that

N dj Ok
oa(x;) = det < o o )

with (7,4, k) = (1,2, 3) or cyclic permutations. Therefore ¢ = V x g (up to now we’ve never
used the explicit form of g). Lastly, as remarked, g is defined in such a way that V x g = 0 and
therefore such Poisson structure is unimodular. It is worth remarking that van den Bergh in
its paper was commenting that this condition is exactly what makes computations of Poisson
homology accesible through explicit formulas (unimodularity was at that time not recognized
as an easily accesible, though very relevant, invariant of Poisson manifolds).
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Chapter 6

Coisotropic submanifolds

Let (M,II) be a Poisson manifold, C' a submanifold of M and N*C' its conormal bundle
defined as:
N C={aeT*M :{a,v) =0 VveTC}.

Definition 6.1. C is called coisotropic sumbanifold of M if
#n(N*C) C TC
Remark 6.2. On symplectic manifolds, for a submanifold N of M you consider TN and
TN ={weTM :wv,w)=0 YveTN}.
Then you have

TN C TN isotropic,
TN = TN** Lagrangian,
TN D TN** coisotropic.

Exercise 6.3. Prove that if (M,11) is the Poisson manifold associated to a symplectic man-
ifold then a submanifold verifies

#1(N*C) C TC iff (TC)* C TC.
Proposition 6.4. The following are equivalent
1. C is coisotropic in (M, 1II).
2. For all f,g € C*®(M) such that f|c,glc =0, {f, g}|lc =0.
3. For all f € C*®°(M) such that f|c =0, Xf|c is tangent to C.
Proof. The point here is that if I = {f € C*°(M)|f|c = 0} then
{dof : f €1} = N, C,
(dof, va) = v(f) ().

The fact that we get all conormal vectors as differentials of functions in I follows from local

equalities for C' of the form x! = ... = 2P = 0 in a coordinate neighbourhood (U;z!,..., 2")
(p < n) adapted to C.
Then we have easily (3) = (1) = (2) = (3). O
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Remark 6.5.
e If C is Poisson submanifold then [ is a Poisson ideal.
e If C is coisotropic then [ is a Poisson subalgebra.

Exercise 6.6. Let h be a Lie subalgebra in g. Prove that b is a coisotropic submanifold in

g
Theorem 6.7. ¢: (My,11) — (M2, 1ls) is a Poisson map if and only if

Ly :={(z,¢(x)): x € M}
is a coisotropic submanifold of My x M.

The notation: o
My x My = (M1 X Mo, 11 & (—Hg))

with product Poisson structure.
Proof. We have
Tio@)le = {(v, psav) 1 v € Ty My}
N'Ty ={(=¢" A\ A\) : A € T,y M2}
Then
#n(N*T,) CTT,,

is equivalent to
eu(#m (—9"N) = —#m A, VA€ TE )Mo,

which is one of the conditions equivalent to being Poisson. O

Definition 6.8. Let C' be a coisotropic submanifold of (M,II) and let I := {f € C*°(M) :

flc = 0}. Define
N(I) :={g € C*(M) :{g, I} C I}.

Proposition 6.9. N(I) is a Poisson subalgebra of C*°(M), I is a Poisson ideal of N(I) and
therefore N(I)/I is a Poisson algebra.

Proof. From the Jacobi identity we get the first part:
{{gla 92}7 f} = _{{927 f}7 gl} + {{917 f}7 92}

Furthermore
NI/ I=C®C)={feC®C): Xf=0 VX ecI'(#aN"C)} C Poisson manifold
0

Proposition 6.10. A submanifold C is coisotropic if and only if f|lc = 0 and g|c = 0 implies
{f7 QHC =0.

Remark 6.11. Is it true that C' is a coisotropic submanifold of M if and only if C N F is a
coisotropic submanifold of any leaf F' of M? To show this is not true take for example R3,
IT = 0, A 0y. Symplectic foliation is given by planes parallel to {z = 0}, F}, = {z = h}. The
standard embedding S? — R3, 22 + y? + 22 = 1 gives a coisotropic submanifold. This can
be checked directly proving that functions which are zero on S? form a Poisson subalgebra
or through the following:.
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Ezercise 6.12. Show that every codimension 1 locally closed submanifold is coisotropic.

Now let us look at intersections:

0 h¢[-1,1]
S’NE,={x he {—1,1} — 1is never coisotropic in the leaf to which it belongs
St he(-1,1)

Therefore a submanifold maybe coisotropic without its intersections being coisotropic in the
leaves. From this example it is also quite evident the reason for it: the submanifold and the
leaves may intersect not transversally. In fact adding suitable transversality conditions it is
possible to relate coisotropy to coisotropy in the leaves (see for example [72]).

6.1 Poisson Morita equivalence
Take (M, II) to be Poisson, (S,w) symplectic,
4 T*M — TM
Ho-1: TS - TS
bo: TS — T*S
Say we have p: S — M surjective submersion,
prpt TpS — Ty M.
For p € S, x = p(p), p~1(x) is a closed submanifold. We have
ker(pup) = {v € TpS : pap(v) = 0} = Tpﬂ_1($)v
N;p_l(:v) ={aeT;S:{a,v)=0 Vve Top ' (z)}
={aeT,S:a=dyf, fep(C(M))},
(ker(pup)) ™ = {w € TS : w(v,w) =0 Yov & Tpp *(x)}
={w € T,S : Gu(w),v) =0 YveTyp *(z)}
={w e T,S :by(w) € N;p_l(x)}
= #u-1(Npp ™' (@)
={X gy 1 [ €p"(C(M))}-

Definition 6.13. Two Poisson manifolds (M1,111) and (Maz,1ls) form a dual pair if there
exists a symplectic manifold (S,w) and two Poisson submersions (i.e. symplectic realizations)

S
RN
My M,
such that the fibers are symplectic orthogonal, i.e. for any p € S, pi1(p) =z, p2(p) =y

Topy () = (Tppy (y) ™

The pair is called full if p1, pa are surjective.
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Remark 6.14. We have seen that in some sense a symplectic realization of M is a notion like
”one sided module over M;”. The dual pair is thus a notion of bimodule.

Our task now is to unravel this definition.

Proposition 6.15. Let (S,w) with p;: (S,w) — (M,I1;), i = 1,2 be a full dual pair. Then

{p1(f), p2(9)}s =0 V feC®(M), g€ CF(My). (6.1)

Condition |6.1] is equivalent to symplectic orthogonality of tangent spaces if fibers are con-
nected.

Proof.
ker((p1)ep) = Tppy (2) = (Tppz ()7 = (ker((p2))«p) ™

= {X,: () (P) : g € p3(C™(Ma))}.
Take f € C°(M;)
{n1(f), p2(9)}(p) = =X (p1(f))(P) = 0

because —X;‘%(g) € Tp~Y(z) and pi(f) is constant along p~*(z).
The argument can be reversed provided fibers are connected. O

Ezxample 6.16. Let S be a symplectic manifold, J: S — g" constant rank Poisson map.
(Moment map, Hamiltonian action of G on S). Assume that J is a surjective submersion
and that G-action on S is regular, S/G is a manifold. Then there exists a coinduced Poisson

structure on S/G and
S
N
g S/G

If regularity is missing one can ask if p*(C°°(S/@G)) is the Poisson commutant of J*(C*(g*))
(admissible functions),

form a full dual pair.

{C=(9)%, J(C™(g"))} = 0.
One can also ask such questions only after restriction to an open subset U of g*.

Proposition 6.17. Let (M;,11;), i = 1,2, be Poisson manifolds. Let (S,w) be a symplectic
manifold. Let p;: S — M;, i = 1,2, form a full dual pair with connected fibers. Then there
1s a 1-1 correspondence between symplectic leaves of My and Ms, inducing homeomorphism
on leaf spaces.

Proof. The basic idea is the following. Take a leaf Fy in M;. Consider pa(p; ' (F1)), which is a
leaf in Ms. The correspondence ®: Fy — pg(pfl(F 1)) is bijective and ® is a homeomorphism.
The details are as follows. Fix x € M; and let F be a leaf through =z

T:CFl = im #Hhm.
Consider p; *(Fy) and take p € p;*(z). Prove that
(p2)(Tpp ™ (F1)) = im #11, )
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Indeed

Ty k1 = {X?I(pl(p)) 1 f e 0 (M)}
={(p1)pX7 () : f € p1(C™(M2))}
= (P1)xp(F#u-1 N ker((p1)«p))-

Take D1, Dy be the distributions spanned by Hamiltonian vector fields of pull-backs.

Dy ={Xgp: f € p1(C™(M1))}
Dy ={Xj: f € pa(C™(M2))}
Take as usual p € S, p1(p) = x, p2(p) = v.
D7 and D, are integrable disributions. In fact we know also the maximal integral subman-
ifolds - fibers. Surjectivity grants that each point belongs to a fiber. Connectedness grants
that the fibers are submanifolds.

Consider the distribution D; + Dy. We claim that it is also integrable. Let F} be a
symplectic leaf in M;. Show that p;'(F}) is a connected integral sumanifold of Dy + Ds.

Ty(p~ () = (ker pra)p + {0 € TS : (p1.)pv € Ty Fi}
= (ker p2.4)p + {Xpi 4 (p) : f € C(M1)}
— {X%,(p) 1 g € C°(Ma)} + {X%,(p) : f € C¥(M)}
= D1 + Ds.
Now also py 1(F2), Fy symplectic leaf of My are integral submanifolds of Dy + Ds.
Let £ be the set of integral submanifolds of D; 4+ Dy. Then L is in one to one correspon-

dence with the set of leaves of M; and the set of leaves of Ms. The bijection on the sets of
leaves is given by

Fy = pa(py ' (F1))

It remains to show that it is homeomorphism of topological spaces. ]

Lemma 6.18. Let f: S — M be a submersion, n > m, F is (m — k)-dimensional
submanifold of M, x € S, f(x) =y € F. Then we can find local coordinates

(U, ¢) around x in S,
(V,4) around y in M,

such that for allw € f~Y(V)NU
Yi(f(w)) = ¢i(w), i=1,...,m

and
flw)e FNV <<=y =... =19 =0.

Therefore f~Y(F) is an (n — k)-dimensional submanifold of S given by ¢1 = ... = ¢, = 0.

Definition 6.19 ([78]). Two Poisson manifolds are called Poisson Morita equivalent if
there exists a full dual pair (S,w), p1, p2 between (My,111) and (Msy, —Il3) such that

1. p1,p2 are complete,
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2. fibers of p1, p2 are connected, simply connected.

S
N
My op

Remark 6.20. Despite its name Poisson Morita equivalence is not an equivalence relation as
it fails to be reflexive. In such cases it is natural to single out the subclass of objects on which
a relation indeed defines an equivalence:

Definition 6.21. Poisson manifolds Poisson Morita equivalent to themeselves are called
integrable.

Reason for the name is that the associated Lie algebroid can be integrated to a Lie
grupoid.

Proposition 6.22. Let (Mj,w1) and (Ma,ws) be symplectic manifolds. They are Poisson
Morita equivalent if and only if they have isomorphic fundamental groups.

In particular any connected and simply connected symplectic manifold is Poisson-Morita
equivalent to a point.

Proof. Let

S
N
M, M,
be the Poisson-morita equivalence.

Look at the long exact sequence in homotopy

0= 71'1 ﬁber1 *>7T1 *>7T1 Ml) *>7T0(ﬁber1) 0

TN

0 = m; (fibery) 71 (My) —— mo(fibers)

Conversely: say w1 (M7) ~ m1(M3) ~ G. Let ]\Af] be the universal cover of M;, j = 1,2. Both
are principal G-bundles over M;. The product ]\7[,1 X J\Afg has symplectic structure given by
(w1, —wa).
My x M,
R
M1 M2
O
Ezample 6.23. Let (S,w) be a connected, simply connected symplectic manifold and let M be
a connected manifold with the zero Poisson structure. Then M is Poisson-Morita equivalent

to S.
S xT*M

P
S M
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where p; denotes the projection of S x T*M on its first component, while py is the projection
on the second component composed with the cotangent bundle projection.

Proposition 6.24 (Lu-Ginzburg). Poisson-Morita equivalent manifolds have isomorphic
first Poisson cohomology Hi; (=), but can have non-isomorphic Hi (—).

Remark 6.25. With some more work one can prove that the induced map between set of
leaves is in fact a heomeomorphism of topological spaces.

Remark 6.26. The first Poisson cohomology and modular class are Poisson-Morita invariants.

6.2 Dirac structures

Definition 6.27. Let M be a smooth manifold. A Dirac structure on M is a subbundle
L CTMa&T*M which gives pointwise linear Dirac structures in T, M & T M and such that
its sections are closed under the Courant bracket

(X, @), (Y, 8)] = ([X, Y], Lx 3 — Lya + zd(a(Y) — B(X))) (6.2)

Remark 6.28. The Courant bracket is not a Lie bracket. However it turns out to be a Lie
bracket on sections of a Dirac bundle.

Proposition 6.29. Let IT € T(A2TM) be a bivector on M. Then graph(Il) defines a sub-
bundle of TM & T*M which is pointwiese a linear Dirac structure; I'(I) is a Dirac structure
if and only if II is Poisson.

Remark 6.30. Not every Dirac structure comes from a Poisson bivector.
Proof. For any I1 € T'(A2T'M) define
I'n = {(#n(a),a) : a € Q'(M)}
This is pointwise Dirac.
[(#n(a), @), (#n(8), B)] = ([#u(a), #1(B)], Ly ()8 — L sy + 5d(a(#n(B)) — (#n(a))))

= ([#n(a), #n(B)]; [e, Blm)
Now the point is that #py is a Lie algebra map if and only if [II, IT]gn = 0. O

Proposition 6.31. Let B be a skewsymmetric bilinear form on'V, B € A2V*. Then for any
linear Dirac structure L

Co(L) = {(v,n+ Bv) : (v,p1) € L}
18 a linear Dirac structure.

Proof. Dimension is obviously unchanged. Therefore it suffices to show isotropy

((v, p + Bv), (w,n + Bw)) =

=0
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Proposition 6.32. Let IT € A2V and let 'y be the linear Dirac structure corresponding to
the graph of I1. Let B € A2V*. Then there exists II' € AV such that

Cp(I'n) =Ty < (id+bp o #m1) is invertible.

Here
bp: V= V*, bp(v) = B(v,—),

#u: V' =V, #n(§) =1 )
with the identifcation V ~ V**,

Proof.
Cp(Tp) =T < Cpg(T'm) NV = {0}

Now idbg o #11: V* — V* is invertible if and only if it is injective, therefore

a+ B(#n(a)) =0, a # 0 <= id +bp o #1 is injective.

Proposition 6.33. Let L be a Dirac structure on M and let B € Q?(M). Then
Cg(L) is Dirac <= dB =0

Proof. As we have already seen Cp(L) is pointwise a linear Dirac structure. We have to show
what happens if we require in Cg(L) closeness with respect to the Courant bracket.

[(X,n+ B(X)), (Y, + B(Y))] = ([X,Y], Lx (n+ B(Y)) = Ly (w + B(X))
+3d((w + B(X))(Y) = (n+ B(Y))(X)))

= ([X,Y], Lxp — Lyw + 5d(w(Y) — u(X))
+ LxB(Y)—LyB(X)+d(B(X,Y)))
Lemma 6.34.
LxB(Y)—LyB(X)+d(B(X,Y)) = (dB)(X,Y) — B([X,Y])
Proof.

Lx =dix +ixd, Ly = diy + iyd
LxB(Y) = d(B(Y, X)) +ix(dB(Y))
LyB(X) = d(B(X,Y)) + iy (dB(X))
(ixd(B(Y)))(Z) = (d(B(Y)), X AN Z) = ZB(X,Y) — XB(Y, Z) — B(Y, X, Z))
Use formula for

(dB)(X,Y,Z)=XB(Y,Z2)-YB(X,Z2)+ZB(X,Y)-B([X,Y],2)+B(|X, Z],Y)-B([Y, Z], X).
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Definition 6.35. Two Poisson bivectors 111,115 on the manifold M are said to be gauge
equivalent if there exists a closed 2-form B such that

Cp(Tmy) =T,

(i.e. if the corresponding Dirac structures are equivalent)
Two Poisson manifolds (My,111) and (Ma,112) are said to be gauge equivalent up to
diffeormmorphism if there exists a Poisson diffeomorphism

@ (My,10y) — (Ma, 1)
such that Ily and Il are gauge equivalent.

Remark 6.36. Two symplectic structures on a given manifold are gauge equivalent. Two
symplectic manifolds are gauge equivalent up to diffeomorphism if and only if they are sym-
plectomorphic.
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Chapter 7

Poisson Lie groups

7.1 Poisson Lie groups

Recall the two presentations of a Poisson manifold:
1L {—, —}: C®(M)® C>®(M) — C>*°(M) such that
e {—, —} is a Lie bracket (antisymmetric + Jacobi identity)
o {f, gh} ={f, gth + g{f, h} (Leibniz rule)
2. (M,II), 11 € T(A2T' M) such that [II,TI] = 0

connected by the equality
{f, 93(x) = (I(z), do f © dug)

Recall that a smooth map ¢: M — N between Poisson manifolds is a map that preserves
Poisson brackets

{fi, almogp={f109, faod}n

or equivalently
OS2y () = Ty ((x))

Recall also that if M, N are Poisson manifolds the structure of product Poisson manifold on
M x N is the one given by

U s (z,y) = {fi(= ), fo(—v)}m(z) + {fi(z,—), falz, =) }n(Y)
or equivalently
sy =y @ Ty € T(A*’T(M x N)) = T(A*TM & A*TN)

Proposition 7.1. Let G be a Lie group, 11 Poisson tensor on G. Then the following are
equivalent:

1. The product m: G x G — G is a Poisson map

2.
(g192) = Ly, «11(g2) + Ry, «11(g1),

where

Ly: G— G, hw gh, Ry:G— G, hw—hg

and Ly, Ry« are derivatives.
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Proof. Let m: G x G — G be a Poisson map, that is

{f1, fot(m(g1,92)) = {from, faom}axa(g1, g2)

i.e.
{f1, f2}(9192) = {fi o Lgy, fao Ly }(g2) + {f10 Ry, foo Ry, }(g1)

or equivalently
(I(g192), dgigs.f1 ® dg, g, f2) =

<H(g2), d92(f1 © Lgl) ® dgz(fQ © L91)> + <H(gl)a dgl (fl © Rg2) ® d!]l (f2 o R92)>

Now use
dg(f © Lh) = Lh,*dgfa dg(f % Rh) = Rh,*dgf

to obtain
(IL(g192), dg1go 1 ® g, g, f2) = (IL(g2), Li%*(dngl ® dg, f2)) + (H(g1), R?;%*(dmfl ® dg, f2))
= <L§%*H(92)7 dngl ® d92f2> + <R;8;2,*H(91)7 dglfl ® dg1 f2>
hence the thesis. ]

Definition 7.2. When one of the conditions of proposition is verified (G,11) is called
a Poisson Lie group.

Remarks 7.3.
e For a Poisson Lie group (G, 1I) we have II(e) = 0. In fact II(ee) = 2I1(e).

0=T(e) =(gg ") = Ly TI(g™") + Ry-1 . I1(g)

SO
H(g_l) = = Adgfl,* H(g)

This means that the inverse g — g+

is not a Poisson map, but anti-Poisson.
e Another equivalent condition is

LxLyIl =0, V X right invariant, and Y left invariant

and additionally II(e) = 0.
This obviously suggests what if II(e) # 0 ? We have

H(9192> = L91H(92) + Rgzn(gl) + L91R92H(e)
what is called an affine Poisson structure on G.

Let us move on to the infinitesimal description of the Poisson Lie groups. Consider
n: G — A%
given by right translating the Poisson tensor
n(g) = Ry-1.1(g)
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(obviously n(e) = 0). Now
n(g192) = R(g,g,)-1,+11(9192)
= Rgfl,*Rggl,*(Lgl,*H(.%) + Ry, 11(g1))
= Rg;17*H(gl) + Adg, Rg;17*H(gg)
=1(g1) + Adg, n(g2)
i.e. II multiplicative == 7 is a cocycle of G with values in A?g.
Define now
5:9— A’g
to be its derivative at e, i.e.
§(X) = %ﬁ(etX)\t:O
What are the properties of § coming from the fact that II is Poisson and multiplicative ?
Proposition 7.4.
1. II multiplicative —
I([X,Y]) =adx o(Y) —ady 6(X)

2. 1I Poisson —>

t5: A%g* — g
satisfies Jacobi identity.
Proof. 1.
n(e ™) =n(e™) + Adx n(e™)
(e e ™) = n(e™) + Aday n(e")
n(eXe™) —n(e™ e ) = n(e) —n(e™) + Adux n(e™) — Adey n(e”)
2.
Lemma 7.5. Let £,& € g*. Choose fi, fa € C®°(G) such that d.f; = &, i = 1,2.
Then
0(x1,&) = de{ f1, f2}

Proof.

{fh fQ}(g) = <H(g)7 d!] 1® dgf2>
(n(g), R (dgf1 ® dyf2))
Take g = !X and the derivative at t = 0.

d d

U BHE ) moli=o = 2 ((9™), REX (derx fi @ derx f2))|i=0

<X7 dﬁ{f17f2}> <%netx‘t:0,def1®def2>
= <5(X)7 defl b2y def2> = <X7 t(s(defladefé»

Thus the claim. Remark that this proves indirectly independence of the right hand side
from choices. O

Now the statement follows easily from

JaCt(S(glv §27 63) = de Jac{*, *}(fl? f27 f3)
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7.2 Lie bialgebras

Definition 7.6. A Lie bialgebra is a pair (g,5) where g is a Lie algebra and 6: g — A%g
s such that

1. 1§ satisfies Jacobi identity (coJacobi: cyclic((6 ®id)d(X)) =0)
2. §([X,Y]) =adx d(Y) —ady 6(X)
We have just proven that the tangent space of a Poisson Lie group has a Lie bialgebra

structure. To what extend is the converse true ?

Example 7.7. g abelian Lie algebra. Thus any §: g — A2g such that 6 satisfies Jacobi identity
gives a Lie bialgebra. Choose a nontrivial one. Therefore g* is a non trivial Lie algebra, which
implies that g itself has a non trivial Poisson linear structure (g = g**).

Take I' € g a lattice under which the Poisson structure is not invariant. Take a Lie group
H = g/G. Then Lie(H) = g is a Lie bialgebra which does not integrate to a Poisson Lie
group structure.

The point here is

Lemma 7.8. Given a 1-cocycle g — g A g there is a unique 1-cocycle n: G — g A g, where G
is the connected simply connected Lie group integrating g (i.e. Lie(G) =g).

Basically this is all you need to prove

Theorem 7.9 (Drinfel’d). The correspondence G — g gives you a 1:1 correspondence between
Lie bialgebras and Poisson Lie groups.

Given any Poisson Lie group (G, 1I) consider its Lie bialgebra (g, d). Then (g*,![—, —]) is
a Lie bialgebra. Therefore it integrates to a unique connected, simply connected Poisson Lie
group G* called the dual Poisson Lie group of G.

Lie bialgebras form a category. Morphisms are those homomorphisms which respect §

El/\gﬂg’/\g’

T te

8§ ——F— 4

Proposition 7.10. Given a Lie bialgebra (g,9), the vector space g* has a canonical Lie
bialgebra structure. The cobracket &' being dual to bracket [—, —] in g, and the bracket [—, -]’
n g* being dual to §.

Definition 7.11. g* is called dual bialgebra of g.
Ezamples 7.12.

1. Any Lie algebra with § = 0.

2. Dual of previous, g* as vector space, [—,—] =0, §' = [—, —15
3. g=5l(2,C), X, X ,H €5l(2,C)

[H, X*) =4+2X*, [X", X |=H
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S(XH)Y=XEAH, §H)=0

cyclic(§ ® id) o 6(XF) = cyclic(d @id)( XTAH )
X+*@H-HQX*

—cyclic(X*T®@H-H® X))@ H=0

(co-Jacobi identity). Now check the 1-cocycle condition

5([a,b]) = a - 8(b) — b 5(a)

We have
S(H, X)) L H - (X* AH) - X% 5(H)
LHS = £26(X*) = +2X* AN H
RHS = [H, X*]NH + X* A[H,H) = £2X* AN H
Similarly

SIXT, X )= XT-6(X7) =X~ §(XT)
LHS =§(H) =0
RHS=X"-X"ANH-X -X"ANH
= (X", X JAH+X AXTH) - [X,XT|AH—-XTA[X",H]
=HAH-2X AXT-2XTAX =0

. Let g be a C simple Lie algebra with fixed bilinear, nondegenerate, symmetric form
(—,—) on g (and on g*). choose a Cartan subalgebra h of g (n = dimb is the rank of
g). Choose a simple roots a1, ..., a, € h*. This gives a decomposition

g=n ohdn_

where ny are nilpotent and h abelian. Let Xii, H; be the corresponding Chevalley
generators and A = [a;;] the Cartan matrix

Recall
[Hi, Hj] =0, [Hi, X} ==+a;; X;7, [X},X;]=0;H,

The following cobracket
§(H;) =0, §(XF)=dX*nH,
where d; symmetrize [a;;], i.e. d;a;; = a;jd;, gives the structure of a Lie bialgeba.

Definition 7.13. This example is called a standard Lie bialgebra structure on g.

Remark. There exist other structures, and all standard structures are equivalent up to
conjugation.
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7.3 Manin triples

Definition 7.14. Let g be a Lie algebra with a non degenerate invariant symmetric bilinear
form. Let g4+ and g_ be Lie subalgebras such that

g=9+ Do

as vector spaces, and such that g+, g— are mazimal isotropic subspaces of g. Then (g, g+, 9—)
1s called a Manin triple.

Using the form we can identify

IR
a
+
~—
©
+

I
a
\

*

g
In particular dimg; = dimg_.
Theorem 7.15.
1. Suppose (g,9+,09-) is a Manin triple. Let
(= -lre@e—g [ =l dleesn [--]-=-lloes
Put
0y =" [=—]-: (g8) =9+ = A’gy, - ="[—,—]+: (g8) =9- — A%g-
Then (g+,0+) and (g—,0_) are Lie bialgebras.
2. Let (g,9) be a Lie bialgebra. Define on g & g*
(X +& Y +n) =) +n(X)
(X +&Y +n] = ([X,Y]+adx { —ady n, [§,n] +adi X —ad; V)
Then g @ g* with this form and bracket is a Manin triple.

Proof. Let us rewrite the cocycle condition in a Lie bialgebra
(O(X,Y]), §@n) = ([X, Y], [§,n])
Indeed,

(0([X,Y]), E@n) = (adx 6(Y) — ady §(X), E @)
= —(6(Y), adx (£ ®n)) + (6(X), ady ({ ®n))
= —(6(Y), adx (§) @ n+E®@adx n) 4+ (6(X), ady (§) @ n +§ @ ady )
= (Y, [adx & n] + [§, ad’ n]) — (X, [ady &,n] + [€, ady 7))
= (ad; Y, adk &) — (ad{ Y, ad n) — (ad; X, ady &) + (ad X, ady n)
Invariance of bilinear form is equivalent to

€, X] = adf X — adi &

<[§7X]777>:(§7 [Xan]):_<adj§(§7 77)7 Vﬂ
(&, X], V) = (& [X,Y]) = —(adx £, YV), VY
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Therefore
(O([X,Y]), E@n) = <[ Y15 (& m))
—(X, [V, €, m]])
—(X, [, V€l + &, Y]))  (from Jacobi identity)
= —< , [n,ady € —adg Y]+ [€,ad; Y — ady 1))
— (ad}) Y, ady €) — (ad; Y, ady 1) — (ad} X, ady &) + (adf X, ady )
and this is formula obtained before. This proves (1). O

Proposition 7.16. Let (g,6) be a Lie bialgebra, (Dg,[—, —]) Lie algebra in g ® g*. Then
§: Dg — A’Dg

given by
§(X +&) = 6(X) +' [, ~](§)

1s a Lie cobracket.

Ezxample 7.17. g complex simple Lie bialgebra, g <— g @® g diagonal embedding. Fix h Cartan
subalgebra and choice of positive roots.

g=n_oOhdn,y

by =bhDdny

Si={(z,y) €by ®b_:2[g=—yly}
Letongdg
((a,b), (¢,d)) = (a, ¢) — (b, d)
Then (g ® g,9,5) is a Manin triple.
Ezample 7.18. With the notation as before (g @ b, b4, b_) is a Manin triple.

66



Chapter 8

Poisson actions

Recall some notations. Let G be a Lie group, g = Lie(G) its Lie algebra, Ly, Ry: G — G left
and right translations with derivatives Ly . : ThG — Ty, G, Ry s: ThG — ThyG.
Let (G,II) be a Poisson Lie group, i.e.

(g1 - g2) = Ly, «I1(g2) + Rg, «I1(g1)

and let n: G — A’T.G = A%g be

77(9) = Rgfl,*H(g)'

Then 7 is a 1-cocycle of G with respect to adjoint action on A?g, i.e.

n(g192) = n(g1) + Adg, 1(g2)

Let 6: g — A?g, ;

5(X) = =

(™),
Then (g, ) is a Lie bialgebra
(g,[—,—]) 1is Lie
(g*,!6) is Lie

satisfying compatibility
([X,Y]) =adx o(Y) —ady 6(X).

The Lie algebra g* integrates to a (unique) connected (simply connected) Poisson Lie group
G*. Furthermore on g ® g* we have the following Lie bracket

and Lie cobracket
op(X + &) = 0(X) +0°(§)

This makes g & g* a Lie bialgebra, which is called Drinfeld double of a Lie algebra g. It
integrates to (a unique sonnected, simply connected) Poisson Lie group DG called Drinfeld
double of a Lie group G.
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8.1 Poisson actions

Definition 8.1. Let (g,9) be a Lie bialgebra. Let (M,II) be a Poisson manifold, together
with an infinitesimal action, i.e. a Lie algebra morphism

p:g— X(M)
Then p is called an infinitesimal Poisson action if
Lyl =p"*(6(X)), VXeg (8.1)
Remark 8.2.

1. II is not invariant under an infinitesimal Poisson action. If the infinitesimal action is
effective it is invariant if and only if § = 0.

2. To be precise this could be considered an infinitesimal left Poisson action. An infinites-
imal right Poisson action is then a Lie algebra antihomomorphism such that (8.1)) is
verified.

Let now ¢: G x M — M be a Lie group action. Let us fix the following notations

Plg,x) =g
VgelG, ¢ M—M, xz—g-2
YVeeM, ¢.:G—-M, g—g-x

Remark that
¢g-m = ¢ngy ¢g¢m = ¢ng-
For f € C°°(M) let 6y: M — g* be defined by

Of(x) = dgf(g- )|
If we have only the infinitesimal action we can define equivalently
(0, Y)=p(Y)f

Theorem 8.3 (Semonov-Tian-Shanskii). Let (G,Ilg) be a connected, simply connected,
Poisson Lie group with Lie bialgebra (g,0). Let (M,IIp;) be a Poisson manifold. Let
¢: Gx M — M be a Lie group action with infinitesimal map p: g — X(M). then following
are equivalent

g=e

1. ¢ is a Poisson map with respect to the product Poisson structure.

2.
HM(Q : x) = ¢g,*HM(x) + ¢x,*HG(g)7 Vxe M7 g€ G

p(X){F, 9y = {p(X) 5 g} = {F, p(X)g} = ([05,0,], X) VX €g, f,g € C™(M)

4. p is an infinitesimal Poisson action, i.e.

Loyl = p"2(6(X)), VX eg
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Proof. (1) <= (2) by definition of product Poisson structure ¢ is Poisson iff for all fi, fo €
C*M),ge G,z eM

{fiog, fa00}exm(g,®) = {f1, fa}m(g- )

But the left hand side equals

{fiode, f200:}a(g) +{f10¢g, f20 04 m(x)

= (Ug(9), ¢rdgafi N Gedgafz) + (Ua (), gdgafi A Pydgaf2)
= <¢$7*HG(9)7 dg~xf1 A dg~:cf2> + <¢g,*HM(x), dg-xfl A dg-xf2>

and the right hand side is
<HM(9 : JZ), dg~a€f1 A dg~xf2>

Hence (1) < (2).
(3) = (4)
Ly = p"*(8(X) = (3(X), 07 A by)

= (Lo, df Adg) = (p"*(X), df A dg)
= Lyx)(Iar, df Adg) = (T, (Lyxyar) A dg) — (Har, df A Lyxydg) = (6(X), 05 A bg)
= p(X){f, g} —{p(X)f, g} = {f, p(X)g} = (X, [0f,06,])

because
(6(X), ef /\99> = (X, [6f709]>-

(2) = (4) by applying ¢4-1 , to both sides of (2) we have
¢g*1,*HM(g : CL’) = HM('T) =+ ¢g*1,*¢x,*HG(Q)
¢g—17*HM(g . :l’,') = HM($> + ¢:v,*Lg*1,*HG(9)

Now let g = !X, X € g and differentiate with respect to t at t =0

d

%qse*tx,*HM(etXx)‘t:o = Looxylm

d
¢=’f* e-1x (Jla(e ‘t 0 %’*d e—tx i Ila(e ‘t 0

(4) = (2) Prove that
¢e*tx,*HM(etX ' iL‘) = HM(.T) + ¢e*tx,*¢iﬂ,*HG(etX)

Then prove that derivatives % at t = 0 are equal.

de—ex JIpg (e ) = ¢ pmix (L) g (€ X )
= Po-tx (A2(5( ) (e )
= Qe—tx  Perx, [(LxTlg)(e)]
= Ge-tx 1 bu s Lerx L[(Lx1le)(e)]
= ¢z Le-ix  Rex [(LxIle)(e)]
= ¢ux Ad-ex [(Lx1lg)(e)].
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On the other hand

d d
%(HM(.I’) + ¢$,*Le*tx,*HG(etX)) = ¢w’*%Le*tx,*HG(etX)
— ur Ad, ox (LxIg(e)).

Therefore the two sides coincide for any € M in an open neighbourhood of e € G. Being
G connected any open neighbourhood generates it and the theorem is proven. O

Remark 8.4.
1. ¢ does not preserve IIy; unless Il = 0. Neither ¢4 nor ¢, are in general Poisson maps.

2. The multiplicity condition (2) is often referred to as IIj; being covariant with respect
to Ilq.

3. m: G x G — G is a left Poisson action on the Poisson Lie group itself. As a special
case of the previous statement neither left nor right translations are Poisson maps.

4. Another way of stating the infinitesimal Poisson action condition is

du(p(X)) = p"*(8(X))

| e

N2y —r X2(M)

Thus ¢ looks like some sort of intertwining operator between differentials. In fact § can
be extended to a degree 1 derivation of A®g, simply by letting

S(X1 A AXp) = (1) X1 A ASX) A A Xy,
=1

The coJacobi condition on § implies 62 = 0. This turns A®g into a differential Gersten-
haber algebra (A®g, A, [—,—]). The infinitesimal action condition shows that p: g —
X(M) with its natural extension p”: A®g — X*(M) provides a morphism of differential
Gerstenhaber algebras.

5. Right hand side of (4) does not depend on IIj;. Consider ITj; and IT),; such that (G, )
acts in a Poisson way on both. Then L, x)(ITps — II);) = 0. Thus Iy, — IT); is an
invariant bivector (not necessarily Poisson).

We can give a slightly different look on conditions (3)-(4).
0: Q' (M) — C®(M;g*) € X(M) ® C®(M;g*)
Recall the Poisson coboundary introduced in ({4.1J).
di: XP(M) — XP*H(M),  dp(P) = [I1, P]
(duX)(df,dg) = (LxT)(df,dg) = X{f, g} —={X [, g} = {f, Xg}
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Therefore LHS of (3) can be rewritten as
(dnf)(df, dg)
and phrased with suitable conventions as
(dn6 — 310, 01)(df, dg) = 0
i.e. 0 satisfies a Maurer-Cartan type of equation.

Proposition 8.5. Let (g,0) be a Lie bialgebra with an infinitesimal Poisson action p: g —
X(M) on the Poisson manifold (M,11ys). Let by be a Lie subalgebra of g,

C¥(M)" = {f € C(M): p(X)f =0 VX €b},
bt ={ ey :(2)=0 VXehh
Then
1. If bt is a Lie subalgebra then C°°(M)Y is a Poisson subalgebra.

2. If C(M)" is a Poisson subalgebra and {0y : f € C>(M)"} span ht, then h* is a Lie
subalgebra.

Proof. Let f,g € C°(M)Y. This means that for any X € b, p(X)f = 0 = p(X)g. Using
condition (3)

p(X){f, 9y ={p(X)f, g} +{F, p(X)g} + ([05, 04, X) =0

is equivalent to [0y, 0] € ht. Now simply remark that for the case of an infinitesimal action
0 is defined via
O, Y)=p(Y)f VY eg

Therefore f is invariant if and only if 0 € ht and h* is generated by such elements. Thus
the statement. O

Corollary 8.6. If h \ M is a smooth manifold then it posesses a Poisson structure and
p: M — b\ M is a Poisson map.

Corollary 8.7. If we have a global action and a closed connected subgroup H such that b+
is a Lie subalgebra then the same holds true for H \ M.
8.2 Poisson homogeneous spaces

Definition 8.8. A Poisson homogeneous space is a Poisson manifold (M,I1y) together
with a transitive Poisson action of a Poisson Lie group.

Remark 8.9. The covariance condition is

HM(g : x) = gbg,*HM(x) + d):fc,*HG(g)

When H is homogeneous for a given x € M this formula allows to compute 11y, at all points
from IIp7(x), i.e. IIps is uniquely determined by its value at one fixed point.
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Homogeneous G-spaces are of the form G/H for a closed Lie subgroup H. We will show
how, and why, such description does not work any more at the Poisson level. First we need
to describe properties of subgroups of Poisson Lie group.

Definition 8.10. A Lie subgroup H of a Poisson Lie group G is called a Poisson Lie
subgroup if it is a Poisson submanifold. It is called a coisotropic subgroup if it is a
coisotropic submanifold.

Remark 8.11. Let H < G be a Poisson (coisotropic) Lie subgroup and g € G. Then Ady(H) =
gH g™ ' may be Poisson, coisotropic or none of the above.

Proposition 8.12. Let H be a connected Lie subgroup of a Poisson Lie group (G,11g).
1. H is a Poisson Lie subgroup if and only if b is an ideal in g*.
2. H is coisotropic if and only if b is a Lie subalgebra.
Proof. H is a Poisson submanifold if and only if
Iy ={f € C*(G) : flg = 0}

is a Poisson ideal. Being h C g* spanned by covectors d.f, f € Iy, Iy is a Poisson ideal
implies h- C g* is an ideal. The converse is true due to connectedness.

The second statement is proved analogously, but now we request that Iy is a Poisson
subalgebra. bt is still spanned by d.f, f € I, therefore the thesis. O

Poisson homogeneous spaces ¢: G x M — M contain a number of special cases.
1. Invariant Poisson structures (Il = 0)

2. Affine Poisson structures (M = G)

3. Non symplectic covariant (i.e. IIg # 0) Poisson structures, which include

(a) ”"Highly singular” covariant Poisson structures (3 xg Iz (xg) = 0)
(b) Quotients by coisotropic subgroups
(c) Quotients by Poisson Lie subgroups
Furthermore (a) = (b) D (¢).
Some relevant examples of Poisson Lie groups:

e (G,Ilg) any Poisson Lie group. Drinfeld double DG has a natural Poisson Lie structure.
G,G* — DG (if it can be embedded) is a Poisson Lie subgroup.

e (G complex semisimple Lie group. K compact real form with standard Poisson structure.
Then DK = G. Furthermore, as the standard Poisson structure is defined via simple
roots any Dynkin diagram embedding sorresponds to a Poisson Lie group. In particular
to each node there corresponds a distinct Poisson embedding

SU(2) € SU(n)

Remark though that SLs triples not corresponding to simple roots are not Poisson Lie
subgroups. For example

0 1 0 0
0 0 * =x*
1 0 * =x

S ¥ ¥
O ¥ ¥
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are Poisson Lie subgroups, but

* O *
S = O
* O *

is not.
Exercise 8.13. Classify Poisson Lie subgroups of SU(2).

Hint: Compute the dual Lie bialgebra. Classify ideals in this 3-dimensional Lie algebra,
distinguishing between 2-dimensional ideals and 1-dimensional ideals. Check which of them
is the L of a Lie algebra, and you have that the only pair (b, b*) such that b is a Lie subalgebra
of su(2) and h* is a Lie ideal in su(2)* is when h = (H), H being the Cartan diagonal element.
Therefore the only connected Poisson-Lie subgroup is S! diagonally embedded in SU(2) and
the disconnected ones are its discrete subgroups.

Exercise 8.14. Classify Poisson Lie subgroups of SL(n,C) with respect to the standard struc-
ture.

It requires some work. A good start is to look at the first pages of [70].

Coisotropy condition is much weaker. For example let H < G be a Lie subgroup of
codimension 1. Then H is coisotropic. In fact dim h = 1 and therefore h=* is a Lie algebra,
(X, X]=0.

Let M be a Poisson homogeneous space. Fix x € M

T,M ~g/by, b, - stabilizer of
Proposition 8.15. For any v € A%g/h,
Ly ={X+&: X €g £€by, (€®id)(v) = X + b}
s a Lagrangian subspace of the double.

Proof.
(X+&Y+m=0E@n+neE)(v) =0

so L, is isotropic. Surjectivity follows from surjectivity of X + & — X, which implies maxi-
mality. O

Theorem 8.16. For any x € M let L, be the Lagrangian subspace in Dg. Then:
1. L, is a Lie subalgebra in Dg
2. Lgz = gL, where gL, is given by the adjoint action of G in Dg

3. There is a bijection between Poisson G-homogeneous structures on M and G-equivariant
maps from M to the set of Lagrangian subalgebras such that if x € M then L,Ng = b,.

Remark 8.17. Let Dg = g @ g* be a Drinfeld double, G x Dg — Dg adjoint action
Ady(X +¢) =Ady X + Adz,l §iRg_1’*H(g) + Ad;,l 13

L(Dg) is an algebraic variety; the set of Lagrangian subalgebras of the double. The adjoint
action of G passes to an action on this variety

G x L(Dg) — L(Dg)
Then theorem (8.16)) says that on £(Dg) orbits are "models” for Poisson homogeneous spaces
([7])-
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Proposition 8.18. Let M be a Poisson homogeneous space of (G,1lg). For xy € M the
following are equivalent:

1. Mp(z0) =0
2. ¢z, G — M is a Poisson map
3. Hy, (stabilizer = {g € G : gzrg = xo}) is coisotropic; M ~ G /Hy,
Proof. (1) = (2) Take the same xg
s (g20) = ¢g,«1ln(20) +620,411c (9)
—

Therefore ¢,, is Poisson.
(2) = (1) Let ¢4, be a Poisson map

HM(xO) = HM(G-TO) = ¢x0,*HG(€) =0

(2) <= (3) We have already proven (3) = (2). Furthermore we know that ¢,,: G — M
is Poisson if and only if {¢} f1, ¢}, f2}¢ is constant along the fibers of ¢, (proposition (3.20])).

Lemma 8.19. {¢} f1, ¢;,f2}c is constant along all fibers if and only if
{Qb;kcofla ¢;0f2}G|¢;01(130)=Hz0 =0

Proof. Let {#;, f1, 3, f2}c be constant along all fibers. Then it is constant when restricted
to Hy,. But e € H;, and

{05, f1, Ory f2}a(e) =0

due to IIg(e) = 0. Therefore it is 0 on all H,.
Let {¢%, f1, ¢, foYa|y = 0. Take g, ¢’ € G on the same fiber of ¢,,. Then there exists
)

h € H,, such that ¢’ = gh. Now

{950 f15 Prof2}a(d) = (Talgh), dgn(@ryfr) @ dgn(dy, f2)
= (LgIlg(h) + Ry IlG(g), dgn(dy, f1) @ dgn(9z, f2)
= {Lgoz,f1, Lydn, f2}(h) + {Ryd5, f1. Ryda, f21(9)
= {020 (09 0 f1); D5y (Dg 0 f2) HI) +{Phuy (P9 0 [1)s Phay(Bg © f2)}(9)

=0 by hypothesis

= {05, f1, D5, f2}(9)

because h € Hyy = Ohzy = Puy- ]

Now we want to show
{0h,f1, Osofotaly; = 0= Hy, is coisotropic.
zo
(ﬁ;‘co f1 is constant along H,, so
(¢, f)e)=c+ [, [ €lu, ={f€C?G): flu,=o}
{o5, 1, GaofoYa ={fi+ ¢ fot+cta =11, fa}a
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Remember that
{020 f15 O f2ra(h) = (Hg(h), dnoy, f1 ® drdy, f2)

We want to prove that im # C N*H. The point is that we can restrict to a neighbourhood
of identity (due to multiplicativity and connectedness). There choose h = e, It is enough

to show that
d

dt

because we know that it is 0 at e. But this equals

(g (h), dndy, f1 @ dndy, f2)li=o = 0

<5(H)7 de(z);kcofl & de¢;of2>

and d.¢;, f1 € ht, and in fact generates it. It is 0 if and only if §(h) C h A g, that is precisely
when H,, is coisotropic. O

Proposition 8.20. Let G be a Poisson Lie group. Let K be a Poisson Lie subgrouop and
let H' be a coisotropic subgroup. Then H = K N H' is coisotropic in K and

i: K/ KNH — G/H'
1s a Poisson embedding.

Proof.
Ik ={f € C*G): flxk =0}

I is a Lie ideal with respect to {—, —} and Iy is a Lie subalgebra with respect to {—, —}.
Ik =In + Ik

f=h+r
Take ' € Ixc
{fla f1+f2} = {fla fl}+{f/7 f2}
—— N —

? elk

so Ik is not in general a Lie ideal.
Take ll, l2 S IHIQK

i+ 1o, fr+ fo} = {ly, fi} +{l1, fo} +{l2, fi} +{l2, fo} € Ip + Ik
—_——— e e N —

EIH/ el elk elx

Therefore I/ is a Lie subalgebra with respect to {—, —}. The second statement follows
from the fact that in this diagram everything is Poisson

K G

L

K/HNK —>G/H'

The following example is carried out in all details in [20].
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Ezample 8.21. Take SU(n) with standard Poisson Lie structure

S(H:) = 0

E;, F; simple roots, i = 1,...,n.

Then S(U(1) x U(n—1)), (a, A) — (A

0 2) is a Poisson Lie subgroup of SU(n). For every

ke{l,...,n}, (A, B) — <1(4)1 g) gives a Poisson Lie subgroup K}, := S(U(k) x U(n—k)) —

SU(n). In particular SU(n)/K,_1 = CP"! with covariant Poisson structure.
Now take H = K,,_1, K =K, k=1,...,n—2

HNK=U®Kk)xUln—k—1)

H'/H'NK ~Cprk-1

with the same Poisson structure.
Therefore we get
%< CP'— ... CP" 2 — CP"!

This gives all symplectic foliation of CP"~!. Now change things a little bit. There exists a
family 0. € SU(n) such that Ad,, H' is coisotropic. We want to study

CP» ! ~SU(n)/ Ad,, H'
Now H' N K} changes.
Proposition 8.22. The embedding
H'/H' N K} — CpPr!

1s an embedding of
S2k71 > S2(n7k)71 AN CPcnfl

In particular, when k =1, this gives
82n73 SN (CPnfl
C
where odd spheres have the standard Poisson structure.
Recall that we have defined a Lie bracket on Q'(M) (where M is Poisson)
[, B] = Lypyy(o)B — L3y — d(I(a, B)) (8.2)
What happens to this bracket when M = G is a Poisson-Lie group ?

Theorem 8.23 (Dazord-Karasev-Weinstein). The left (resp. right) invariant 1-forms on a
Poisson Lie group (G,Ilg) form a Lie subalgebra with respect to . Furthermore this
induces a Lie bracket on g* isomorphic to 4.
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Proof. Let a, 3 be left invariant 1-forms. Let X € X'(G) be a left invariant vector field. We
will prove that [a, 3] is left invariant by proving that (X, [a, (]) is constant for any such X.

<X7 [O‘?B]) = <X? L#H(a)ﬂ - L#H(ﬁ)a> - <X7 d(H(Oz,ﬂ)»
Let’s look at the second summand
(X, d(I(e, B))) = Lx (H(e, 8))

= (LxI)(e, ) + U(Lxa, B) + (e, Lx )
= (LxM)(e, B) = (#m, Lxa) + (#n(a), Lxf)

Now consider first summand

<X7 L#n(a)ﬁ> = L#n(a)<X7 B> _<[#H(a)7X]a /8>
—_—
=0 because (X, 3) is constant

= —([#n(a), X], B)

= (Lx (#u(®)), B)

= (ipxyna + #u(a), B)
because #m(a) = in(«), [Lx,in| = irm-

Therefore
<X7 L#n(a)ﬂ> = (LXH)(aaﬂ) - <#H(6)7 LXa>

Similarly
(X, L)) = —(LxI)(e, B) — (#n(a), LxB)

Now substitute
Lx(a, B) = (#n(B), Lxa) + LxI(«a, B) + (#n(a), LxpB)

—LxIl(e, B) + (#n(8), Lx) — (#n(e), LxB) = (LxII)(a, )
Lemma 8.24. If1l is a Poisson Lie bracket on G then for any X left invariant vector field

LxII is left invariant.

Proof. If X is left invariant on G its flow are right translations

d
%Re—tx,*n(getX) ’t=0

d
= %(Re—tx7*Lg’*H(€tX) + Re—tX,*RetX,*H(g)”t:O
d

= Lg,* aRetxy*H(etX) |t:0
= Lg+(LxTI(e))

(LxIT)(g) =

O]

This proves that the bracket of left invariant 1-forms is left invariant because (X, [«, §]) =
(LxII) (e, B) = (LxII(e), ae A Be) so LxII is a left invariant 2-vector field.
Now the statement follows from

té(defv deg) = de{f: g}
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which gives the same as (8.2)) computed at e.

[df,dg] = Ly (ar)d9 — Ly (agydf — d(I1(df, dg))
= Lx,dg — Lx,df —d{f, g}
= d(Xy, dg) — d{Xg, df) — d{f, g}
=d{f, g} +d{f, g} — d{f, g}
=d{f, g}

Left invariant 1-forms evaluated at e give you all of g* and therefore you can say

'5(€1, &) = [df1,dfs](e), where & = dcf1, & = defo.
]

Exercise 8.25. Consider the standard Poisson Lie group structure on SU(2). Then su(2)

has a basis
1(t O 10 1 1 (0 4
E1_2<0 —i)’ E2_2<—1 0)’ E3_2<i 0

Now §: su(2) — su(2) A su(2)
S(Er) =0
(5(E2) =F1 N Ey
(5(E3) =F{ NE3

Prove that this defines a Lie bialgebra, that is § is a 1-cocycle
I([X,Y]) =adx o(Y) —ady 6(X), adx =ady ®1 —1®adx
and
51 5u(2)* Asu(2)* — su(2)*

satisfies Jacobi identity. Check it is enough to verify the cocycle conditions for (X,Y) =
(E1, E2), (Er, E3), (B2, E3).
Prove that for'§ = [—, —]

[61, 62] = €2
le1,e3] = e3
lea, e3] =

define a Lie algebra structure.
Use the Killing form
(A, B) =im(Tr(AB))

{(x a—i—zb) ::c,a,bE]R}
0 —=x

Therefore the connected simply connected dual group

SB(2):{<§ Z>:x€R>o,zEC}%RMC

to identify su(2)* with

56_1

Now let us describe all (SU(2),Ilg) Poisson homogeneous space structures on S?. Let Iy, Ty
be Poisson homogeneous bivectors on S*. Then
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1. II} — Iy s SU(2)-invariant (general)

2. II) — Iy is Poisson (because of dimension 2)

3. On S? there is a "unique” invariant symplectic form wqy corresponding to bivector Ilj.
II; — Il = flI

but being I1; — Il SU(2)-invariant, f = constant, 11} — Iy = C1ly. Therefore we have
a Poisson pencil of invariant Poisson structures on S?

clly + I

Choose as 111 the quotient with respect to the Poisson Lie subgroup of diagonal matrices.
It is explicitely given by

{xl, .7}2} = (1 — l’l){Bg
{2, x3} = (1 —21)m1
{3}3, 1’1} = (1 — 1’1).1‘2 = (1 — xl)Ho

Now
CHO—|—(1—CL'1)H0 = ()\—.’El)Ho, AEeR

Prove that A\ — —X is a Poisson isomorphism.

In the corresponding symplectic foliation 0-dimensional leaves are given by
(£ + 22+ 22 =1}n{z; =)}
There are 3 cases

A > 1 no 0-dimensional leaves, (A — x1)Iy is symplectic

A =1 (corresponding to 1 the quotient by Poisson Lie group) {N} is a 0-dimensional
leaf, and S? \ {N} is a 2-dimensional leaf

0 < X <1 (corresponding to Iy the quotient by Poisson Lie subgroup) S'-family of 0-dimensional
leaves, two distinct 2-dimensional leaves.

If A > 1 they all have different symplectic volume, thus they are not symplectomorphic. If
0 < X <1 they are not unimodular. The modular class is 20y, — ©304,. Using 2-Poisson
cohomology it is possible to show that S3 2 'S3, for X # N in [0, 1].

8.3 Dressing actions

Take £ € g*, and denote by & the associated left invariant 1-form and by &% the associated
right invariant 1-form, i.e.

(g) = Ly e TGy €%(g) = R £ € T,G.
Definition 8.26. Define A, p: g* — X(G)
A(E) = #n(€h)
p(€) = —#n(E")
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Lemma 8.27. X is a Lie algebra morphism, p is a Lie algebra antimorphism.

Proof.

A([61,&2)) = #n (61, &]")
= #u([¢l, &)
= [#n(&h), #n(£5)]

p((&1,8]) = #n([6r, &)
= #n([¢, &)
= —[#n(&), #n(&3))
O
Therefore A defines an infinitesimal left action of g* on G and p defines an infinitesimal
right action of g* on G. These are called infinitesimal dressing actions.
1

Exercise 8.28. Prove that the inversion map S: g — g~
imal dressing actions, i. e. Sy oA = p.

intertwines left and right infinites-

Definition 8.29. If the dressing action can be integrated to a global action of G* on G, the
Poisson Lie group G is said to be complete.

We recall that the notion of Poisson-Lie group is self dual, therefore the above defines
also the left and right infinitesimal dressing actions of g on the dual Poisson-Lie group G*.

Proposition 8.30. Locally symplectic leaves of G coincide with the orbits of the left (or right)
dressing action. If the Poisson Lie group is complete then the symplectic leaves coincide with
such orbits.

Proof. By definition left dressing vector fields are hamiltonian vector fields. They are tangent
to leaves. Therefore locally orbits are contained in leaves.

On the other hand values of the left dressing vector fields at any g € GG span the tangent
space to the leaf through g. Therefore orbits and leaves coincide locally. If the action is global
consider the whole orbit O € S and 7,0 = imy, = 1,5 for all p. Thus O is a Poisson
submanifold of S and therefore O = S. O

Dressing action is the most powerful tool for computing the symplectic foliation of Poisson
Lie group.

Proposition 8.31. Taking the derivative at e of left (resp. right) infinitesimal dressing
action you get (resp. minus) the coadjoint action of g* on g.

Theorem 8.32 (Semonov-Tian-Shansky,[]). Left and right dressing actions are Poisson ac-
tions.

How can one integrate the dressing action 7 Recall the Drinfeld double Dg = g & g*.
Then locally (around e € DG)
DGy = GG™|y

For any d € U denote with dg its component in G, and with dg+ its component in G*, such
that d = dgdg+.
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Proposition 8.33. The local action given by this splitting

g°-9:=(g"9)c
1s a local left action of G* on G integrating the infinitesimal dressing action .

The proof relies on a characterisation of the dressing action we could not give.
Whenever DG = GG* holds globally you have the global dressing action.

Ezample 8.34. Standard Poisson Lie structure on K compact. DK = G complex semisimple
in which K compact real form. DG = K AN, Iwasawa decomposition is a global splitting of
the double. Therefore symplectic leaves on K are orbits of an AN, action.

Take (G,II = 0). Then G* ~ g* abelian Lie group with Lie-Poisson bracket. The dressing
action of G on G* is given by
A g — X(G)

X — #p(X1)

where X' is identified with an invariant 1-form on G* (remark that T,G* = g*, T/G* =

*k

g =g).

F#p(XE), YL o) ={X" Y = (¢ [X,Y]) = (adk &, V)
N——— —~
te (G*) Exinv(G*)

inv

Therefore #1,p(X*) as vector field is the same as — ad’. Thus locally it is given by coadjoint
action of G on g*. But this action is global. We recover the result that symplectic leaves for
the Lie-Poisson structure are orbits of the coadjoint action.

How to integrate the dressing action ? Recall that the Drinfeld double is a Lie bialgebra
on Dg = g ® g* which integrates to a Poisson Lie group DG. Then locally around e € DG
we have

DGy = GG*|y

Let d €e U C DG

with obvious notation.

Proposition 8.35. The local action given by the splitting
DGy = GG*|y

as
g°-9:=(g"9)c

integrates the infinitesimal dressing action.

Remark 8.36. When you have a global splitting of the double, you have a global dressing
action.

Ezamples 8.37.

1. K compact with standard Poisson Lie structure. Then G = KAN, (Iwasawa decom-
position) is the double.

2. (G,1I = 0), (G* = g*,1Ipy,). Then the dressing action of G on G* is the coadjoint
action.
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Theorem 8.38. Let g € G (around e). The leaf through g locally is the image of the double
coset G*gG* under the natural projection

DG — DG/G* = G

If the dressing action is global they are exactly those.
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Chapter 9

Quantization

9.1 Introduction

The purpose will be here to give a definition of quantization and estabilish a vocabulary
given us the link between two languages: Poisson geometry and noncommutative algebras.
Something like

classical | semiclassical quantum

manifold | Poisson manifold | noncommutative algebra
group Poisson Lie group | noncommutative Hopf algebra
point 0-leaf character

Of course to state all this correctly we need to be very precise on the setting in which we
will work. Apart from some preliminaries we will content ourselves to deal with the group
case where, for a number of reasons and still with a high degree of attention on details, such
dictionary behaves particularly well (i.e. is a functor).

Let us start with a general definition of quantization. On the formal level that will first
require from us some definitions. We will work over the field k = C. Basically all what follows
work on any field of characteristic 0 and a not so trivial part still holds in characteristic p.

Let us denote with C[[A]] the ring of formal power series in an indeterminant /& with
coefficients in C. The algebraic structure here is obvious:

> anh + ) bk =Y (an + by)R"

n>0 n>0 n>0n>0
g a,h™ | - g b,h" | = E ( g apbq> "
n>0 n>0 n>0 \p+q=n

This is a ring with unit 1. Invertible elements are exactly those power series with ag # 0
(check this as an exercise).
Let now M be a C[[A]]-module. For every x € M define

k(z) := max{k : x € W*M}

Define for every z,y € M
d(z,y) == 9—k(z—y)

Lemma 9.1. d is a pseudo metric on M.
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This metric induces a topology on M which is called the Ai-adic topology. A C[[A]]-
module is called torsion free if the multiplication by & is an injective map.

Proposition 9.2. Let M be a topological C[[h]]-module. Then there exists a C-vector space
My such that M =¢ My[[h]] if and only if M is Hausdorff, complete, h-torsion free.

Proof. If M = Mj][h]] then one simply applies definitions.
In the opposite direction let M be Hausdorff, complete, torsion free. Let My := M/hM.
Take m: M — M. Choose a section o: My — M and define

&: Mo|[h)] — M

Z hm, — Z ho(my,)

n>0 n>0

This o is well defined on formal power series because of completeness. In fact

N
> ho(my)
n=0

is a Cauchy sequence in NNV, therefore we have a well defined

N—oo

N
lim Z o (my)
n=0

This o is injective as a consequence of h-torsion freeness. In fact

N
> ho(mn) =0 = = (Z h”a(mn)> =0
n=0

n>0

N
= my=0 = hz hn_la(mn) =0
n=1
Now divide by h and repeat the argument.
o is injective because of Hausdorffness. O

A module M over CI[A]] of this form is called a topologically free module.
Take A to be a topologically free C[[h]]-algebra (completed tensor product). Then being
hA an ideal A/RA is an algebra over C.

Definition 9.3. A quantization of an algebra Ay is a topological free C[[h]]-algebra A such
that A/hA is commutative.

Proposition 9.4. Let A be a quantization of Ag. Then Ag is a Poisson algebra.

Proof. Take a,b € A, a,b € A respective lifts (i.e. @ =a mod A, b = b mod h). Remark
that [a,b] € hA from the commutativity of Ag. Define
[a, b]

{a, b} := mod &

This is well defined

[@a+ hu,b+ hv]  [a@,b) = Alu,b]+ hla,v]  Ru,v] -
; = + = + - =la,b] mod h
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In fact, when you have a Lie group, then you have two algebraic objects to describe with:
F[G] and U(g). What is their relation ?
U(g) is a Hopf algebra (cocommutative). The "right” choice of F'[G] is a Hopf algebra:

e G affine algebraic group and C[G] algebra of regular functions (sheaf of Hopf algebras
wnen you do not have affine)

e K compact group and R[K] algebra of representative functions (matrix elements of
irreducible representations)

e G Lie group and C[G] algebra of formal functions

If you consider everything as real objects you have a Hopf-*-algebras. (H,m,A e, 5) is a
Hopf-*-algebra if x: A — A is an involution, i.e.

(Aa)" = la
and

A(a*) = (Aa)*
(a®b)* =a* @ b*

(this implies (% 0 §)? = id). Then U(g) and F[G] can be seen as Hopf-*-algebras.

9.2 Duality

Take X € U(g). Then it defines a left invariant differential operator on G. Take f € F[G]
(Xf)(e) = (X, f)
(AX, fi® f2) = (X, f1[2)

It gives you a nondegenerate pairing of Hopf-*-algebras. In general it is a map
(—, —):A®B —C
such that
(a,b) =0Vae A = b=0
(a,b) =0VbeB = a=0
(1, 0) = (b)
(a,1) = e(a)
(a1az, b) = (a1 ® az, Ab)
<A6L by ®b2> <CL b1b2>
(S(a), b) = (a, S(b))
(a*, b) = (a, S(b)*)
So you have a pair of Hopf-*-algebras in nondegenerate duality. More structure when (G, 1)
is a Poisson-Lie group, F[G] is a Poisson algebra such that multiplication m: G x G — G

satisfies
{fiom, faom}taxe ={fi, f2}aom
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Definition 9.5. Poisson Hopf algebra is defned by condition
{Af1, Afetoxe = Alf1, fole

From our point of view it will be better to start with the infinitesimal description, i.e.
universal enveloping algebra level. Let us first see what happens at the universal enveloping
algebra of a Lie bialgebra.

~

Definition 9.6. A coPoisson Hopf algebra is a pair (U,d), where U is a Hopf algebra
and the linear map §: U — U Q U is such that

~ ~ ~

d(ab) = (Aa)d(b) + 6(a)(Ab)
and the dual map 6*: U* @ U* — U™ is a Poisson bracket.

Proposition 9.7. Let (g,9) be a Lie bialgebra and U = U(g) its universal enveloping algebra.
Then there exists unique 6: U(g) — U(g) ® U(g) such that

3’9 =0
In particular U(g) has a canonical coPoisson Hopf algebra structure.

Proof. The formula

~ ~ ~

d(ab) = (Aa)d(b) + 6(a)(Ab)
plus g| g = 0 defines 5 uniquely on all of U(g) once you have checked
d([a,b]) = [Aa,d(b)] + [6(a), Ab], Vabeg
which is equivalent to the 1-cocycle condition
[A,a] =ad, on g® g.
O

Definition 9.8. A topologically free Hopf algebra H over C[[h]] is a quantized universal
enveloping algebra if
H/hH = Ul(g)

for some Lie algebra g.

Proposition 9.9. Let H be a quantized universal enveloping algebra. Then g has a Lie
bialgebra structure defined by

_ AX - APX

5(X) .

mod A

where X is any lifting of X € g to H.
Proof. AX — A°°X € hH because U(g) is cocommutative and therefore
AX — A°PX
h
§(X) as defined does not depend on the choice of X

eH

A(X +hu) — A®(X + hw)  AX — A®X
h - h

+a, a€hH
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Modulo A one obtains . .
AX — A°PX
h
d(X) is skewsymmetric (clear) and belongs to g ® g. 6(X) € g ® g if and only if its two
components are primitive elements.

mod A

(A ®id)§(X) = [;(A ®id)(AX — A®X)| mod h

1 — _
= [h(id @A —1d®AP)AX + o3(A ®id —AP ® id)AX

= ([d®5)AX + 093(6 ® id)AX

CoJacobi identity for § follows from coassociativity. Cocycle condition follows from A being
an algebra morphism. O

So for us a quantum group will be the following set of data. A pair F3[G] (quantum
functions algebra), Ux(g) (quantum universal enveloping algebra) of topological Hopf algebras
over C[[A]] together with a nondegenerate Hopf pairing

(= =): FulG] x Un(g) — C[[A]]

The pairing gives you Up(g) as "dual” of Fj[G] and vice-versa. You can start with one of
the two legs and construct the other. On the way you have some choices. Many technical
problems containing remarkable details.

This ”pairing” contains the (X f)(e) kind of pairing, i.e. the interpretation of U(g) as
differentiable distributions supported at e. But it contains something completely different.

9.3 Local, global, special quantizations

The discussion in the preceeding section was about local quantization. Their main advantage
is that they are well suited to capture relations between the classical, semiclassical, and
quantum properties (we will see some examples of these relations in more details later).
However they miss part of the relevant information, or at least of the full geometry. For
example local quantization does not allow to specialize the deformation parameter to complex
values # 0. Being () the only maximal ideal in the local ring C[[A]] they can describe only
the limit A — a. But we know of some relevant parts of the theory of quantum groups staying
out of this range. This is the case, for example, of the theory of quantum groups at roots of
unity, which links quantum groups to 3-manifold invariants and Lie algebras in characteristic
P.
Let us denote with C(q) the field of rational functions in the variable g.

Definition 9.10. Let A, be a C(q)-Hopf algebra. An integer form (resp. rational form)
of Ay is a Zlq,q~]-Hopf subalgebra (resp. Q[g,q~']) A of A, such that

A ®z(q,q71] Clq) = Ay

(resp. A ®qjq,q-11 Clag) = Ag)

Definition 9.11. Given a C(q)-Hopf algebra A, together with an integer form A a special-
ization of A, to the complex number \ is

Ay =A@l 41 C
where the tensor product is taken with respect to v: Z[q,q ] — C, ¢(q) = .
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In this way starting from a C(q)-Hopf algebra we obtain a C-Hopf algebra.
Ezxample 9.12. Let g be a finitely dimensional complex simple Lie algebra. Then U,(g) is the
associative QQ(¢q)-algebra with generators Xl-i, K iil, 1 <i < n and relations
KK; = KK,
KK '=K 'K =1
KXK' =g X
KX, K =q " X5

- K;— K1
[X;5, 7] = 6y ———
]
1— az]
[ a,]] (Xii)l_a”in(X?[)r =0,ifi#j
r= 0 q

together with the Hopf algebra structure

AqKz‘ﬂ:Kz‘i
AXT=X0Ki+10X;"
AXf:Xf@KﬁK;l@Xj
Sy(K.

( +

i

i)
)
Sq(Xi7)
)
)

X+K_

Il
S =

gq(K;
Eq(Xzi

where [a;;] is the Cartan matrix of g, ¢; = ¢%, and d; are positive integers such that [d;a;;] is

symmetric,
[n] _ (@69
kl, (@@ @)n—k
(@@n=010-q) ... (1 —q")
are the g-binomial coefficients.

Remark 9.13.
o If we have a relation xy = qyx, then there is a following formula using g-binomial
coefficients
n
(x+y)" = Z [Z] zhynFk
k=0 q

e It is not true that U,(g) ®q(y) C(q) = U(g) ®c C(q). For example in U(g) ®c C(q) you
do not have that many invertibles.

o Let ¢ = e, K; = e%"i, This defines a local quantization Uj(g) of the standard
bialgebra structure on g. To be precise you have, after modding out relations, take
closure in the h-adic topology.
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e Examples of ambiquities in choices of integer form. You can declare

K, — K ' .
177’1 = H; to belong to A,
qi — g,
or
K? -1
5 to belong to A,
q; — 4

Choose between KijﬂXijE or Xii. Connected to choice of a lattice in between weight
and root lattice, which is equivalent to choice in between different groups with the same
Lie algebra.

Definition 9.14. Let F,(GL,(C)) be the C(q)-algebra generated by t;;, det ;1, 1<i,j<n
with relations

titk; = qtrjtes, 1<
tiktjk = qtjrtin, <]
Lty = tejta, 1<k, j<lI
tijtie — tutiy = (¢ — ¢ Dtutey, 1<k, j<lI
detg = > (=)' ti,01 .. tnogn)

O'Ezn

together with the Hopf algebra structure

Atl] = Z Lik ® tk]
k=1
e(tij) = i
S(tij) = (—q)' 7€) det ;!
where
= > (=) i o) tjor) - - - tin 10(n-1)tjo(n1)

oceEex,
Ulyeeeyln_1 € [1,...,n]\{ic}
U(il),---,a(in—l) € [lavn]\{]C}

Here apparently there is no need to use the machinery of C(g)-algebras and integer forms
to specialize the parameter to complex values. This is why often in this context one does not
mention integer forms. Still they are relevant in the duality between Fy;[G] and Ug(g).

Definition 9.15. Let G be an affine algebraic complex Poisson group. A global quantized
function algebra on G is a C(q)-Hopf algebra A, together with an integer form A such
that Ag—1 = F[G] as Hopf algebras.

Another good aspect of global quantization is that it provides you with genuine (non
topological) Hopf algebras.
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9.4 Real structures

The usual approach to real structures is to consider C-Hopf algebras endowed with a *-

structure.

Definition 9.16. A Hopf-*-algebra is a Hopf algebra over C endowed with the unital, invo-
lutive, antimultiplicative morphism *: A — A such that A and € are *-homomorphisms.

One can then prove that x 0§ = S71 o x.

Proposition 9.17. Let G be a complex algebraic group with Lie algebra g. Then there is a
1-1 correspondence between

1. real forms of G
2. Hopf-* structures on U(g)
3. Hopf-* structures on F|G]|

Definition 9.18. A real quantum group is a global quantized function algebra with a
compatible *-structure.

Example 9.19. Consider the example of F,[GL, (C)]. Fix on it the *-structure given by
ti; = S(tji)
This gives you what is called the unitary F,[U(n)] (compact form of Fy[GL,(C)]).

Ezample 9.20. Let 0 < ¢ < 1. Consider the *-algebra generated by o,y (= t11,,,) subject to
relations

ay = qya
ayt =gy
Yy ="

aa” + ¢ty =1
afa+y'y=1
together with the Hopf-algebra structure

Aa=aQ@a—gy" @y
Ay =rya+ o™y

e(y) =0
S(a) =a*
S(v) =—av

This is called the (standard) quantum SU4(2); Fy[SU(2)].
Ezample 9.21. Let 0 < g < 1. Consider the *-algebra generated by v, n subject to relations

1

v b=t

v=1
un = qno
nn* = gn*n

vn® = gn*v
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together with the Hopf-algebra structure

Av=vQv
An=v"n+n®l

g(n)=0
S(w)=v""!
S(n) = —qn

This is called the (standard) quantum E4(2); F,[E(2)].
Ezample 9.22. Consider now the *-algebra generated by v,n subject to relations
vl =vly = q
vn —nw = q(1 —v)?

[n,n*] =in

The Hopf algebra structure as before. This is called the non standard quantum FE4(2).

9.5 Dictionary

In the following we would like to set up a whole dictionary

’ classical ‘ semiclassical quantum
algebraic group | Poisson algebraic group | quantum group
compact group | Poisson compact group | compact quantum group
Lie algebra Lie bialgebra quantum universal enveloping agebra
Poisson dual quantum duality principle
Poisson double quantum double construction
point 0-leaf character

It is known in examples that quantum groups have few characters (classical points). Why is
it so ?

Proposition 9.23. Let Ay, be a local quantization of Ay = (F[M],I1). There is an injective
map between set of characters of Ay (i.e. maps e: Ay, — C[[h]] such that ([Ap, Ap]) = 0)
and 0-leaves of the Poisson bivector 11.

Proof. Let € be the character of As. Then e defines a character of Ag. Thus there exists
xo € M such that e(f) = f(xo) for all f € Ap.

Now

e(fa,b]) =0 Va,be Ay
= e({f1, f2}) =0 V fi,f2€ Ao
= {f1, fo}(zo) =0
—_———
((x0), dzg f1Adz( f2)

Thus if Ay is an algebra of functions on a smooth manifold such that d,, f generate Q} (M)
we have II(zg) = 0. O
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Ezample 9.24. F,[SU(2)] (here *-characters - looking for real points)

g(ay) = elgya) = (1—q)e(a)e(y) =0
—_— =

g(a)e(y)  ge(v)e(@)
Thus () = 0 or () = 0 and so on. We end up with
gla)=t, ela®)=t""!

This is just an issue of a more general situation. In principle you would like to have
a correspondence between primitive ideals of Fj[G] and symplectic foliation of (G,II). For
example if we take U, (g) = F;[g*] then by orbit method we obtain a homeomorphism between
primitive ideals in U,(g) and coadjoint orbits of G on g*. It would be nice to have a ”quantum
orbit method”. In fact it works for compact quantum groups.
9.6 Quantum subgroups
Let H be a closed or algebraic subgroup of G.

In ={f € F[G]: f|lu =0}

is a Hopf ideal and
F[G]/In = F[H]

as Hopf algebras. To put it another way

H subgroup of G <= F|G| — F[H] Hopf algebra epimorphism
Alternatively thinking at the infinitesimal level

h subalgebra of g <= U(h) — U(g) Hopf algebra monomorphism

It is therefore natural to say

Definition 9.25. A gquantum subgroup of a (global, local, special) quantized algebra of
functions is a topological Hopf algebra epimorphism

F[G] — Fy[H]

Therefore quantum subgroups correspond to Hopf ideals in Fj,[G].

9.7 Quantum homogeneous spaces

Let B be a unital *-algebra and let A be a Hopf-*-algebra.
Definition 9.26. A *-algebra homomorphism §: B — b ® A is a right coaction if
(id®A)od=(0®id)od
(id®e)od =1id

B is called A-right quantum space.
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Which right coactions correspond to homogeneous actions ? Here we mean A = F[G],
B = F[X], ¢ dual of action ¢: G x X — X.

Definition 9.27. Two right quantum spaces (B,4), (B',d') are equivalent if and only if
there exists ®: B — B’ *-algebra isomorphism such that

§od=(d®id)s (9.1)
B B’
B A—B ®A

Modifying the following definition replacing the identity in (9.1]) by a *-algebra morphism
U:A— A
Y od=(®dxV)od

gives the definition of equivariant map of quantum spaces on different Hopf algebras.

Proposition 9.28. Let (B,§) be A-right quantum space. There is a 1:1 correspondence
between *-algebra homomorphisms €: B — C and *-algebra homomorphisms i: B — A such
that

Aoi=(i®id)od
The correspondence is given by
iz=(E®id)od
g=¢coi
Proof. Say €: B — C is given. Define
ig:: (g®id)05
We have
Aociz=Ao(e®id) o
=(®id®id) o (iId®A)od (A is C-linear)
=(e®ideid)o (§®id)od (4 is a coaction)
= (iz®id)od
hence iz verifies the required identity. Furthermore we then have
coiz=(E®e)od=(®id)o(id®e)od =€
Say i: B — A is given. Let € = € 04. Then
(E®id)od = ((c0i)®id)od = (e®id) o (i ®id)od =(e®id) o Aoci=1
O

Thus for any A-right quantum space (B, d) such that B has a character there exists an
equivariant map between (B, d) and a subalgebra (i-(B), Al;_(p)) of A.
What is i.(B) in usual language ? Take a G-space X. Fix o € X. Then consider

F[X] — F|G], f}—)facv()

where J/‘;)(g) := f(gzo). When X is a classical homogeneous space we have that this map is
injective.
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Definition 9.29. An embeddable quantum homogeneous space is an A-right quantum space
(B, ) with a *~homomorphism €: B — C such that iz is injective.

Identifying (B, d) with (iz(B), Al;_(py) we can equivalently declare an embeddable quan-
tum homogeneous space to be a *-subalgebra and right coideal of Fy[G].
Remark 9.30. This is not the most general fdefinition of quantum homogeneous space. In

fact it requires B to have a character, which is in noncommutative algebras something not
so trivial.

Let us understand this from the point of view of semiclassical limit. Everything above
can be rephrased on C[A]-Hopf-*-algebras. Now we have

Having one
character

|

Being embeddable
i.e FFL[X} — Fh[G]

But we have seen already this at the semiclassical level

SEMICLASSICAL QUANTUM
Having a 0-dimensional Having one
leaf IIx (z9) =0 character

I

Having Poisson
surjective map

G— X

i.e. having a coinduced
Poisson structure

|

Being the quotient THEN WE WANT
-
by a coisotropic subgroup TO FILL THIS !

Being embeddable
1.e Fh[X] — Fh[G]

Before going into this we want to understatnd the relation betwwen quantum subgroups and
embeddable quantum homogeneous spaces.

Proposition 9.31. Let F,[G] = A be a quantum group and let Fy[H] be a quantum subgroup
with defining ideal Ifz, i.e.

Fy[H] = Fy[G/In, pu: Fy[G] — Fy[H]
If our quantum group is real require also If; = Iy. Define
By :={bc A: (pg ®id)Ab=1® b} = B®n
Then By is a *-subalgebra and right coideal of A. Furthermore By is S?-invariant and

pr(b) =(b)1 for allb € B.
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Proof. Remark that
yeBr®A < (ppRideid)(Aidy=1y
Take b € By. We want to show that Ab € By ® A.

(pr ®id®id) o (A ®id) 0o Ab= (pg ®id®id) o (id ®A) o Ab
= (id ® A) o (pg ®id)Ab
e
1®b
=1® Ab

Now we will prove that By is S%-invariant. In fact S? is a Hopf algebra automorphism

(prr ®id) 0o Ao S%(b) = (py ®id) o (S? ® §%) 0 Ab
= ((pr o S?) ®5%) 0 Ab
=(S?® 5% o(1®b)
=1® 5%
Lastly, apply id ®e to (pg ®id) o Ab =1 ® b to prove pg(b) = e(b)1. O

We would like to check whether all quantum homogeneous spaces are of this form. We
have a necessary condition, S-invariance. Is it always verified ?

Example 9.32. Consider on the standard F,[E(2)]
z=M+n, Z=M"+n", AcC, |\=1
B = *-subalgebra generated by z,z. Then B coincides with polynomials in 2z and Z.
272 =q’22+ (1 — ¢*)
2f =z
Furthermore B is a coideal, AB C A® B.
Az=v®2z+n®1
AZ=v"®Z+n"®1
But B is not S%-invariant unless A = 0.
S(z) = AS(v) + S(n) = \Ww* — ¢ 'n
S%(2) =X —q°n
Thus z,5%(z) € B, so n € B, which is not true if A # 0.
Ezample 9.33. Similarly consider F;,[SU(2)]. Take

K = s(ya+a*y*) + (1 — s%)y*y
L:=s(a® = ¢v*) + (1 - )"

One can check that:
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1. The *-subalgebra generated by K and L is isomorphic to the universal *-algebra on
these two generators and relations

K=K"*
LK = ¢*KL
LI+ K*=(1-s)K + §*
LL* 4+ qK?* = (1 — s)¢*K + s, s € [0,1]

2. This *-subalgebra is always a right coideal and therefore is an embeddable quantum
homogeneous space

3. This *-subalgebra is a quotient by a quantum subgroup if and only if s = 1.

We are looking for a quantum analogue of a coisotropic subgroup.

9.8 Coisotropic creed

When Aj is a quantization of (M,II) then one-sided ideals in Ap should correspond to
coisotropic submanifolds. The motivation for this comes from characterization

Iy is an ideal I, n is an ideal

Foisson Submantiold sy and a Poisson ideal (two-sided ideal)

SOMETHING WEAKER
<— BUT STRONGER THAN
BEING A SUBALGEBRA

Iy is an ideal

Coisotropic submanifold N and a Poisson subalgebra

Proposition 9.34. Let Ay is a quantization of M. Take I to be a right ideal in M. Then
Iy = I/hI is an ideal in Ao and a Poisson subalgebra in M.

Proof. Letiel, f € A,
frxi=fi+h{f,i}+...€1
[f *d]nr = fi € I/RI
To be precise, take f € Ay, i € Iy. Take any lift f € Ap, i € I.
f=f+0Mm), i=i+0(n)
Then

.]F*EZfZ-i-O(ﬁ) — [f*ﬂ:foioEAofo

ixf=fi+0h) = [ixf]=iofo€ Aolo
But now B B

f*i—{*fe hAhQé 1
so we cannot define {f, i} € Iy. Still what we have is the following. Let i,5 € Ip. Take
1,7 € I lifting i, 5.
ixj,jxi€l = [i,j]€hnl
= {Zv j} € IU

so Iy is a Poisson subalgebra. O
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We will stick to this creed and declare the following

Definition 9.35. Let A be (*)-Hopf algebra. A right (real) coisotropic quantum sub-
group C is a coalgebra and A-right module C' such that there exists surjective linear map
p: A — C, which is a morphism of coalgebras and right A-module (endowed with an involution
o such that po (xo0S)=0op).

Proposition 9.36. C is a right (real) coisotropic quantum subgroup if and only if there exists
Io C A, which is a ((x o S)-invariant) two sided coideal and right ideal such that

p:A—>A/[C§C

Remark 9.37. All Poisson subgroups can be quantized in a context of functorial quantization,
but it is not known in such context whether all coisotropic subgroups can be quantized.

Proposition 9.38.

1. Let C be a coisotropic quantum subgroup of A with defining ideal I. Then
Bo:={a€A:(p®id)oAb=pr.(1) @ B}
is an embeddable quantum homogeneous space of A.

2. Let B be an embeddable quantum homogeneous space. Then
Ip:={(b—¢e(b)l):be B}
is a right ideal and two sided coideal of A.

Is this
coisotropic quantum embeddable quantum
-
subgroups homogeneous spaces

a bijective correspondence 7 Is it true that quotient by quantum subgroups are characterized
by S2-invariance ? Almost.
Let B be a right coideal subalgebra. Take

ABY :=Bnkere = {b—¢(b)1:bec B}

In general B C AA/AB * but not necessarily equal. If the antipode is bijective and we restrict
to left faithfully flat right coideal subalgebras and left faithfully coflat coisotropic quantum
subgroups, then in that case S%-invariance corresponds to quotient by a coisotropic quantum
subgroup.
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