ON RAPIDLY DECREASING DISTRIBUTIONS
JAN KISYNSKI

ABSTRACT. A connection is established between the two defini-
tions of the space of rapidly decreasing distributions on R™, one
given by L. Schwartz and the other by J. Horvath.

INTRODUCTION

Rapidly decreasing distributions on R"™ were defined by L. Schwartz
in the form of a limit space. In the present paper it is proved that
this limit space corresponds to a locally convex space with underly-
ing set denoted by RD which is equipped with a topology denoted
by b. J. Horvath’s approach to rapidly decreasing distributions is dif-
ferent. He defines them as the members of the set H of those slowly
increasing distributions on R™ which extend to continuous linear func-
tionals on the inductive limit O¢ = lim,, . €,,. Here 2,,, u € [0, 00|, are
some spaces of infinitely differentiable functions on R™ with unbounded
growth as p — oo.

Chapter 1 of the present paper is devoted to relations between
Schwartz’s and Horvath’s approaches from the point of view of initial
topologies. In Chapter 2, by a purely analytical method, we introduce
in RD the strong convolutional topology which behaves well with re-
spect to the Fourier transformation.

1. INITIAL TOPOLOGIES IN (O¢)’ AND CONSEQUENCES FOR RD

I. The J. Horvath space O¢. For every u € R and p € [1, 00[ con-
sider the following Fréchet spaces of infinitely differentiable functions
on R™:
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Sh={¢ € C(R") : for every a € Ny the function
R" 5z (1+|z|)#0%(x) € C belongs to LP(R")},

S, = {¢ e C>(R") : |x1|i£>noo(1 + |z|)*0%¢(z) = 0 for every o € Ng},

S, = {qb € C*(R"™) : sup (1 + |z|)7*|0%p(x)| < oo for every a € Ng}.
T€ER"

For € R, p € [1,00[ and A € |n/p, 00| one has the continuous imbed-

dings

(1.1) SP s Sy S S,

the proof of which (together with the definitions of the relevant semi-
norms) is postponed to Section III. From [B1, Remark in Sect. 11.2.4]
and the imbeddings (1.1) it follows that the three inductive limits
limy, 00 Sﬁ, lim, oo Sy, limy, 00 Su define the same locally convex space
of infinitely differentiable functions on R”, denoted by O¢. This space,
in the form O¢ = limind,,~ S,, was introduced by J. Horvath [H,
Sect. 2.12, Example H 9.

If e, denotes either ST, S, or S'#, then the equality O¢ = lim,,_,» 2,
means that O¢ is the union J el0,00] 2y, equipped with the strongest
locally convex topology such that 2, — O¢ for every p € [0, ool

Let S denote the set of rapidly decreasing infinitely differentiable
functions on R™. Then & is dense in every S and S, for u € [0, 00|,
and in O¢, so that the sets of continuous linear functionals (S%)’, (S,.)’
and (O¢)" are sets of distributions in the sense discussed in Section IV.
It is instructive to look at the inductive limit lim, . €, of the filtering
family {2, : p € [0,00[} of Fréchet spaces from the perspective of
glueing the members of various spaces ¢,, in accordance with the general
procedure described in [B1, Sect. 1.2.5.].

II. The weight functions (1 + |z|?)™*/2. In the definitions of the
spaces SP, S, and S, the weight functions (1 + |z])~* where |2|> =
22+ - -+12 can be replaced by (14 |z|?)~#/2. The asymptotic behaviour
as |z| — oo of (1+4|x|)7* and (14 |z|*)~#/2 is the same. The advantage
of using the latter will be illustrated on the example of the spaces 5”“.

Lemma 1. Whenever i € R, then
O (L [af*) 72 = (L4 |2f*) /272 Py ()

for every multiindex oo € Ny and every x € R where P, ts a polynomial
on R™ of degree no greater than |a|.
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This lemma appears in [H, Sect. 2.5, Example 8] and can be proved
by induction on the length |a| of the multiindex o.

Lemma 2. Whenever i € R, then
Su:{gb € C®(R") : sup |0°[(1+]z|?)*2p(x)]| < oo for every aENQ}.
r€R

Lemma 2 implies

Theorem 1. Whenever A, i € R, then (1+ |22)M2¢p € S,y for every
¢ € Sy, and the mapping

Su > ¢ (14 [2])M20 € SMH
is a linear topological isomorphism of S'# onto 5’“+>\. Similar statements
are true for the spaces SL and S,.

Theorem 1 in the version for the spaces S, was proved by J. Horvath
[H, Sect. 2.5, Example 8]. Our proof is essentially the same and differs
only in the organization of the argument.

Proof of Lemma 2. The topology of S’M is determined by the system of
seminorms {p, : @ € N2} where p,(6) = sup, e (1 + |2|?)7#/2|0%¢(z)|
for ¢ € SM. By the Leibniz formula and Lemma 1, for every a € N,
gbeguandxe]R",

0°1(1 + |2 |*) ¢ (x)]]

BENE, B<a
ol
< Ko (1+ [z*) |07 ¢ (2)]
o T
a!
< —————Kops(®)
o T
where
K, = sup (14 |z|)7 1PN P,_s(z)| < oo.

zeR", BENT, B<a
It follows that whenever o € Njj, then

9a(¢) = sup [0°[(1 + [2?)#2(@))], ¢ €8,
reR™
is a continuous seminorm on Sw and

2.1) W@ <Ko 3 W%B)!pm)

for every a € Njj and ¢ € gu-
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Furthermore, whenever p € R, ¢ € S# and o € N, then

(22)  pale) = sup [9°[(1 + |2]*)/?4(x)]

rER?
al
- e (1 4 [ 2) 0P ()]
i T
|
< a0+ Ko Y Bw%—m' sup (1+ Jaf?)#/%10%(x)

BENG, a#B<a
al
=qu(®) + Ko > m?ﬁ(@-
BENE, a#f<a '
Now we prove, by induction on |«|, the following statement 7 («):

there are finite collections {Capn, . .., Cak,] C 0, 00[ and
{5a,1, c ﬂa,ka} C Ny such that

pa(qb) < Ca,lqﬁa,1 (¢) +- Coa,kaq/Ba,ka (¢)

for every ¢ € S*M,
Indeed, the statement 7(0) is true because po(¢) = qo(¢), and if we
suppose that T («) is true for || < k, then (2.2) implies that T («) is
true whenever |a| < k + 1.
The inequalities (2.1) and (2.2) show that {p, : @ € N{} and {q, :
a € NJ} are equivalent systems of seminorms on gﬂ. U

ITI. Proof of the imbeddings (1.1). Let u € R and p € [0, 00 be
fixed. For every multiindex av € Njj and every function ¢ € C*°(R") let

Pual9) = sup (1 + [z[*)7/2|0%(z)|,

r€eR™

2.0 = ([ 10+ lrrrsera)

Then {p, : @ € NI} is a system of seminorms in S, and S, defining
the topology in both spaces. Moreover S, is a closed subspace of Su
characterized by the property that lim,..(1 + |2[*)7#/20%(x) for
every ¢ € S, and every a € Nj. The system of seminorms {7, , :
o € Ni} defines the topology in S..

Let A € |n/p,o00[. The imbeddings SI, — S, S, follow at once
from the inequalities

RBanal@) < ([ @l va) @

for every ¢ € gﬂ and o € Ny
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and
Pua(P) < cpmh (@) for every ¢ € ST, and o € N.

The first of these inequalities, in which [, (1+|z[*) ™ da < co because
Ap > n, is easy to prove. The second, in which ¢, € ]0, o[ is a constant
independent of u, o and ¢ € 5%, follows immediately by applying to
u(z) = (1 + |2|*)7#/20%¢(z) the Sobolev type imbedding theorem of
[A-F, Theorem 4.18, Part I, Case A].

The imbedding St C gu having been proved, the imbeddings SI —
Sy — Su follow from the inclusion S% C S, which is a consequence of

‘ 1|im (1 + |z*)""20%(x) =0 for every ¢ € SPand o € Nj.
T|—00

To prove this last equality, one applies to u(x) = (1 + |z|?)™*20%¢(x)
the following proposition.

Proposition 1. If u € W™P(R™) where either p =1 and m = 0, or
p € ]1,00[, m € N and mp > n, then u is almost everywhere on R"
equal to a function continuous on R™, denoted again by u, such that

()] < Mllullwms@n)
for some M € ]0, 00| independent of u, and
(3.1) lim u(x) = 0.

|z| =00

Proof. Apart from (3.1), the proposition is nothing but [A-F, Theo-
rem 4.18, Part I, Case A| in a special case when the domain Q with
the cone property is the whole R™. The equality (3.1) will be proved by
inspecting the proof of the above mentioned theorem from |[A-F|. We
shall consider the cases p =1 and p € ]1, 00| separately.

Let p =1 and u € C(R") N W™(R™). Then there is rq € |0, oo[ such
that C,, C {y € R": |x — y| < 1o} for all cones C,,. occurring in the
inequality (8) of [A-F, Lemma 4.15]. If r € [rg, 00 and |z| > 2r, then
Cyr C R™\ B, where B, = {z € R" : || < r}. Therefore from that
inequality, replacing every cone C,, by R"\ B,, one infers that there
is M" € |0, oo such that

lu(x)] < M’ Z / |0%u(z)| dz whenever r € [rg, o[ and |x| > 2r.

la|<n R™\Br

This inequality implies (3.1) by letting r — oc.

Let now p € |1,00[, m € N, mp > n, and u € C(R") N W™P(R").
Then there is 79 € |0, 0o such that C, , C {y € R" : [x—y| < 1o} for all
cones C, , occurring in [A-F, Section 4.16] in estimates obtained from
(8) there by means of the Holder inequality. Again if r € [rg, co| and
|z| > 2r, then C, , C R™\ B,, and one infers from the above mentioned
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estimates that there is L € |0, 0o[ such that whenever r € [r(, oo and
|z| < 2r, then

(3:2) fulo)] < K{L > </Rn\BT 0%u(z)[P dx) v

|a|<m—1

( ) 1/p 1/p
+ T — m_"qd) (/ 0%u(x pda:) }
( /C el may) S (et

|a|=m

where K € ]0,00] is the constant from [A-F, Lemma 4.15], and ¢ =
-£7. Since fCo,p |z —y|mrdy = [, . ly|(m=™4 dy and (m — n)q =

0

(m — n);% > n(l - p)]ﬁ = —n, the integral sz,p |z — y|(m=ma gy
independent of x and finite. Therefore it follows from (3.2) that there

is M" € ]0, oo[ such that

<o Y (f

la|<m

—

S

1/p
|0%u(z) P dz)

n\BT‘
whenever r € [ry, co[ and |z| > 2r.

Again, this inequality implies (3.1) by letting r — 0. O

IV. The strong and the weak initial topologies in (O¢)’. Denote
by (O¢)" the set of all continuous linear functionals on O, the latter
being equipped with the topology of the inductive limit lim,_, 2, of
the Fréchet spaces €, = SI, S, or S'H. For every u € [0, 0o[ denote by
BL the set of all continuous linear functionals on the Fréchet space €,,.
Let (2,), and (2,),, denote respectively the strong and the x-weak dual
space of €.

Since S is dense in Og¢, it follows that (O¢)' is a set of slowly in-
creasing distributions on R™. The exact meaning of the above phrase
is as follows: every f € (O¢)' is a continuous linear functional on the
locally convex space O¢ containing S as a dense subset, so that f is
uniquely determined by f|s which belongs to &’. See [S, Sect. VLS,
pp- 199-200].

We define the strong initial topology 7, in (O¢)’ as the initial topol-
ogy in (O¢)’ (see [B1, Sect. 1.2.3]) determined by the family of strong
dual spaces (2,),, # € [0,00[, and the family of projections pr, :
(Oc) > f = fla, € (Bu), u € [0,00[. Every pr, is dual to the con-
tinuous imbedding &, < O¢. The locally convex space ((O¢)’, 1) is
defined by declaring that if for every p € [0, 00[ a family V, of convex
balanced subsets of (2,); is a basis of neighbourhoods of zero in (2,);,
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then

(4.1) { M ') -

pneM

M a finite subset of [0, 00|, v, € V, for every p € M}

is a basis of neighbourhoods of zero in ((O¢)', 7).
Two properties of 7, will occur in the forthcoming arguments:

(4.2) Ift : E — ((O¢)’, ) is a linear mapping of a locally convex space
E into ((O¢)', ), then t is continuous if and only if for every
p € [0, 00 the mapping pr, ot is continuous (see [B1, Sect. 1.2.3,
remarks after Proposition 4|, [R-R, Sect. V.4, Proposition 12|, [Sf,
Sect. I1.5, Theorem 5]).

(4.3) The extremal property: 7, is the coarsest among the topologies
7 in (O¢)’ such that whenever p € [0,00[, then the mapping
pr, : ((Oc)',7) — (2, is continuous (see [B1, Sect. 1.2.3, Propo-
sition 4]).

The definition and properties of the x-weak initial topology 7, in
(O¢)" are similar.

The initial topologies T, and T, as &-topologies. The initial topologies
7, and T, in (O¢) appear to be G-topologies, i.e. topologies of uni-
form convergence on members of some coverings of O by its bounded
subsets.

In order to exhibit the covering of Og corresponding to the G-
topology 7, in (O¢)’, for every pu € [0,00[ denote by B, the family
of all bounded subsets of ¢,. Denote by o, the forward polar in the
sense of the duality (2, (2,)"), and let o stand for the forward polar in
the sense of the duality (O¢, (O¢)’). Consider the continuous imbed-
ding ¢t : 2, — Oc¢, and let t' : (O¢)" — (2,); be its adjoint mapping.
Then, by |R-R, Sect. 11.6, Lemma 6],

(44) pr,'(B%) = (t)"'(B*) = (t(B))° = B° for every B C 2,,.

Henceforth we follow the proof of [R-R, Sect. V.4, Proposition 15].
Since

V,={B":B¢€B,}
is a basis of neighbourhoods of zero in (2,,);, it follows that
{ ﬂ pr;l(Bo“) :
neM

M a finite subset of [0, 0], B, € B, for every p € M}
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is a basis of neighbourhoods of zero in the locally convex space
((O¢)', ). By (4.4) this basis can be rewritten in the form

{( m BM> : M a finite subset of [0, oo, B, € B,, for every MGM}.
pneM
Since from a basis of neighbourhoods of zero we can remove every set
larger than some other set belonging to that basis, we conclude that

{C°:CelU,} where U,= U B,
1€[0,00[
is a basis of neighbourhoods of zero in ((O¢)’, 7). This means that 7,
is a G-topology in (O¢)" determined by the covering U, of O¢. All the
sets belonging to U, are bounded subsets of O¢ because any of them
belongs to a certain B, so that it is a bounded subset of €, and since
2y — O, it is also a bounded subset of O¢. Therefore U, is a covering
of O¢ by bounded subsets of O¢. Summing up, we get the following

Theorem 2 (A. P. Robertson and W. Robertson). The topology 1, in
the set (O¢)" of continuous linear functionals on O¢ is equal to the
S-topology corresponding to the covering U, = UME[0,00[ B, of Oc.

Similarly, 7, is a &-topology in (O¢)" determined by the covering
Uy of O¢, where U, = | F,, being the family of all finite
subsets of ¢,.

neE[0,00[ © M

FEquivalence of T, and the x-weak topology in (Oc)'. By [Sf, Sect. IV 4,
Theorem 4.5] the x-weak topology in (O¢)' is equivalent to the initial
topology 7.

This equivalence can be deduced from the extremal property of 7,
and from [R-R, Sect. V.4, Proposition 15]. Indeed, whenever u € [0, 0o,
then 2, — Oc¢, so that the mapping pr,, : (Oc)' > ¢ = |z, € (2,)" is
continuous. Comparing this with the extremal property of 7,, we infer
that in (O¢)’ the x-weak topology is finer than 7,,. On the other hand,
by |R-R, Sect. V.4, Proposition 15|, a subset A of O¢ belongs to U, if
and only if AN&,, is finite for every p € [0, 0o[. Thus the covering of O¢
by its finite subsets is finer than U,,, whence, of the two G-topologies,
the x-weak topology in (O¢)’ is coarser than 7,,.

V. The set RD of rapidly decreasing distributions on R" and
the locally convex spaces (RD,b) and (RD,w). Whenever p €
[0, 00, then S is dense in the Fréchet space S }L, and so any distribution
T € & has at most one extension to a continuous linear functional
on S }L If such a unique extension exists, it will be denoted by 7},.
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The set RD of rapidly decreasing distributions on R" is defined as
follows:
RD :={T € §": for every p € [0, 00|
the distribution 7" extends uniquely to T, € (S,)'}.

The locally convex topology b (resp. @) is induced in RD from the
topological product Hue[O,oo[(Sﬁl)g (resp. HME[O’OO[(SEL);) via the map-
ping
RD 35T = (T,)ucp0,00] € H (Si);, (resp. H (S}L);})
1e[0,00( ne[0,00[

(see |B1, Sect. 1.2.3, Example III], [R-R, Sect. V.5]). It follows that

(5.1) a net (T,),c; C RD is convergent in the topology b (resp. w) if
and only if for every p € [0, oo[ the net of extensions ((7,),).es is
convergent in the topology of (S,); (resp. (S,),)-

Recall that J. Horvath defined the rapidly decreasing distributions
as members of the set

H ={T € & : T has a unique extension

to a continuous linear functional 7" on O¢},

the continuity being understood in the sense of the inductive topology
in O¢ = lim, S}L. J. Horvath did not discuss any topology in H.

Theorem 3. H = RD.

Proof of H C RD. We have to prove that if a distribution 7" belongs
to H, then for every u € [0, 00[ the distribution 7" extends uniquely to
a continuous linear functional T, on S;. To this end define T}, := T si-
Then T, € (S,) because S, — O¢, and T,|s = T because T)|s =
(T|5})|3 — T|s = T. Moreover, since S is dense in S}, the extension T),
is unique. 0

Proof of RD C H. Let T € RD. Keep T fixed throughout the present
proof. Let (T),)uejo,00] € Xpefo,0[(S4) be the system of extensions of T
occurring in the definition of RD. Then

(5.2) whenever 0 < i < v < 0o, then T}, is a restriction of 7.
Indeed, if 0 < y1 < v < oo, then S, — S, so that T, s € (S,)". Fur-
thermore, since S is dense in S }H it follows that 7| s1 is the unique ex-
tension of 7" to a continuous linear functional on S}, so that T, | sp =Ty
We are going to construct the extension of the distribution 7' € RD

to a continuous linear functional 7' on O¢. To this end we shall use the
following facts:
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1° as a set, Oc is equal t0 U,cpg o S,
2° when p € [0, 0o increases, the spaces S}L increase in the sense of
inclusion,
3° O¢ is equipped with the inductive topology determined by the
Fréchet spaces S }1L

From 1° and (5.2) it follows that there is a unique function 7' on O¢
such that

(5.3) T(¢) = T,(¢) for every pu € [0,00[ and ¢ € S}.

From 1°, 2° and (5.3) it follows that for every u € [0, 00| the restriction
of T to S; is equal to a continuous linear functional 7}, on Si, so that
T is an algebraic linear functional on O¢. From 3° and (5.3) it follows
that T is a continuous linear functional on Qg with respect to the
inductive topology of O¢.

Again by (5.3), whenever p € [0, 00|, then T is an extension of 1.
Since T}, is an extension of T, it follows that T is an extension of 7.
Finally, since S is dense in O, it follows that T is the unique extension
of T to a continuous linear functional on Og, so T € H. O

Remark. For every p1 € [0, 00) denote by C,, the subset of C'(R™) consist-
ing of functions ¢ such that sup, . |2|*|g(z)| < co. For any p € [0, oo],
the set (S),)" consists of all distributions of the form > lal<my 9" Gap
where m,, € Ny, go,, € C, for |a| < m,, and differentiation is under-

stood in the sense of distributions (see |G-L, Sect. 5, Exercise after
Theorem 5.4], [K R, Sect. 3, Theorem 3.4]). It follows that

G4 (6= U 6

1eE(0,00[ ve(0,00[ pE[v,00(

:{TGS' v (T— Z 8“9(”)}

velo, oo[,uelzoo[ la|<m
s

The complete proofs of the above assertions are omitted. The equality
(5.4) yields a new proof of [S, Sect. VIL.5, Theorem IX.10].

VI. Derivation of the locally convex spaces (RD,b) and (RD, )
from the locally convex spaces ((O¢)’,7,) and ((O¢)’, 7). Recall
that RD = H and if T € H, then T denotes the unique extension of T
to a continuous linear functional on Og.

Lemma 3. ¢ : H> T — T € (O¢) is a one-to-one mapping of H
onto (O¢)'.

Proof. Since § is dense in O, for every T" € H there is exactly one
T € (Oc¢)" extending T'. Since S < O, it follows that if T" € (Oc)’,
then T|s € S', so that T'|s € H. O
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Theorem 4. There are isomorphisms of locally convex spaces (H, e 17,)
~ ((Oc).m) ~ (RD,b) and (H,e7',) ~ (Oc),m) = (Oc)l, ~
(RD,w). Heree 'y, ande =171, denote the inverse images of the topologies
Ty, and T, under the mapping €.

Proof. The proofs of the two sequences of isomorphisms being similar,
we shall limit ourselves to the first. By Lemma 3 the one-to-one linear
mapping € of H onto (O¢)’ yields a linear homeomorphism of the lo-
cally convex space (H,e™'7,) onto the locally convex space ((O¢)’, 7).
The phrase “linear homeomorphism of locally convex spaces” used by
H. Jarchow [J] means “isomorphism of locally convex spaces” in com-
mon terminology.

It remains to prove that ((O¢)’, 7) is isomorphic to (RD, b). To that

end, consider a net (T)).eq C (O¢) and the associated net (7)),es =
(e7'T,),e; C H = RD. Whenever p € [0, o[, then

(6.1) (T)p)es = (Tilsp)ies

because, by the imbedding S}L — O¢, TL|S,5 is an extension of T, to a
continuous linear functional on S}L, and the extension is unique, so that

it must be equal to (7,),. By (5.1) and (6.1), the net (7,),e; C (O¢)’
converges in the topology 7, if and only if (7,),c; C RD converges
in the topology b. This shows that the mapping e : (O¢) 3 T —
T € H = RD is a linear homeomorphism of the locally convex space
((O¢)', 1) onto the locally convex space (RD,b). O

VII. Relation of the locally convex space (RD,IN)) and the set
H to the rapidly decreasing distributions on R" in the sense
of L. Schwartz and in the sense of J. Horvath. L. Schwartz [S,
Sect. VIL5], without using O¢, defined the limit space O of rapidly
decreasing distributions on R" by two conditions:
(a) as aset, O is equal to {T' € 8" : (1+|-|[))*?T € (Dp1) for every
p € [0, 00},
(b) a net (7,),e; C O converges if and only if for every p € [0, 00|
the net ((1+ |- |?)*/?T,),cs converges in the topology of (Dp1)s,.
For a general explanation of the notion of limit space see [F| and [J,
Chapter 9].

Theorem 5. As a set, the limit space O of L. Schwartz is equal
to RD. A net (T,),e; C RD converges in the sense of L. Schwartz if

and only if it converges in the topology b.

Proof. By Theorem 1, whenever u € [0, 00|, the mapping S} 2 ¢
(14 |z|*)*/?¢ € S} is a linear homeomorphism of the Fréchet space
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Sy onto the Fréchet space S). It follows that a distribution 7' € &'
satisfies condition (a) of L. Schwartz if and only if, for each u € [0, 0o,
it extends uniquely to 7, € (S})’. Thus condition (a) is satisfied if
and only if T" € RD. Furthermore, a net (7,),c; C RD converges in the
sense of L. Schwartz, i.e. for every u € [0, co[ the net ((1+|x|*)*/?T,),cs
converges in the topology of (Dr1);, = (S3);, if and only if for every
€ [0,00[ the net of extensions ((7,),).es C (S},)" converges in the
topology of (S,lt);; By (5.1), the latter holds if and only if the net

(T,).eq C RD is convergent in the topology b. O

J. Horvath [H, Sect. 4.11, p. 420] defined the rapidly decreasing dis-
tributions on R™ as members of the set H, without explicitly discussing
the topology. But H = RD by Theorem 3, and (RD,b) ~ (H, 'n,)
by Theorem 4.

2. THE STRONG CONVOLUTIONAL TOPOLOGY IN RD

VIII. Characterization of rapidly decreasing distributions by
their convolutions with functions belonging to S.

Theorem 6 (R. E. Edwards |E|). For every slowly increasing distri-
bution T on R™ the three conditions are equivalent:

1° T € RD,

2° whenever p € S, then T xp € S,

3° [TH|s € L(S,S).

Theorem 6 is quoted in |G-L, Sect. 7°.2] as Theorem 7°.2.2 without
any reference. R. E. Edwards’ original proof bases on Fourier trans-
formation, and in particular on L. Schwartz’s Theorem XV from [S,
Sect. VIL.8| whose proof is incomplete (see L. Schwartz’s own remarks
in [S, pp. 269-270]). We shall obtain the equivalence 1°<3° as an im-
mediate consequence of Proposition 2 below, the Fourier-theoretical
proof of 3°<2° being postponed to Section X.

Following [Kh, Vol. 2, Sect. CC.II1.30|, by a periodic partition of unity
on R™ we mean a partition of unity {¢(-+2): 2 € Z"} = {p, : z € Z"}
consisting of translates of a non-negative function ¢ in C°(R").

Proposition 2. For every set {T, : + € J} C &' the following condi-
tions are equivalent:
(a) every T, has a unique extension to a continuous linear functional
T, on O¢ and {T, : v € J} is an equicontinuous set of linear
functionals on O¢.

(b) {[T, #]|s : ¢ € J} is an equicontinuous set of operators belonging
to L(S,S),
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(c) whenever {¢, : z € Z"} is a periodic partition of unity on R™,
then
Z sup |T,(¢.0)| < oo for every ¢ € O¢.

Lezn ved

For the application in the proof of Theorem 6 it is not necessary to
consider in Proposition 2 sets of distributions and operators, but just
a single distribution and operator. However, in subsequent sections we
shall use (a) and (b) in their version for sets.

We shall prove (a)=(b)=(c)=-(a). To this end, in the domain of
C>-functions ¢ on R", we shall use the seminorms

Pua(®) = Sél{@(l + [])0%e()].

For instance, the family of seminorms {p_, . : ¢ € No,a € Nj} de-
termines the topology of &, and for every fixed u € R the family
of seminorms {p,. : @ € Nj} determines the topology of S,. The
seminorms p, . are invariant with respect to reflection at zero, i.e.

Pu.e (¢V) = pu,a(¢)-

Proof of (a)=>(b).! Whenever p € [0,00[, then S, < Oc. Therefore

(a) implies that

(a) whenever u € [0, 00|, then {7} g, ' ¢ € J} is an equicontinuous
set of continuous linear functionals on the Fréchet space S -

From (a)" it follows that for every p € [0, oo[ there are C), € |0, 00| and
v, € Ny such that

sup |T,(¢)| < C, sup pual(p) for every ¢ € S,,.

veJ || <vy

Consequently, whenever z € R", ¢ € S and p € [0, oo[ then
sup [(T, * ) (x)| = sup [(T}) ) (w(z — ) = sup [(T.) ) (e(z — y))|
edJ ved edJ

= sup|(T[3, ) (e(x — )]

ved
< C, sup sup (1 + |y|)7*|(0%)(z — y)|

a|<v, yeR™
N

< Cu sup sup (1+ |y)) ™ [ppalp)(L+ |z —y[) 7]

|o| <vy yER™
< C, Sup P-pa(p) (14 [a])~"
o<y,
where the last inequality follows from 1+ |z| < (1+|y|)(1+|z—y]|). The
above estimate implies that for every p € [0, 00[ there are C, € ]0, oo

IWe give a slightly polished version of the proof of Proposition 2 published earlier
in a preprint of Institute of Mathematics, Polish Academy of Sciences.
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and v, € Ny such that

sup p_0(T, *x ) < Cp, sup p_ua(p) forevery p € S.
eJ

lo| <vy
Applying this to % in place of ¢, we infer that

sup p_,5(T, * ) < C, sup p_pa+p(p) forevery ¢ € S and § € Nj.

vedJ || <vp

It is obvious that {sup g <y p—.s: p € [0,00[, A € N} is a filtering (see
[B2, Sect. I1.5.4, Remark after Proposition 4]) system of seminorms
determining the topology of S. Therefore for neighbourhoods of zero

in S the following holds: for every p € [0,00[ and A € Ny there are
C,, € 10,00] and v € Ny such that whenever ¢ € S and € € |0, 00|, then

Cu sup popass(p) <€ = supsup pup(Tixp) <e
la+BI<v+A L€J |BI<A
(see [K-A, Sect. I11.2.1, Theorem 1|). The last implication means that
{IT, #]|s : ¢ € J} is an equicontinuous subset of L(S,S). O

Proof of (b)=(c). Let {p, : z € Z"} be a periodic partition of unity
on R" and let (7}),e; C S'. Since [T, *¢](x) =T,((¢,)") and (((¢2)")z)"
— 4, it follows that [T,  (12,)"](x) = T.(((42))a)") = T.(0). 1f 6 €
C*(R™), then taking ¢ = ¢p_, and x = z, one obtains T,(¢p_,) =
[T, % (¢2¢)"](2). Hence

8.1)  [T(op-2)] < [T+ (6:0)")(2)
< (sup (1 + o) "I[T: # (6:) (@)1 - (14 =)~

z€R™

= pro(T, % (d:20)") - (1 4 |2[) 7"

for all ¢ € C*°(R™), k € [0,00[ and z € Z".
Assume now that (b) holds and let ¢ € C*°(R"™). Then, for every
k€ [0, 00],

p:‘i(¢) = sup p—K,O(TL * ¢v)v 1/} € S,

ved

is a continuous seminorm on S. Therefore there are C,; € |0, 00[, A €
[0, 00[ and v, € Ny such that

(8.2) Pe() < Cy sup poy, a(yp) for every ¢ € S.

|| <vi
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From (8.1) and (8.2) it follows that
sup [T, (¢p-—2))|

eJ
< sg‘ljapfn,o(TL % (0:0)") - (L+12))7" = pulda) - (14 |2]) 7"
< Co s paa(00)- (1412
=C, RSL}p‘< (1+ |z)*]0%[¢(z + 2)(x)]] - (1 + |2[)7"
TzeR™, |a|<vg
< Cull+7r)™  sup 0%z + 2)p(x)]] - (1+ |2]) 7"
z€R, |a|<vg
where

r = sup{|z| : © € supp ¢}.
From these estimates, by the Leibniz formula, it follows that if con-
dition (b) of Proposition 2 is satisfied, then for every ¢ € C*°(R"),
z € Z™ and k € [0, 00[ one has
(8.3) sup|Ti(¢p-.)| < Dx sup 0%(x + 2)[ - (1+[2])™"
eJ z+2z€ supp ¢, |a|<vi

where Dy, = LC.(1 + 7)™ SUD,cqupp o, jal<un [0¢(x)], L being the max-
imum of the coefficients in the Leibniz formula. The only important
thing is that D, is a finite non-negative constant depending only on k.

Till now we have assumed that (b) holds and ¢ € C*°(R"). Hence-
forth we shall assume that (b) holds and ¢ € Oc. Since, as a set,
Oc = U,ue[O,oo[Sl“ it follows that to every ¢ € Og we can assign

= pu(®) € [0,00] such that ¢ € S,,. Then, for every z € Z",
sup 0% (x4 2)| < sup  |0%(x + 2)|

242 € supp ¢, [] < Je|<r, |a|<vx

< sup pua(@)(1 47+ [2)"

laf<vi

< sup pua(@)(1+ 7)1+ [2))",

laf<vi

and so from (8.3) it follows that
(8:4) Sup [T, (¢p—2)| < Du(1+7)" sup pua(@)(1+[2)"
Le

laf<wve

Now fix a € |n, 00[. Given ¢ € Og¢, choose k = a + p($). From (8.4) it
follows that

(85)  sup|Top_)| < M(@)(1+ |2 for every 2 € Z",
ved

where
M(¢) = Di(1+7)" sup pya(¢) < oo.

|| <wi
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Condition (c) of Proposition 2 follows from (8.5) once it is shown that
the series Y _,.(14|z|)® is convergent. To check this, fix p € [n!/2, oo
and for every z € Z" define B, := {z € R" : |z — z| < p}. Then
{B.:z€Z"}isacovering of R". If v € B,, then 1+ |z| < 1+]z|+p <
(14 |z])(1 + p), so that (1 + |z])~* < (14 p)*(1 + |z|)~“. Hence

(1+]z) <V 1+ p)“/ (1+ |z|)~*dx for every z € Z",

B

where V' is the volume of B,, independent of z. It follows that

Z(l +1z])7* < KVY(1 4+ p)* /Rn(l + |z|) " dx < oo,

ZEZL™
where K denotes the order of the covering {B, : z € Z"} of R™. O

Proof of (¢)=(a). Suppose that (c) holds. We shall construct the ex-

tensions T, of the distributions 7, by the series expansions
(8.6) T.(¢) = Y _ T(¢p.), o€ Oc,
ZEL"

where {¢, : z € Z"} is a periodic partition of unity on R". For every
L€ J,keN,and ¢ € O¢ let

Tox(0) =) Ti(¢p.).

=<k

Then
(8.7) cach T, is a continuous linear functional on O,
because the sum TLﬁk is finite and for every fixed z € Z" the mapping
Oc 2 ¢ — ¢p, € C° is continuous. Whenever ¢ € J and ¢ € O¢ are
fixed, then, by the definition (8.6), the sequence (7} 4(¢))xen of complex
numbers is convergent and

(8.8) Jim 7,4 (¢) = T.(¢)-
As the inductive limit of Fréchet (and hence barrelled) spaces, O¢ is a
barrelled space. Furthermore, from (c) and (8.8) it follows that when-
ever ¢ € Oc is fixed, then {T,x(¢) : ¢ € J, k € N} and hence also
{T,(¢) : + € J} are bounded subsets of C. Since O¢ is barrelled, from
boundedness of {T (@) v € J} for every fixed ¢ € O¢ and from the
generalized Banach-Steinhaus theorem ([B2, Sect. I11.3.6, Theorem 2|
or [0, Sect. 4.2, Theorem 4.16|) it follows that

{TL 11 € J} is an equicontinuous set of linear functionals on Oc.
In order to complete the proof of (¢)=-(a) it remains to show that for
every ¢ € J the continuous linear functional 7, on O¢ defined by (8.6)
is an extension of the distribution 7, i.e.

(8.9) T,(¢Y) = T,(v)) for every ¢ € S.



ON RAPIDLY DECREASING DISTRIBUTIONS 17

To this end, notice that if ¢ € C2° and k € N is so large that suppy N
supp ¢, = 0 for |z| > k, then

(8.10) L) = Y Te) =T(v Y ¢.)
\

|z|<k z|>k
= TL(@/) > %) =T.(v).
ZEL™
Now (8.10) implies (8.9) by the dense continuous imbeddings C° — S
— OC. J

Proof of 1°=3° in Theorem 6. From the equality RD = H proved in
Theorem 4 of Section 5 it follows that if 7' € S’, then T' € RD if
and only if the singleton {7’} satisfies condition (a) of Proposition 2.
Thus 1°<3° in Theorem 6 follows from (a)<(b) in Proposition 2. The
implication 3°=-2° in Theorem 6 is obvious. The Fourier-theoretical
proof of 2°=-3° is postponed to Section X. O

IX. The strong convolutional topology in RD. This topology is
induced from L(S,S), via the mapping

pr: RD>T — [T+]|s € L(S,S),

which makes sense by Theorem 6. Thus the strong convolutional topol-
ogy is defined as the initial topology determined in RD by only one
locally convex space L(S,S), and only one projection operator.

The locally convex space L(S,S), has a basis of neighbourhoods of
zero of the form

{U,aa6: 1 €[0,00], a € Ny, A abounded subset of S, € € ]0, 00}

where

Upaae = {K € L(S,S): / (1+ |x|2)“/2|[8aK(g0)](x)| dr < e

n

whenever |a] < a and ¢ € A}.

Appearance of the integral in the last formula is a consequence of the
integral description of neighbourhoods of zero in S.

It follows that the strong convolutional topology in RD has a basis
of neighbourhoods of zero of the form

Vit = {T € RO [ (14 Lo 2T« %)l do <

]Rn

whenever |a] < a and ¢ € A}.



18 JAN KISYNSKI

Therefore the strong convolutional topology in RD is determined by
the system of seminorms

{Pua,a st € [0,00[, a € Ny, A a bounded subset of S}
where, for every T' € RD,

Pra(T) = sup [ (1 o) (T (0°0) & = )] o

peEA JR
In Section V we proved that for every T' € RD and every p € [0, oo

there is a unique T, € (S),)" extending T'. Therefore whenever T € RD,
p € [0,00[, a € Nj and A is a bounded subset of S, then

Praa(T) = sup / 0% (2)] - Toy (1 + | + yP)"7%)| de
peA JR"

= / Tiy) (Waa(2)(1 + |z + y|*)*/?)| da
- / (Tt ) (o (2)(1+ [+ 52772 | de

_ ]mmm@ ( [ can@+fe+ o dx)

where wo,4(7) = sup e, [0%¢(z)], so that w, 4(x) converges rapidly to
zero as x € R™ and |z| — oc.

The last equality in the above estimations follows from the fact that
its sides are both equal to imY", [on [(Thsn+1) ) (Wa,a(z) (1 + |z, +
y|?)*/?)| (dx),. In the course of the proof of Theorem 7 we shall prove
that the integral [, waa(z)(1+]- + z[*)*/?dz is convergent and rep-
resents a function belonging to S :L nil

Theorem 7. The strong convolutional topology in RD is no finer than
the topology w defined in Section V.

Proof. Similarly to the proof of Theorem 4 in Section VI, the topology
W in RD is determined by the system of seminorms {g,4 r : i €
[0,00[, F' € F,,,} where

Qurr(T) = Zug T,ia(¢)|  for T € RD,
S

A € [0,00[ is any fixed constant, and F,,, denotes the family of all
finite subsets of S} . For convenience in subsequent calculations we
choose A = n + 1. Theorem 7 will follow once it is shown that
(9.1) Prtntiaa(T) < JSup Tt s1(9)]

€

a,A
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for a certain set F, 4 € F.., . ;. We shall see that (9.1) is true when

F,, 4 is the singleton

Foa= {/nwa,A(x)(l + |- 4 P2 d:c}.

First we shall prove that the integral [y, wa a(z)(1+ |- + z|?)*/*dx
represents a function belonging to Su tny1- This will follow once we
check that for every u € [0, 00[ and 8 € Nj the iterated integral

B = [ @y [ [ na@iog (14 o + gy dx} dy
R7 R™
is finite. By Lemma 1 from Section II we have
Doy (L |+ )2 = (Lt o+ yP) (1 + [+ y ) Pyl +y)
where P3 is a polynomial on R" of degree no greater than |/3|. Con-
sequently, by the inequality 1 + |z + y|* < (1 + |y[*)(1 + |z|)* [Hb,
Sect. I1.2.1, Example 1|, monotonicity of the integral, and the Fubini

theorem (see [El, Sect. IV.2.4, and Sect. V.2, Theorem 2.1]), for every
B € Ny there is K € ]0, 0o such that

La < Ky [ waa(@(1+ \x|)“dx/ (1+ 2+ g2~ D/2 dy < o0
Rn
for every p € [0, ool.
This proves that [, waa(z)(1+ |- 4+ 2*)*/? € S}, ,,, so that the

singleton Fo a4 = { [pn Wa,a(x)(L+| - + z[*)*/* dz} belongs to Fi,,.;,
completing the proof. O

ptn+

Theorem 8. RD equipped with the strong convolutional topology is
complete.

Proof. Let A(S,S), be the closed subspace of L(S,S), consisting of all
operators in L(S,S) commuting with translations. Since S, as a Fréchet
space, is bornological, applying the argument in [O, Sect. 4.3, proof of
Theorem 4.20| one concludes that the locally convex space L(S,S)y is
complete, hence so is A(S,S),. We shall prove below that the mapping

r: RD > T w— [T#||ls € L(S,S) is a linear homeomorphism of RD
onto A(S,S). Therefore RD equipped with the strong convolutional
topology is complete, because A(S,S), is.

Since convolution with a distribution is an operator on sample func-
tions that commutes with translations, it follows that pr indeed maps
into A(S,S). It remains to prove that it is injective and maps RD onto
A(S,S).

To prove injectivity it is sufficient to observe that if [T *]|s = 0,
then T'(p) = [T * ¢”](0) = 0 for every ¢ € S, which means that the
distribution 7" is equal to zero.
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Surjectivity means that for every K € A(S,S) there is T € RD such
that K = [T x]|s. To prove the latter, let K € A(S,S) and define the
slowly increasing distribution 7" on R™ by T'(¢) = [K(¢")](0) for every
@ € S. Then T xp = T(¢)) = [K(¢z)]|ls=o = K(p) € S for every
p € S,ie. K =[T+||s and T € RD, by equivalence of conditions 1°
and 2° in Theorem 6. O

Another proof of Theorem 8 is by applying Theorem 9 below and
the completeness of Oy (see [H, Sect. 2.9, Example 7]).

X. The strong convolutional topology in RD and Fourier trans-
formation. Since the Fourier transformation § : & — S is a linear
topological automorphism of S, it follows from [T, Sect. I1.23, Proposi-
tion 23.1| that §’, the transpose of §, is a is x-weakly continuous linear
automorphism of &', so that, by [B2, Sect. IV.4.2, Proposition 6|, §' is
also a linear topological automorphism of & when &’ is equipped with
its usual strong dual topology. Moreover, since S is sequentially dense
in &’ (equipped with the strong dual topology), from the Parseval equal-
ity for § : S — S it follows that §’ is equal to the extension of §F by
continuity. For this reason in what follows we shall write § instead .

A function ¢ belonging to C*°(R™) is called a multiplier of S if
¢-p € S for every ¢ € §. The multipliers of S constitute a func-
tion algebra on R", which will be denoted by m. The strong mult:-
plicational topology in m is determined by the system of seminorms
{Spap : p € [0,00, « € Njj, B a bounded subset of S} where
SpeB(®) = SUPep P—pal@ - @) for every ¢ € m. The strong multiplica-
tional topology in m coincides with topology defined in [S, Sect. VIL.5]
(see [K1, Sects. 2.1 and 2.2]).

Let Oy = {¢ € C°(R"): for every a € Nf there is p € [0, 0o[ such
that p,.a(¢) < co}. Then Oy = m, the inclusion Oy C m being ob-
vious. An ingenious short proof of the inclusion m C O, is presented
in [Kh, Vol. 2, Chap. CA.III]. Roughly, every ¢ € m is a slowly in-
creasing C'*°-function on R", so that to every ¢ belonging to m there
corresponds the distribution [¢] belonging to &', represented by the
function ¢. The Fourier transformation is a linear bijective mapping
§ : RD — [m]. Moreover, if T € RD, and ¢ € m is uniquely deter-
mined by F(T) = [¢], then (F|s)(T*¢) = p- ¢ for every ¢ € S.? Under
the strong convolutional topology in RD and strong multiplicational

2The above statement is the last of the four theorems collected in [K2, Sects. 8
and 9] concerning the algebraic linear exchange between convolution and multipli-
cation via Fourier transformation.
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topology in m, the linear bijective mapping § : RD — [m] becomes a
linear homeomorphism of locally convex spaces:

Theorem 9. The Fourier transformation is a linear homeomorphism
§ : RD — m of RD equipped with the strong convolutional topology
onto m equipped with the strong multiplicational topology.

Proof. A net (T,),e; C RD converges to zero in the strong convolu-

tional topology if and only if

(10.1) lim, T, x ¢ = 0 in the topology of S, uniformly in ¢ ranging over
any bounded subset of S.

A net (¢,),e; C m converges to zero in the strong multiplicational

topology if and only if

(10.2) lim, ¢, - ¢ = 0 in the topology of S, uniformly in ¢ ranging over
any bounded subset of S.

If T, € RD and §(T,) = [¢,] where ¢, € m, then

(10.3) (Sls)Tixp)=¢, - forevery p € S,

Theorem 9 follows once it is shown that whenever T, € RD and ¢, € m
satisfy (10.3), then conditions (10.1) and (10.2) are equivalent. But if
T, € RD and ¢, € m satisfy (10.3), then the equivalence of (10.1) and
(10.2) is a consequence of (10.3) and the fact that §|s is a topological
linear automorphism of S. 0

Completion of the proof of Theorem 6. It remains to show that
(104) T eSS and T*¢p e S for every ¢ € S, then T' € RD.

By the remarks preceding Theorem 9, concerning the algebraic linear
exchange between convolution and multiplication via Fourier transfor-
mation, (10.4) is equivalent to the tautological statement that if ¢ € m
and ¢ - p € S for every p € S, then ¢ € m. O

XI. Coincidence of the strong convolutional topology and the
topology b on bounded sets.

Proposition 3. For every set {T, : + € J} C &' the following four
conditions are equivalent:

(a) for every v € J the distribution T, can be (uniquely) extended to
a continuous linear functional TL on Oc, and {T, : v+ € J} is an
equicontinuous set of linear functionals on O¢,

(a)" for every v € J the distribution T, can be (uniquely) extended to
a continuous linear functional TL on Oc, and {T, : v € J} is a
bounded subset in (Oc)" in any S-topology,
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(b) {[T.*]|s : ¢ € J} is an equicontinuous subset of L(S,S),
(b) {[T,*]|s : ¢ € J} is a bounded subset of L(S,S)s.

Proof. From Theorem 2 we know that (a)<(b). Moreover, S is bar-
relled as a Fréchet space, and O¢ is barrelled as the inductive limit of
Fréchet (and hence barrelled) spaces. Thus the equivalences (a)<(a)
and (b)<(b)" follow by [O, Sect. 4.2, Theorem 4.16] or by [B1, Sect.
[11.3.6, Proposition 7 and Theorem 2|. O

From Theorem 3 in Section V and Theorem 4 in Section VI it follows
that

RD = {T € 8 : T has a unique extension T € (O¢)'}

and the mapping RD>T — T € (O¢) is a linear isomorphism.

From Theorem 4 it also follows that the topology 7, in (O¢)" is
determined by the system of seminorms {g,p : p € [0,00[, B € B}
where g, 5(F) = supyep |F(¢)| for every F € (O¢)', p € [0,00[ and
B € B}, B}, being the family of all bounded subsets of S). Therefore
the topology bin RD is determined by the system of seminorms {p,, 5 :
€ [0,00[, B € B} where

pup(T) =sup|T(¢)| for every T € RD, ju € [0,00[ and B € B
$cB
If, as in Section V, T}, denotes the (unique) extension of T € RD to
a continuous linear functional on S}, then (7| s1)(¢) =T, (¢) for every
T € RD, pi € [0,00[ and ¢ € S,. Therefore

pu(T) =sup |T,(¢)| for every T € RD, p € [0,00[ and B € B},
$€B

Consequently, the set {7, : v € J} C RD is bounded in the topology b
if and only if

sup pu,(T,) < oo for every pu € [0,00[ and B € B}.

LeJ
The last condition is equivalent to the boundedness of {7, : ¢ € J} in
the locally convex space ((O¢)’, 7). By (a)’<(b)’, the latter is equiv-
alent to the boundedness of {7, : « € J} C RD in the strong convolu-
tional topology. Summing up, we have proved the following

Corollary. The boundedness of a subset of RD means the same for
all the three topologies in RD: the strong convolutional topology, the
topology w (intermediate) and the topology b.
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Now we shall prove that on bounded subsets of RD, common for
all the three topologies occurring in the Corollary, all these topologies
coincide. This is an immediate consequence of the following theorem.

Theorem 10. If (T,),c; C RD is a net such that the set {1, : 1 € J}
of its terms is bounded (in the sense of the Corollary) and lim, T, =0
in the strong dual topology of S', then lim, T, = 0 in the topology b.

A convenient technical formulation of Theorem 9 is the following

Proposition 4. Let (T,),e; be a net in RD. If

(11.1) limsup |7,(¢)| = 0 for every bounded subset A of S
LopeA
and
(11.2) sup |T,(¢)| < oo  for every p € [0,00] and B € B,,
LeJ, peB

then (T,).c; converges to zero in the topology b.
Proof. Tt is sufficient to prove that if (11.1) and (11.2) are satisfied then
(11.3) limsup |T,(¢)| = 0 for every p € [0, 00] and B € B,

b ¢eB

Indeed, (11.3) means that (7,),c; C (O¢) converges to zero in the
topology 7, discussed in Section IV, and hence, by Theorem 4 from
Section VI, (T,),e; C RD converges to zero in the topology b.

In order to prove (11.3) take non-negative functions ¢ € C°(R)
and n € C*(R") such that suppy) C {z € R" : |z| < 2}, suppn C
{z € R": |z| > 1}, and ¢ (z) + n(x) =1 for all x € R™. For r € ]0, oo,
let

Y(z) =¥(r~'e) and 7,(2) =n(r o).
Then suppt), C {z € R" : |z] < 2r}, suppn, C {z € R" : |z| > r}
and ¢, (z) +n,(x) = 1 for every x € R". The equality (11.3) will follow
once we prove that

(11.4)  limsup |T,(¢p)| = 0
t ¢eB
for any fixed 7 € ]0, oo[, u € [0, 00[ and B € B},
and

(11.5) lim sup |T,(.¢)] =0 whenever p € [0,00[ and B € B,
70 e, pEB

Proof of (11.4). Let p € [0,00[ and B € Bj. For any fixed r €
10, 00[ the mapping S, > ¢ — ¢ € S is continuous, so that A =
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{1 - ¢ € B} is a bounded subset of S. Moreover sup g T, (¢ )| =
sup,ea [T,(¢)|- Hence (11.1) implies (11.4).
Proof of (11.5). For every ¢ € O¢ let
s(¢) = sup|T,(9)].

eJ

Then s is a seminorm on O, and in terms of s condition (11.2) can be
equivalently written as

(11.6) sup s(¢) < oo whenever p € [0,00[ and B € B},
¢eB
This means that for every p € [0, o[ the seminorm s is bounded on S;.
In terms of s condition (11.5) can be written as
(11.7) lim sup s(n,.¢) =0  whenever p € [0,00[ and B € B),.
T—00 ¢)€B

Since for every u € [0,00] the space S}L is bornological as a metriz-
able space, it follows that the restriction of the seminorm s to S}L is
continuous in the topology of S} (see [Y, Sect. 1.7, Theorem 2]).

To prove (11.7) we shall perform some estimations. As before, for

every p € [0, 00[ denote by B}A the family of all bounded subsets of the
Fréchet space S}, From the definition of the functions 7, it follows that

(11.8) {n, : 7 € [ro,00[} is a bounded subset of C;°(R")
for every 1y € )0, ool.

From Theorem 1 in Section II, and from (11.8), it follows that whenever
p € 0,00[, Be€ B:L, A €]0,00[, o €1]0,00[ and r € [rg, o],

then C:={(1+4 |- [*)*?¢: ¢ € B} € B, so that

(11.9) if g€ Be B, theny = (1+]-[>)V?¢peCeB,,,.

We shall prove that if

(L+]- )2
C= Qo = mnﬂﬁa
0
then
(11.10) (eDeB,,,.
To this end, notice that the positive function
(1+ [zf?)—*2

p(x) = TR reR",
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takes values from |0, 1] on suppn,, and by Lemma 1 from Section II
one has

(1 + )2 = (1 + |z[*) %€ (x)  for every z € R” and o € N7
where &,(z) = (1 + |z|?)71*IP,(x) € Cy(R™). Therefore

(111D menal) = /n<1+|xr> G i

< [ Py o) Y (@07 ()0 (a) |

54—’7—0—6 @

5l|y

< [ @y S @0 0 v de
B+vy+é=a
SLQ/ (1 + |z|?)~W+N/2 Z 10%(z)| dor < Koo < 00
' [91<laf

where the last two inequalities follow from the facts that 5 € C,(R"),
(11.8) holds, and ¢ € C' € B, . The estimate (11.11) proves (11.10).

Now we are ready to complete the proof of (11.7). If ¢ € B € B}L,
then, by (11.9) and (11.10),

s(mo) = s((1+ | )72n0) = (1+7)725(C) < (1+7) 7K

where Kp < oo because the seminorm s is bounded on D € Bi Y
Thus

s(ne¢) < (1+75) K,
whence (11.7) follows by letting ro — oo. U
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