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Abstract

We consider barotropic motions described by the compressible
Navier-Stokes equations in a box with periodic boundary conditions.
We are looking for density ¢ in the form ¢ = a + 7, where a is a
constant and 7|—¢ is sufficiently small in H?-norm. We assume ex-
istence of potentials ¢ and ¢ such that v = Vo + roty + fvdz.
Next we assume that V|—g is sufficiently small in H?-norm too.
Finally, we assume that the second viscosity coefficient v is suffi-
ciently large. Then we prove long time existence of solutions such
that v € Leo(0,T; H2())NLa(0,T; H3(Q)), v+ € Leo(0,T5; HY(Q))N
Ly(0,T; H?(2)), where the existence time T is proportional to v.
Next for T sufficiently large we obtain that v(T") is correspondingly
small so global existence is proved using the methods appropriate for
problems with small data.
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1 Introduction

We are looking for existence of global regular periodic solutions to the fol-
lowing problem

ovy + ov - Vo — pAv —vVdivo+ Vp=of in Q XR,,
(1.1) or +div (ov) =0 in Q xRy,
V]i=0 = Vo, 0li=0 = 00 in €

where v = v(z,t) = (vi(z,1t),v2(z,t),v3(2,t)) € R is the velocity of the
fluid, o = o(z,t) € Ry is density, f = f(z,t) = (fi(z, 1), fa(x, 1), f3(x, 1)) €
R3 is the external force field, p = p(p) and p, v are constant positive viscosity
coefficients. 0 C R?® is a box and the periodic boundary conditions are
assumed on 0f2.

Looking for weakly compressible motions we assume that
(1.2) o=a-+mn,

where a is a positive constant, 79 = n|;=¢ is sufficiently small and the second
viscosity coefficient v is sufficiently large.
In view of (1.2) we write (1.1) in the form
(a+mn)(ve+v- Vo) — pAv —vVdive 4+ ayVn

(1.3) = (po(a)) — pola+n)Vn + (a +n)f,
'U’t:O = Yo,

where p, = j—’;, ap = p,(a) and

+v-Vn+adive +ndive = 0,
(1.4) Uz n n
Nle=0 = Mo

Sometimes it is convenient to consider (1.3) in the form

Ut—l—v-Vv—HAv—KVdivv—i—@Vn
a a a
S oy N | Vdivv+@ 7 Vn
(1.5) aa-+mn aa—+mn aa+n
1
T oy Pele) mpelat )V + f,
U|t:0:’l}0.

Since we are looking for solutions to (1.1) with large v it is natural to
introduce periodic potentials ¢ and v such that

(1.6) v=Vy+roty + G,
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where G = ﬁ fQ vdzx.

From (1.1); » and assumption (1.2) we obtain

d

pr (a4 n)vdx = /(a+77)fd:£.
0 0

Hence

/vdx = 2{—/nvder/(a+77)fdxdt’+/(a+770)v0dx].

Q Qt Q
Therefore, —
1 '
G = m — [ nudz + [ (a+n)fdxdt' + [ (a+ no)vedz|.
Q Ot Q

In this case equations (1.3), (1.4), (1.5) take the form

(a+n)(Ve, + 1oty + Gy + (Vo + ot 4+ G) - V(V + rot 1))
— pA(Vp +rot ) — vVAp + agVn

= (pola) — pola+n))Vn+ (a+n)f,

Vli—o = Vo, rotili—g = rot iy.

(1.7)

Moreover, we assume that

(1.8) f=h+1

where f, is divergence free and f, is the gradient part. Then div f = div f,,
rot f = rot f,. Next we have

ne+v-Vn+alp+nAp=0

(1.9)
7]|t:0 = To-

Finally, (1.5) takes the form
(1.10)
Vi +roty + G+ (Ve +rot + G) - V(V +rot )

— 'L—LA(V@%—rotw) — ZVAgo—l— @Vn = T Ay
a a a aa-+mn

n : n 1
a+anlvv+aoa+nVn+a+n(pg(a)—pg(a+n))Vn+fr+fg,

U|t:0 = Up.

— VUV
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In this paper the following barotropic motions are considered
(1.11) p=Ao”*, »>1, A — const.

We need an equation for V7. To derive it we multiply (1.7) by £, apply
operator V to (1.9) and sum up the results. Then we have

Vi + %Vn ==V(v-Vn) = V(nAy) — %(Qvt + ov- Vo)
a a a
(1.12) + 280+ 2 (py(a) = pyla+ )V + o,
Nli=0 = 1No.

The aim of this paper is to prove existence of global regular periodic so-
lutions to problem (1.7)-(1.9). To show existence of such solutions we as-
sume that the initial density is close to a constant assuming that the norms
17(0) || 2(02), [|7:(0)| a2 () are sufficiently small.

Moreover, we assume that the second viscosity coefficient v is sufficiently
large. This implies that velocity v must be considered in form (1.6) because
divergence free and potential parts have to be treated differently. Therefore
we are looking for such solutions that V¢ in some norms is small but rot ¢
in these norms not.

The natural way to derive necessary estimates is the energy method. The
method was first applied to equations of viscous compressible heat-conduc-
ting fluids by Matsumura and Nishida in [MN1, MN2, MN3]. Next by
Valli and Zajaczkowski in [V, VZ]|. The free boundary barotropic case was
considered in [Z1, Z2]. Finally, a free boundary viscous compressible heat-
conducting case was considered by Zadrzynska [Za]. The method is natural
in the problem because v is considered in form (1.6) and the second viscosity
v is very large comparing to p so the anisotropic approach to velocity is
necessary.

Since ||7(0) || g2(q) and [|1¢(0)|| g1 () are small we denote the motion a weakly
compressible. However, we consider the periodic problem the proof can be
extended to motions with different boundary conditions.

In Section 2 some preliminary results are formulated and proved. In Sec-
tion 3 the main estimates for large v and time are shown. The estimates
are of an a priori type. However, for the local solutions they are real esti-
mates. The estimates are made without smallness assumptions on norms
of rot 1. This is possible thanks to the following two estimates: |[v||z, (ot
(see Lemma 2.2, Remark 2.3) and ||v¢| 1, (o) (see Lemma 2.8). These esti-

mates are crucial for proofs of Lemma 4.1, Corollary 4.2, Theorem 4.3 and
Theorem 5.7.
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In Section 4 we prove existence of long time solutions, where the existence
time T is proportional to v. The existence is proved in the following way.
Having long time esimate proved in Corollary 4.2 we have existence by time
extension of local solutions.

The proof of Theorem 4.3 is based on the time extension of a local solution
and the derived long time estimate. The proof is understandable but not
explicit. To have an explicit proof we have to use the method of successive
approximations in the time interval [0,7]. But looking for considerations
in Section 3 such proof will be very complicated.

However, the long time solutions are not global. Therefore in Section 5 we
prove existence of global regular solutions. For this we need some decay
estimates (see (5.51), (5.52))which imply smallness of data at time 7" (see
(5.53)). Then considering problem (1.7)—(1.9) with small initial data at
time 7" (see (5.53)) we use the technique from [BSZ, VZ, Z1, Z2] to prove
existence of global regular solutions (see Theorem 5.7).

Now, we formulate the main results of this paper

Theorem A (local existence). Let v > 0 be given sufficiently large. Let
v = Vy +roty, o = a+n, a-positive constant. Let 1n(0) € Ly (),
1(0), Vp(0), 1ot 1(0) € T3(Q), f € L2(0,T5T1(RQ)), IVe(0)llrze) < 5.
[rot p(0)[Ir2) < ¢ [MO0)Ir2) < §5 [folorszor < 5, f € La(0, T3 T1(Q)),
f € Lg(0,T; L3(Q)) N L1(0,T; Loo(S2)).  Assume that there exist positive
constants g, and ¢ such that cv* < @, < ¢(0), where » € (1/2,1). Then
there exists a reqular long time solution to problem (1.1) expressed in the
form (1.6)-(1.9) such that /N ¢,rot ) € Lo, (0,T;T2(Q))NLy(0,T;T3()),
vV € Ly(0,T;T3(Q)), vn € Loo(0,T;T3()), and v € M(Q), t < T < v,
where T is the time of local existence and

[ollory < d@InO) ez, v IVe(0)lIrz0),
(113) ot (0)llez), VIOl vifolossagr I1flraoari@),
1 1

[ £1] £6(0.6:L5(2))NL1 (0.6:Loo (€2)))

where t < T, ¢ is an increasing positive function of its arquments and the
space N(Q) is defined by

1/2HV<,0HLOO(0,1&;F§(Q)) + lrot ¢l o.ur3c))

+ [[rot ¥l L, 0,603 + VIVOll Ly,6r30))-

[vllnen = v

For T > v we have a global existence of such solutions that.
To prove global existence of solutions to problem (1.1) we use the step by
step in time extension.

5 77123 C”7 — 3-2-2020



The existence for t < T < v is shown in Section 4 but for ¢t > T > v in
Section 5.
Therefore, we have

Theorem B (Global existence). Let the assumptions of the Theorem A
hold. Let ||f,(t)||1 < ce™®, a > 0. Let f € Lyo(kT, (k + 1)T;T3(Q)) N
Le(KT, (k + 1)T’; L3(Q)) O Ly (KT, (k + 1)T’; Lo ().

Thenv € W(Qx (KT, (k+1)T)), k € Ng and (1.13) holds with interval (0,T)
replaced by (KT, (k+1)T), k € Ny = NU {0}.

Now we describe the idea of proofs of Theorems A and B.

Our aim is to derive a global estimate for regular solutions to (1.3),
(1.4) using presentation (1.9), (1.10). By the regular velocity we mean such
velocity that v € Ly(0,T;T3(Q)). Then we have a corresponding regularity
for n € Loo(0,T;T%(2)). This kind of regularity is necessary to estimate
nonlinear terms.

First we derive the inequality for v € L (0,7T; Lg(2)). Multiplying
(1.3); by v|v|"2, integrating over Q' we get (see Lemma 2.2)

: 1/r
r/2|2 /
(1.14) o)) + (/|V\v| | dxdt) < el s pr + VAP
0

+ C|f‘%,r,ﬂt + ool & [vol

where r < 6.
The second term on the r.h.s. of (1.14) is not controlled for large v. Hence
to control it we use the interpolation in the case r = 6

(1.15) |Aplig/76.00 < C|VA80’§,/30,Qt’V90|§,/£t7

where the mean values of Ay, VAyp, Vg are zero in view of periodic bound-
ary conditions. To estimate the last factor we derive the equation obtained
from (1.3); by applying the div operator
alp; — (1 +v)A%0 + agAn = —adiv (v - Vo) + div [—nu;

— v - Vo + (poa) = pola+n))Vn + (a +n)f].
Applying operator A™! to (1.16) yields

(1.17)
ap; — (L +v)Ap = —aA’lﬁxﬁxj (viv;) + aA’l&,;i(Agovi)

+ A7div [—nuy — v - Vo + (pla) — po(a+ 1))V + af,

+77f]—(77—7[77dx)—|—a7[g0td:c5D1+D2+F—ﬁ+a7[g0td:c,
Q Q Q

(1.16)
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where f = ﬁfﬁ’ n=n—fndc.
Q Q

The aim of this paper is to show that the quantity ¥ = v|Vp|s 120t is
bounded for any ¢t € Ry. Then we see that [VAp|s o ar < c||A<p||W22,1(Qt) <

c|V|3120:. Hence we have to derive that 1/1/3|V90];/§t < 22 a, 8 positive

constant numbers. This is the aim of Lemmas 2.3, 2.5 and Remark 2.2.

First we show the idea of the proof of Lemma 2.3. Multiplying (1.17) by ¢
and integrating over €2 yields

a d
Sarlel+ u+ )|Vl = [ Dipdo+ [ Dgds+ [ Foda
Q Q Q

—/ncpdx+a7[gptdx/godm.

Q Q Q

(1.18)

We need to obtain such estimate for |V|s o that
c

(119) |V(,0|2’Qt < —, a>1,
VOC

where ¢ depends on such norms of v, Vo,  that Vi, v € Ly(0,T;T3(Q2)) N
Loo(0,T5T3(Q)), 0 € Leo(0, T3 T7(42)).

The dependence can be strongly nonlinear because small parameter 1/v* (v
is assumed to be large) helps to get an estimate by a perturbation argument.
But the first and the last terms from the r.h.s. od (1.18) will not imply
estimate (1.19). They must be treated in the following different way

< Dibjo-n, o

‘/Dlgodsn < »
Q

lelp
1/(1-5)
1 D1 1)
< S(n+v) Vel + T lol3, =€ (1/2,1)
2 2 (A v)lplp /0 T
and p )
x
| o [ ] < L2l
lelp
0 Q
(u+v) o o, cdfuda/0
< —— Vel + |05
c 20 [ v)Flpl /a0 T
Using that f = div F’ we get
‘/F(pdx = ‘/F’Vgpdm < e|Vepls + c/e|F)5.
Q Q
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Since |D;| < c|v|? we derive (2.31) in the form

2/(1—3)
C‘”’gp/(p_g),z/u—%),ﬂt )

[(+ 1) plp] /O

amu%+wu+mw@gmgem(

(1.20) +[C(\>;05) o [(p + u)%|1¢|p]1/<1—%)

ptv

+ |n|§,oo,Qt|v|§,oo,QtA§ + |77|§,oo,9t|vn|§,m + |77|§,oo,9t|f|§,9t

{|A90|§/2,oo,QtA% + |n|§,oo,§2t|vt|§,§2t

+ | fols.qr + M3} + ale(0)f3].

We used that (see Notation 2.9)

(1.21) Al

NG

and

t

pzmm{/ww

0

VU

14

> [p(0)], —

t
122) ol =[o(0) + [ gt
0

Finally we have to estimate the second term on the r.h.s. of (1.14). In view
of (1.15) we have
(1.23) V| Aplig/rear < cyz/‘?’|VAQ0|§’/§;,WV1/3|Vg0|;7/£,5 =1.

Recall that U(t) = v|Vpl31.20:. Our aim is to show that there exist positive
constants ay, By, k =1,2,..., such that

Pk
(1.24) I, < ; -
By imbedding we already have that
(1.25) I < OBVl .

Hence, we have to use (1.20). First we have to estimate the argument of
exp function. We assume that

(1.26) c1 < (u+v)*[plp
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Then the term under exp in (1.20) is bounded by
c|v|§,/£3;), »=3/2-3/pe (0,1) for pe (3,6).
Assuming that
(1.27) O] < = ol < =
we obtain (see (2.62) and (2.64))

c
(128) |77‘r,oo,Qt S ;(\Ij + C)
Then (1.20) implies

[Velaar < (|vl6ccqrs [vel20rs [VNlaar, [ fla0r)-
(1.29) 1 c
2T )+ sle(0)]z]
Assuming additionally that

C
(1.30) (O < =, x> 172

and using (1.30) in (1.29) and the result in (1.23) yields

I < O(|v]so,at, [Vel2,0t, V200, | fl200)-
(1.31) l\l/ p2/3 y2/3 ]

/3 + 173 + >/3—1/6

Then from (1.14) for r = 6 we get (see (2.82))

¢ 1/6
[v(t)]6 + (/ ‘V|U|3|2d$dt/> < c|nlisg/m6,00
(1.32) i
+ O([v]s00.0ts [Vel 20, VN2, | flane) (¥ /03 + W23 /13
+ 2B J YO ol fligraar + cleol i lvols = Di.

Finally, Lemma 2.8 implies
0i(t)]3 + 1l Vo300 + VIAG 500 < exp(|n]3 200

+ (30000 + DY+ DAT) - [Inel2.00 + 1017 o e (DYA]

+ Ve300 AT+ [ fl0:) + [fils.0r + oo ve(0)[3]
= D%.

(1.33)
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Let us introduce the quantities

U(t) = v|Vols12.0t,

1(t) = VIVels 1 s + 10t 5 o 0.
(t) V|v90|§,1,2,9t + |1"0t¢|§,1,2,9t7
() ’/(\V@g,l,oo,ﬂt + ‘V(P‘il,zﬂt)a

(t)

t) = |rot ¢|§,1,oo,9t + [rot ¢|§,1,2,Qt-

X1
X
o]
o3

From (4.2) we have inequality

v o, v
X%(t) +X§<t) + \IJQ(t> S ¢(D17D27A17 ;7 \/_1;7 ;7(1)2’
(1.34) ;

+ 310 (140

1,1,2,0t, |n|271,oo,Qt7 |77|2,1,2,Qt>

g,l,oo,Qt)\II2 + V|90(0)|§,1 + [rot ¢(O)’§1

Hence for v sufficiently large there exists a constant A such that
(1.35) X(t) = xat) + xo(t) + ¥(t) < A

there is such restriction on time that ¢ is proportional to some positive
increasing function of v. But large time is not convenient because strong
restrictions on v, f follow from time-integrals norms. Therefore to derive
estimate (1.35) for all ¢ € R, we perform the procedure step by step in time.
In Theorem 5.7 we prove that

(1.36)  X(t)< A, tel[kT,(k+1T], keny=]|uU{o}

where A does not depend on k.

The derivation of such estimate is possible thanks to sufficiently large v, T
and sufficiently small [V (0)|2.1], [17(0)2,1-

In the proof is used natural dissipation mechanism in the compressible
Navier-Stokes equations connected with viscosity coefficients p and v.
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2 Notation and auxiliary results

We use the simplified notation

@) = llulls, Nullwgo) = llullsp,

l ' ¢ 1/r
o= S0l felaner = ([ WOlar)
1=0 0

¢ 1/q
e = ( / |u<t'>|zdt') ,
0

HUHLT(O,t;HS(Q)) = [[ulls,r0r, ||U||Lr(0,t;W;(Q)) = [[ulls,p.r0e-

lullzy @) = lulp, vl

Introduce the spaces
Ff(Q) = {u : |U|k,l < OO}7 I <k, l,k€Ny.

By ¢, ¢, ¢, 0 € N, we denote always an increasing positive functions of
their arguments.

First we obtain the energy type estimate for solutions to problem (1.1).

Lemma 2.1. Assume that (o,v) is a solution to problem (1.1). Assume
that p = p(p) = Ap*, » > 1. Assume the periodic boundary conditions and

that f € Looyg(Q X (I{JT, (k’ + 1)T)), k€ Np, a/2 <po< 3(1,/27 00 € LQ(Q),

f € Looi(Q) and p/ > 0. Let supyey, ,C(;H)T n*(t)dt < W'T/2 and

(k+1)T
B(T) = csup exp {c / nz(t)dt] :
kE€Np o

: HQU|?|f’c2>o,2,Q><(kT,(k+1)T) + p'a” + ’Q0|%|f‘<2>o,l,ﬂt + |ool3]vol3),
a(0) = [, (%Qo?)é + %g{f)dx < 00
0o € LQ(Q), Vo € LQ(Q)

Then there exist positive numbers i, p" less than u such that

t

t
1 A
[ (et + 270 Jawwst [l + [ vty
(2.1) Q 0 0

< ce!'T (1Bi + a(o)) = A2,
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Proof. Multiplying (1.1); by v, integrating over {2 and using the periodic
boundary conditions, we obtain

1
) /(QatUQ + ov - Vo?)dz + p|Vol; + v|divol;
(2.2) ¢
—|—/Vp(g) ~vdr = /gf-vdx
Q Q

Adding the identity

1
3 /[Qt + div (ov)]v*dr =0
Q

we derive from (2.2) the equality

1d
(2.3) 5@/Qv2d$+u|V1}‘g+I/|diVU|§—|—/Vp(Q)'de:/gf-vdx.
0 0 0

Using that p = Ap*, » > 1, the last term on the Lh.s. of (2.3) equals

(2.4) Q/V}D(g) ~vdx = Aﬂ/v -Vo*dx.

To use (2.4) in (2.3) we multiply (1.1)2 by ¢*~!. Then we get
0" Moy +v- Vo) + o*dive = 0.

Continuing, we have
1 1 .

(2.5) —010” + —v - Vo* + o*dive = 0.
V4 V1

Adding =1v - Vo~ to both sides of (2.5) yields

10 B . B _%—1
;&Q + div (vo”) = >

v-Vo™.

Integrating the equality over (2 and using boundary conditions gives

A A(e—1
Ad odx = L/U - Vo*dx.
w dt »

Q Q
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Hence

(2.6)

A
—1

Q.l&

ya

t/g”dx:A/v-Vg”dx.
Q Q

In view of (2.4) and (2.6) equality (2.3) takes the form

d 1

A
(2.7) %/ (591}2 + :g") dx + p|Vol5 + v|divo]; = /Qf -vdz.
Q Q

Using that f vde = G, where G is defined between (1.6) and (1.7), and
Q
applying the Poincaré inequality we get

d 1 A .
— —ov? + ———0" |dx + pfv|3 + 1 ||v]|? + v|dive|d < [ of - vdx

dt 2 x—1
Q Q
2>

2
—l—‘/govod:v
Q

Exploiting that a/2 < p < %a and introducing the quantity

+dGP < [ of vda+ C<|n|§|v|§ " ’/@fdxdt’
Q Ot

and using that

'Q/Qfmdx

-| [ varvae

C
<< [ oo+ SloBIfE
Q

we obtain

d / " 2 : 2 2
(2.8) Fetpatp [v]l7 + v|divel; < enlsa+¢f,
where

B =looli| fl2 + loolilf 12 100 + leol3lvol3 + p'a”.

Looking for the energy estimate with the bound independent of time we
use the step by step in time argument. Then we consider (2.8) in the time
interval [kT, (k + 1)T], k € Ny.
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From (2.8) we have

o <t>exp(m—c/|n )|

(k+1)

T exp (m—c / n2<t>dt)<u"||vn%+u|divv|3>

kT

t
< coexp (st —c [In)ar ).
kT

Integrating with respect to time from ¢ = kT to ¢t € (kT (k+1)T] we finally
get
(2.9)

t
alt) + e 1=kT) / (1012 + v|div v[2)dr
kT

<exp( ,ut—l—c/|77 |2dt)/ﬁexp( /|7] t") dt”)
a(k;T)eXp( "(t — kT) + /|7] |2dt)

Omitting the second integral on the Lh.s. of (2.9) and itnegrating with
respect to time we obtain the inequality

a(t) < exp {c j |?7(t’)!§dt’} cfo
(2.10) wr

o(T) exp ( —(t—KT) + / rn<t’>|§dt'),

where

Bo = leoli1 2 2.0mrmay + #'a” + ooli]f o 1.0 + leol2lvol3.
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Setting ¢t = (k + 1)T yields

(k+1)T
a((k+1)T) < exp [ / |n<t'>|§dt'] o
kT
(k+1)T
a(kT) exp <— WT+c / |7](t)\§dt)
kT
(k+1)T
SB(T)+a(kT)exp(—u’T+c / |n<t>|§dt),
kT
where
(k+1)T
B(r) = swesp | [ lnto ] e
kENg
kT
(k+1)T o

Assuming that supycy, n?dt < (/T /2 we have by iteration

kT

B(T /
alkT) < % + a(0)e ™ kT/Q, k € Np.

Using the estimate in (2.10) yields
2B(T)

From (2.9) for t € (KT, (k + 1)T], k € Ny, and (2.11) we obtain

t t
1 A
[ (et + 270 )t [ e+ [ vt
Q kT kT

< [ce“'T/zﬁo + _BD__ + a(O)] Tt e kT, (k+1)T).

+al0), te[kT, (k+1)T).

- 1 —eHT/2
The above inequality implies (2.1). This concludes the proof. O
Lemma 2.2. Assume that r > 2, of € LQ%(Q), p(o) — pla) € L%(Q),

dive € L;ir, v =1+ s, ”7% sufficiently small. Then

g|v|rdx—|——/|V|v|’“/2| dx + 2/|v|r \Y4
Q

2

1
d dx

rdt

[l

2.12 : T— "
(2.12) +3 / |div v|*v]"2dz < VT/Q Ip(o) — p(a) e F clp(o)

—pla) — vodivol’s. +clof] s+ clvls,
r+1 2r+1
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where ko = ko(p, 7, V—j) (see (2.19)), ¢ = c(r, ko).
Proof. We express (1.1); in the form
(2.13) v+ ov - Vv — pAv — 1 Vdive + V(p — p(a) — nedive) = of,

where v = vy 41y, v; > 0,4 = 1,2. Multiplying (2.13) by v|v|"~2, integrating
over €2, using (1.1); and boundary conditions yields

1d
rdt elofde + / Vo V(oo ?)dz + vy /div vdiv (v]v]""?)dz
Q a J
(2:14) - /(P — p(a) — wdive)div (v|v]""?)dr = /va|v\r2dx.
“ Q

First, we consider
Jy = ;L/Vv - V(v|v|""?)dz
Q

= /L/ |Vol*lo]" " 2dx + ,u/kavk (r=2)o|" PV |vlde = I + L.
0 Q

Using that vy Vv, = $V|v]? = [v|V]v| we have

Iy=(r—2) /|vr 2|V v|[?de = (r — 2) /HU’? 'V|v|[2dx

r/2| dr.

To examine I; we use the formula

2
+ |V|u|‘2
|ul

(2.15) Vul® = [ul*|V
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Then I; takes the form

vZ

2
+ ‘V|v||2)|v|r_2dx
|v]

2
=1 [MT V|Z—| + |U|T_2‘V|U||2:| dx

2
=p [Mr V|Z—| + HU’;_IVMF} dx
v 2 4 2
=u [ |v]"|V—= d:}c+—'u/‘V|v|r/2| dx.
|v 72
Q
Hence )
4(r — 1
5= 2D [l [ pop vl an
r |v]
Q Q

Next, we consider

Jo =1 /divvdiv (v|v|"~?)dx
0
=1 / |div v|?|v]""2dx + 1, /divvv Vo 2dr = I3 + 14,
0 Q

where
Iy =uv(r—2) /div vv - Vol || 3da.
Q
Then
[y < vi(r —2) / |div ol [v|" 2|V |v||dx.
9)
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Employing the above expressions in (2.14) one gets
(2.16)

1d
syl 4L de+ /|V\v|7"/2\ dx—i—,u/|v|
Q

+V1/ydiw|2;v|r2dxg Vl(r—2)/|divvl|v|r2‘V|v\|d:€

Q Q
+ /[p(g) — pla) — rpdivol[div o] 2 + (r — 2)|v|"3v - V|v|]dx
Q
+ /Qf”U‘UlTQdCE :
Q

The first term on the r.h.s. of (2.16) is bounded by

1
—V1/|d1VU| lv|"™ 2d:13+—yl r—2) /|v|r 2}V|v|| dz,

where the second integral equals

T 4
D=2 [ ol Ve = A2 / Vlol 2

281
Q

The second term on the r.h.s. of (2.16) can be expressed in the form

/(p(g) — p(a))div v|v|r_2dx — Uy / |div U|2|U|T_2dl’
Q Q
+ /[p(g) — pla) — vadivol(r — 2)|v|" v - V|v|de = J, + Jo + Js,
Q

where

| < _/|dmy ol 2d:1:+—/|p o) 2o 2dz

and

Tyl < (r —2) / 1p(0) — pla) — vadiv o] [o] [V |v]|dz

< 2= [l VP

Q

/ Ip(0) — p(a) — vadivojo] " ?dz = K;.
0

r—2

+
283
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Hence we have

K1 = 263

r-2 / ‘V|U|T/2|2dl‘

-2
4! /|p — vodiv v |v| " 2da.
263

Employing the above estimates in (2.16) yields

(2.17)
1d Alr —Dp 4wy (r — 2)° 263 r/2
dt olv|"dx + { = R /}V| | ! dx

—I—,u/|v d$+|:l/—@——:| /|d1vv| lv|"2dx
/ ple) — pla)Plopde + >
ple 253

+/Qf-v|v|r2dx.

Q

(0) — pla) — vadiv ||| 2dz

We set

(218) &1 = —, &=

then coefficient near the second term on the L.h.s. of (2.17) equals

Ar—1)p 41/12(7’ — 2)2 2 2u(2r — 3) 4yf(7“ — 2)2

2 vr? r2 r? vr?
(2.19) | > 9
_ 4 2r—=3)u 1 o Vi
) B A i

which is positive for r > 2 and v?/v small.
Coefficients near the third and fourth terms are equal, respectively,
v
@ and —

To have ky > 0 we obtain the restriction on 14

2
vi _ w2r=3) _
_y<—2(r—2)2_d’ so v < dyv

19 77123 C”7 — 3-2-2020



Then
vy > v —d\/v.

Hence for v large vy is close to v

Then (2.17) takes the form

(2.20)
1 d
r dt

2

olv|” dx+k0/{V|v T/2‘ d:p—f—,u/|v| | dx

/\dlvv| lo|"2dx < ~ /]p a)|?|v|"2dx

—2
(r /| a) — vadiv v u|™ 2dx+/|gf vl |v|""2dz.

Consider the second term on the Lh.s. of (2.20). We use the Poincaré
inequality
)

91728 = (ol - | f 101200
Q

and the estimate
IV[o]"?[3 + [v]} > clvs,.

Then the second term in the Lh.s. of (2.20) is bounded from below by

/\v|r/2dx :

. r, Coko, .
kol V[o[ 2[5 > efo]; + — vl + \V|U 213 —

Finally, we use the interpolation

‘/|v|r/2dx
Q

< elv]; + c/elvls.

Next, we have

1 B 1 o
—/!p(@) = p(a)]P[""2da < ~|p(e) — p(a)|%: [v]5
1% 1% r+1
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CZ2 (o) = pla) = v ol

2
Q
—92)2
< T2 1p(0) — ) = v ol ol
r—2) el 1 .
< U TSl + —lplo) — pla) — vl | = Lo
/-1’ 7?2 %55 r+1
] [ os -ololr2s| < [lorlol e < lof| g ol
Q Q
r/(r—1)
€6 1
< ., =1L
—= T/( )|U|37‘ €E|Qf|2T3+l
We set
82/(T_2) l _ ]{?000 (T — 2) gg/(r 2) _ k‘oCQ Eg/(r 2 _ koC()
r/(r—2)v 6’ 2u r/(r—2) 6 r/(r—1) 6
Then ko (r ko)
c(r, .
Ly <co— | |5 + T/20 Ip(0) — p(a)|"s.
r+1
Ly < Co \U\sr +e(r,ko)lp(e) — pla) — vadivel’a
Ls < CO ‘/U‘i%r + c(r, ko)‘@f’ 3
Employing the estimates in (2.20) implies
1 d ?
g|v| dr + —/|V|U r/2|2dx—|—u/ [v|” dx
(221) - : 2 r—2 - r
+2 5 [ ldivolo[ ™ de < yr/2 [p(e) = pl(a)l e,
Q

+ ¢[p(0) — p(a) — wodivo|"s, +clof| s + |v]5.
r+1 2r+1

This inequality implies (2.12) and concludes the proof.

21
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Remark 2.1. We integrate (2.12) with respect to time. Then we get

1
/Q|v| dx+—/‘V| |r/2| dxdt’ +,u ‘ da:dt
/lleU| lv|"2dxdt’ < T/2/|p 3r dt’
(2.22)
—|—c/\p a) — vadiv v|’s, £ dt’ —l—c/|gf| s _dt!
+ = /go|vo| dx + cAj
Q
= A5, (1)

Since ¢ = a + n, we obtain from (2.22) for n so small that |n| < a/2 the
inequality

(2.23) (1)), < cAg, (L),

Since p is bounded from below and above and since v, is close to v we obtain
from (2.22) the inequality

1 k

L —°/|V|v|r/2|2dxdt' < c/|n|zr dt’+cu’“/|Ago|T3T dat

r 2 r+1 r+1
(2.24) t

1
+ C/ | f1 50 dt' + =] 00|s|vo]l + cAj.
2r+1 T

Simplifying, we get

(2.25)
1 - Ko /2|2 / v
Sl {5 ([ 19Ir PR nar ) < el + 0]
Qt
+ | f] s L 00| X" |volr + cA?
21" \T/F Oloo 1701r 1

Since Ap € W' (Q) then Ay € L%J(Qt) with arbitrary r, because

3 3
i 2 r

< 2 which holds for any 7.
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To derive a global estimate for solutions to problem (1.1) we need that the
first two terms on the r.h.s. of (2.25) are estimated by quantities multiplied
by the small parameter (1), o > 0.

However, the second term on the r.h.s. of (2.25) contains the coefficient
v. This means that we need more delicate estimate to get the factor (%)a,
a > 0.

For this purpose we consider the interpolation
(2.26) Al s < e[ VAQ[| Vel ™,
where 0 is a solution to the equation

3(7’—1—1)_1:%_29‘
3r 2

Then 6 = 3 —1/2r, 1 — 60 = {1 + 5-. Therefore

T4

(2.27) |Agp|

3r_
r4+1

2—1/2r / 1/441/2 Yr
o < VAL ( / (V|41 ’“”‘dt) ,
0

where (1/4+ 1/2r)r < 2 for r < 6. For r = 6, (2.27) takes the form
2/3 1/3
(2.28) Aplis/rar < VAR 0 Vel

To estimate the last factor on the r.h.s. of (2.28) we need the following
equation derived from (1.1); by applying the div operator
(2.29)

alp, — (g + V) A% + agAn = —adiv (v - Vo) 4 div [-nv, — qu - Vv

+ (po(a) = pola+n)Vn + (a+n)f].
Applying operator A™! to (2.29) yields

ap; — (n+v)Ap = —aA_lﬁxi(?m].(vivj) + aA_lf)xi(Agavi)
+ ATV [ — v - Vo + (p(a) — pela + 1))V + (a +n) f]

(230) (- ][ndx) + a][gotdx

Q Q

=D+ Dy + F— (n—j[ndx) +a7[gotd:z:,
Q Q

Wheref:@f.
Q
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Integrating (2.30) over {2 we obtain identity in view of the periodic
boundary conditions.
To obtain an estimate of the term V\A(p[ Bt which appears on the

r.hs. of (2.24), in terms of the function \I/a/uﬁ, where o > 0, § > 0,
U = v|Vy|s120t, we need the result

Lemma 2.3. Let the assumptions of Lemma 2.1 hold. Let Ay be defined in
Lemma 2.1. Let |n| < a/2. Let ¢ € Ly(Q). Let v € Loy/p—1)2/(1—0) (1),
A(P c L3/27OO<Qt), n e L67OO(Qt>; V’f] € LQ(Qt), Vs € LQ(Qt), V€ Lﬁ’oo(Qt),
fg S L6/572(Qt), f € LQ(Qt), gO(O) € LQ(Q), pE (3,6), n = % - %

Then

(2.31)
’ |2/1 )
29/ (p—1),2/(1—) 0

ptv)elp] /0=

MwM?ﬂu+WWM%n§pr(

f(;f |f thdx|1/(1fn)dt/
Q C
+ (i + v)=[], /0~ u)> LH‘ V(‘ASO@/Q,OO,WA% + ‘n|§,oo,ﬂt|vt|§,ﬂt

+ ‘n’?ﬁ,oo,ﬂt’v‘ﬁ,oo,QtA% + ‘n’%,m,ﬂt’vmg,ﬂt + ’fg’%/s,z,ﬂt + W%,ﬂt

-H%mwu&w+awmﬂ.

Proof. Multiplying (2.30) by ¢ and integrating over 2 yields

QﬁMQQHWW%—/bwm+/me

+/ngdx—/ncpdx+a7[gptdx/godm,
Q Q

Q Q

(2.32)

where 77 = n — f ndz.
Q

Now we estimate the particular terms from the r.h.s. of (2.32). The first
term is bounded by

(2.33) ' / Dypdz
Q

D, -1
< Dilyonlgly < P00 2 p

|©lp

where 1 < p < 6. Let a = %#. Then we use the interpolation
P

0 = a'?pl, < o'Vl + e pla),

where s — 3/2 . 3/p. Setting el/=p1/2 — (;J,TJru)l/Z we have ¢ = (IELCZCZ;)%/Z'
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Then
(ak.%)l/Z(lf%)

1/2_—1/(1—») __
Qe - (M+V>%/2(1—%)

Therefore
1 (k% 1/ 1 %)
L E(M+V)|V<P|2 ng
—(p+v)|Ve ot |3,
= J I ol 712

where | Dy, < CZ” | lvivj|, for any ¢ € (1, 00).
Consider the second term on the r.h.s. of (2.32). Integration by parts yields

/Dggodx =— / A7 (Apv) - Vpdr = 1.

Hence
L] < e1| V|3 + c/e1| AT (Apv) |5 < e1|Vels + ¢/er] Apulg 5

(2.35)
< el|Vols + 0/51|A<P|§/2|U|§-

dz < &3|Vl3 + c/ea| F'l3,

Consider the third term on the r.h.s. of (2.32). Using that F' = div I we
where

get
’/F-godx :’/F’~V<p
Q Q

(2.36)

[l = [A™ [=nve = nv - Vv + (po(a) = pola + )V + afy + nfll;
< C(|77Ut’§/5 + [nov - VU‘%/E) + \Wn\%w + ‘fg‘?i/S + \nf\§/5)
< c(nlzlvels + [nlslols|Vols + nlsIVals + fals s + 31 f15)-
We express the fourth term on the r.h.s. of (2.32) in the form

/ﬁ(pd:lj' = /ﬁgbdx = 1.

Q Q

Hence
13| < &3] Vl3 + c/eslify < es|Vipls + c/eslnl3.
Finally, the last term on the r.h.s. of (2.32) is bounded by

dx| |ol?
‘j[%dm | f pud| |2 _ L
Q

/wdw <
"P‘p
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Let f = “L“i—tljm'. Then repeating the considerations leading to (2.34) we
obtain -

C(ﬁk%> /(=) ’ |2

(n+ o)1= 712

gy ALl
2 _ 2
G+ )T

= Y and assuming that “:V) < 250 k =10, we

+v
Iy < MTWSO@ +

Settlng €1 = &9 = &3 =
derive the inequality

d
CL%M% + (n+v)|Vel3

1/(1—5)
< ‘D1|p/p 1) |]C90td$|1/ |90|
(2.37) = L+ v)el V0= (e v) lep] ?
c
+ mHA90|§/2|U|§ +[F'3 + [nl)
c
= cd’|pf; + m[|Asﬁ|§/g|v|§ +[F'3 + Inl3).
From (2.37) we have
(2.38)
d t t
aa(ko]%exp [— c/d%t’)dt’}) + (1 + v)|Vol3 exp {— c/dQ(t’)dt’}
0 0

t

c
< ——[|Apl2 02 4 | F'|3 4 |n|3] ex {—c/d2 t dt'}.
> ,u-l—l/H 80’3/2‘ 6 + 1F"]2 + [n]3] exp (t)

0
Integrating (2.38) with respect to time implies

t

alp(t)3 + (1 +v)|Velio < exp |c [ d(t)dt|-
o sl oo

(1A e A2+ PRy + 2 ) + alp(0 >|§].

ptv
This inequality implies (2.31) and concludes the proof. ]

Remark 2.2. To estimate the second term on the r.h.s. of (2.25) we need
(2.28). Then we examine

(2.40) v[Aplig/rear < CVZ/BWA@!;/;Z QtVl/?”V%OB/St =1
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Our aim is the following estimate for
\IJOL
(2.41) I<c) —
a’/g

where «, 8 are positive numbers and ¥ = v|V|31 20t
Hence
(2.42) [ <Py BVels = 1.

To derive the bound (2.41) for I; in the case of large v we need to estimate
|Vlaqr. For this purpose we use (2.31). To derive bound (2.41) from (2.31)
we need to know that the coefficient with exponent is independent of v.

For this purpose we assume that there exist positive constants ¢y, such that

(2.43) &1 < (u+v)7le(0)]p,

where » = 3/2—3/p, 3 < p < 6.
The second component under exponent in the r.h.s. of (2.31) is bounded by

ct(xo//v)/ (=)
[+ ) ([0 (0)], — LW (t))]/ =)

where we used the estimates

/‘7[%@j a <C/‘¢t1/(1 )

< clody oY < (Xo/\/_)l/(l )

where xo = /V|V@la1.000t, (see Notatin 2.9) and

/(1—3)

t

o(t) = (0) + / ovdt

0
/ (pt/ dt
0
\/E

14

SO

|90(t)|p

> [(0) / prlpdt

> |90(0)|p -
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In view of the above considerations condition (2.43) should be replaced by

(2.44) 0 < (u+ V)”(\%O(O)\p - ﬁw),

v
where ¢y < c.

The condition will be satisfied in Section 4, where an a priori estimate for
¥ will be found.

Then (2.39), which is a simpler version of (2.31), takes the form

2/(1—3
alo(t)2 + (1 + 1) [Voller < cexp [<c|v|2,C§(p_§),2/<1_%>,9t

\/E 1/(1—3)
T ct(xo/ V) /0-); [w ) (I¢(0)|p - —\11)] } -
(2.45)
C !
(0 + 1P B+ )
; a|so<o>|§}

From the problem for n

m+v-Vn=—alp —nAp, 1l = n(0),

we have

t
n(®)l, < exp(cmsoioo,l,m)( [ 1aglit + \n(O)\r)
0

g U
< exp (aﬁﬂ;) (tW; ¥ rn<o>rr), r < oo

(2.46)

Assuming that
(2.47) )l < =

we obtain that

(2.48) 0] < S(VEC /1) (VI + ¢3) /v,

Assume additionally that

(2.49) v € Loo(0, 8 Lo(Q)), ve, Vo, Vi, fy, | € La(Q)
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and

(250) |fg|2,Qt < C4/1/.
Then (2.36) implies

Vit

v
(2.51) [F' a0 < M(\/ﬂl + ),

where ¢ depends also on the norms from (2.49).
Then (2.45) implies

o (L) 1+ c
(2.52) IVelaar < D (U +c5) + WW(O)E,

where ¢ depends also on norms of functions from (2.49).
Inserting estimate (2.52) in (2.40) yields

(2.53)
T J2/31,,1/3 12V Cs 1/3—1/3
I < cexp g W% [1// [(1—1—15)/ (ﬁ—l—ﬁ)} 0
1/3
Ol
U w2

< cexp(g1) (1 +1)/° [/ s } + cexp(6) W00 p(0) 5,

where

2/(1—3)
¢1 =C ‘v|2p/p 1),1/(1—5),Qt

1/(1-5)
Vi

()" (J(0)], = )

o/ V)0

s =(14 |v|o0t + V6000t A1 + V]2t + [ flaar)-

We see that (2.53) does not imply (2.41). To prove (2.41) we assume that

(2.54) v (0) |2 < .

In view of (2.54) the last element on the r.h.s. of (2.53) is estimated in the
following way

cv?/ 3cé/ 3

1/3 —3 P
(2.55)  WPOfp(0)]y° < WS p(0)]a) V= —
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To have estimate (2.41) we need

x 1 1
——==—(xx—1/2) > 0.
3 "= 3~ 1/2)
Hence
3 3 1 .
. > SO — — — > — 1mplies that p .
(2.56) >1/2 5 > 3 lies that p >3
p

Therefore, we can formulate the corollary
Corollary 2.4. Assume that there exist positive constants ¢, — cg such that

cr < (p+v)*plp,
C3 Ce
n(0)[ < — [p(0)]2 < o | foloar < cafv

»

(2.57)

where x=3/2—3/p >1/2,3 <p < 6. Let 1, ¢ be defined in (2.53).
Assume that the norms in (2.49) are finite, assume also that v, € La(2),
V€ Leoo(Q), f € La(Q), v € Lopiip-1)2/(1- ("), xo0 and ¥ are finite.
Then

o (L) o ()
Plag < 22U ey), D), € o (04 )
and
o ] \112/3 \112/3
(2.58) v[Aplig/r6.00 < cexp(dr)ps (V1/3 + /3 + Vu/3—1/6>'

Lemma 2.5. Let n be a solution to (1.4). Assume also that n(0) € L.(Q),
dive € L,(2) N Lo (), 7 € [1,00]. Then

t t
1
(2.59) |n(t)|, < exp {(1 — —) /|divv(t’)\oodt/] {/a!divv\rdt'—l— ]77(0)],,1.
r
0 0
Proof. Multiplying (1.4); by n|n|"2 and integrating over  yields

1d 1

——|n[, + - /v - V|n|"dz + / In|"div vdx + /a77|7)|’"_2div vdr = 0.

r r
Q Q !

Integrating by parts we have

1d 1
;%M: + (1 - ;) /divv|77]:dm + a/divvn\n|7“2dx = 0.
Q Q
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Continuing,
1d, . 1 . , . ,_
tnle < (1= 2 )laivolliy + ol ol bl

Simplifying,
21l < (1= 1/r)|divolec|n], + aldiv ol
Integrating with respect to time yields (2.59). This concludes the proof. [
Next, we obtain estimates for derivatives of 7.

Lemma 2.6. Let n be a solution to (1.4). Let Vi, rot) € Li(0,t; H3(Q)),
n(0) € H*(Q). Then
(2.60)

()]l

< exp [ Javel+ ||row<t'>||3>dt'] [ J 1wt + o)

Proof. Multiplying (1.5); by 7, integrating over € and by parts we get

1d 1
§E’U|§+§/A90772dx+a/Agonda;:0.
Q Q

By the Holder inequality we have

d 1
(2.61) 2112 < S1AGlso|nlz + alAplz.

Differentiating (1.4); with respect to x, multiplying by 1, and integrating
over () implies

1d 1
éa\mg@ + a/Ago,zn,zd:U + Q/Acpn?mdx
Q Q

+ /U,x -Vnn zdz + /nAgp,xn,xdx =0.
Q Q

By the Holder inequality we get

d
(2:62) —nal> < e(frotvalo + [V0loc)nals + alApals + cllnlli| A1
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Finally, we differentiate (1.4); twice with respect to x, multiply by 7., and
integrate over 2. Then we have

1d

2dt

+ | Ap gol2aal2 + 2180 ola| a4 Nal2 + Mool A zal2]naa2-
Simplifying we get

1
‘77,:695’3 < §’A90‘00|77,xx|3 + 2|U,x‘00‘77,xx’% + |U,m,4‘77,x’4‘77,x:0’2

d
(2.63) g Mael2 < c(IVells + [frot ¢lls)lnllz + al Ve aale.
Adding (2.61), (2.62) and (2.63) yields

d
(2.64) S lllz < e(lVells + [lrot ¢lls) [nll2 + c[[Veplls.
From (2.64) we have

d t
i eesn (= [l + rotutagar )
0

(2.65) t
< ¢l|Viplls exp ( —c (U9l + ||rotw||3>dt’).
0

Integrating (2.65) with respect to time yields (2.60). This concludes the

proof. ]
Lemma 2.7. Assume thatrot v, Vo € Li(0,t;T3(Q)), n(0) e T3(Q), t < T,
Then

0(®)la < exp [ J0ven + rrow<t'>|3,1>dt'}
(2.66) 0

- [ 9@ lsade + 1)l + |\m<o>||1].

Proof. We consider the equation
(2.67) = —v-Vn—alp —nAp
From (2.67) we have

/ Nott Nt dT = — / (Vg - V) + 0,V + 0,V + v - Vg ) npeda
Q Q

—a / Appinerdr — / (Mot A + N Ay + Ay + AP )N de.
Q Q

32 77123 C”7 — 3-2-2020



Hence p
%me < c(|vlzg + [Veols ) (Inll2 + [[m][1) + a|Apals

and p
%|77t|2 < c(lJvells + [Vl ) (Inel2 + [Inll2) + c|Apylo.

Using (2.64) yields

d
Sz Umllz+lmell) < efvlsalinllz + lmell) + e[V elsa(llnllz +lmdl) + I Velsa.

This implies (2.66) and concludes the proof. O
Remark 2.3. From (2.25) for » = 6 and from (2.58) we have

\112/3
[vle < cnlis/re0r + eXP(¢1)¢(‘I’2/3/V1/3 + W/ m)

+ C‘f’18/7,6,9t + cloo iéﬁ\v0|6 + cA; = Dy,

(2.68)

where ¢ = O2(IVnl2.at, [vela.0ts [V]6.00.qts | flaqt), 2 > 1/2 appears in (2.57),
¢1 is defined in (2.53) and U is introduced in (2.41).

Differentiating (2.13) with respect to ¢ yields

0V + 010 + 0v - Vo, + v - Vo + pvy - Vo — pnAv,

2.69
( ) —nVdivy, + V(p, — vodivyy) = of + o f,

where v =1y + 19, v, > 0,1 =1,2.
Next we derive the result

Lemma 2.8. Assume n € Ly(0,T;T3(Q)), v € Loo(0,T;Ls(Q)) N
M LOO(()?T’ L2(Q))7 AQO € LQ(()?Ta LG(Q>>7 A()Ot € L2<07T7 L3(Q)), ft €
Ly(0,T; Ley5(2)), f € La(0,T; L3ye(2)).

Recall the estimates
[u(t)]s < Ay (see (2.1)), |v(t)|¢ < D; (see (2.68))
Then

PAGIE +N|Vvt|§,2,m + V|A90t|§,2,§zt

(270) < c{a) expleBy (O Balt) + ool ()1 = D2,

[0e(t) 2 + pllvellY 2,00 + vIAP] o
< c(a) exp(eBy(t))[Ba(t) + | ool |v:(0) 2] = D3,
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where
t
Ba(t) = [ Infide + sup [n(t) 343 + DA+ A% By = Byt lufse
0

and

By(t) = Imil50.0t + 1017 ot |AQIE 2 00 AT
+ ||77t||%,oo,QtD%A% + |A80t|§,2,9t/ﬁ + |ft|§/5,2,9t + ||77t||ioo,ﬂt|f|§/2,2,§2t
By = By + (1 + ’n|§7oo,9t)‘f|§,§2"

Proof. Multiplying (2.69) by v;, integrating over €2, using (1.1), and bound-
ary conditions we get

1d
2di olvedx + | V|3 + 1 |div |3 = /(pt — vodiv vy )div v de
Q Q
(2.71) - /Qtvfdx - /QtU Vv - ndr — / ov - Vv - vpdx
Q 0 Q
+ /(th +ouf) - vida.
Q

From (2.71) we have

1d ) S
ST g|vt|2dx + M|Vvt|§ + V|d1V’Ut|§ < §|dlvvt|g

9)

1
(2.72) + 2—8\77t]§ — / ovidr — / o - Vv - vuda — / ovy - Vv - vpdx
Q Q Q
+ /(th + ocf) - vidz.
Q

Now we estimate non-positive terms from the r.h.s. of (2.72). We estimate
the third term by

‘ /ntvfdx
Q

We integrate by parts in the fourth term on the r.h.s. of (2.72). Then we

< Imilslvelalvels < e/2Jvelg + c/elmelslvel3
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have

— / 0V - Vovgdr = /v - Vo - vdr + / oidivov - vpdx
Q Q Q

3
—l—/gtv-Vvt-vdeZKi,

Q i=1

where ) . )
|K1| < eluelg + c/elvg]neelz,

| K| < efvelg + c/elnele| Aplglofs,
K| < elVuels + e/elmlglvls.
Integrating by parts in the fifth term on the r.h.s. of (2.72) yields

— / ovy - Vv - vdr = [ v - Vovu - vde + /QA(th - v dx
Q Q Q

3
—i—/gvt-Vvt-vdeZLi,
i=1

Q

where ) .
| L1| < eluls + ¢/elnelglvlglvels,

| La| < eluifs + c/elels| Apilslols,
|Ls| < el Vil + c/elols |vilslvls = Lg + L.
To estimate L2 we use the interpolation

ol < ¢ Vuely?[oely® + [vele.

Hence
Ly < e|Vul3 + ¢/elols|vlslvels + c/elolz [vlglvel3.

Finally, we estimate the last term on the r.h.s. of (2.72) by

' /(th + of) - veda| < elvglg + c/elol2 ] filsss + ¢/elod f15 )2
0

Employing the above estimates in (2.72) and assuming that e is sufficiently
small we have
1d
2dt
Q
(273) < cllml3 + Imllvels + [olgIna + [m 5| Alglol3 + [mllvls
+ nelglvfglodl3 + o3| Ap3[v]3 + lols vlsludl3 + lol3 vlg v 3
+ |Q|§o‘ft|(23/5 + |Qt|§‘f’§/2]‘

v, ..
olvy|*dx + §|Vvt|§ + §|d1V v|3
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Using Lemma 2.1 and that a/2 < ¢ < 3a/2 we obtain
d

7 o|ve|Pdz + p|Vvel3 + v|div v

Q
2.7 < el + Ina ol + ofd + o) [ ol
Q
+ el + Imellfols + [Ine [ F1 A 5 AT
+[Api[3AT + 1 felgss + el i1 f152).
Introduce the quantities
BI(t) = )2 + I ORI R + (@) + [0l
By(t) = (@)l + @10 @)ls + lm ) [17]Ap(t)[gAT
AR + £(0)B s + IO
Using the quantities in (2.74) it takes the form

d
(2.75) pr / olve|?dx + |Vl + v|div |3 < eBj / olve|*dx + cB).

Q Q
Integrating (2.75) with respect to time yields

t t
/g|vt\2da:+,u/]Vvt|§dt'—|—y/\divvt|2dt/
(2.76) “ 0 0

¢ ¢
< exp {C/Bi(t/)dt,} |:C/Bé(t,)dt/+ | 00s0| v (0)|3].
0 0

In view of Lemma 2.1 and (2.68) we have
(2.77)

t

Bl = /Bidt/ < ’Ut@z,ﬂt + Hn”g,oo,QtA% + D%A% + Ai

0
t

B, = / Byt < iy + 012 o e DEA2 4 12 s | Apl2 5. A2
0

+ |A<Pt|§,2,QtA% + |ft|§/5,2,9t + ||7]t||%,oo,ﬂt|f|§/2,2,ﬂt'

Exployting the estimates in (2.76) implies (2.70);. To obtain (2.70)s we use
the continuity equation

a/vtd:c—i—/(nv)td:c = /(a—l—n)fdx.

Q
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Hence

'/EAxScmmwb+mme+a+wWNﬂﬂ
0

2 2
v — y[vtdm + 'fvtdx <
Q 2,0 2,0

+mel3 AT + vz + (+ ) fl0).
Considering (2.74) and (2.75) we introduce

Then
C(|Vvt|§,9

|Ut|%,Q <

t
Bi() = B0 + Bt = [ Bioyar,
0
t
Byft) = By(o) + (1+ ISR, Balt) = [ Bitrar
0
Therefore, we derive (2.70)s. This concludes the proof. O

To formulate Section 3 more explicitly we introduce the notation

Notation 2.9. We introduce the quantities

Xi(t) = V|V90|§1ooﬂt + |r0t1/1|§1<>ont7
(t) = V|V90|312Qt + |r0t¢|3129t,
(t) = V2|V90‘3 ,1,2,0t
) =vUF+ V) = 1/(|V90|% Lot T |V90|§ 1 2Qt) = o, (1) + PL(1),
5(t) = v(UF +Vy) = |r0tw|21 00,0t T ‘rOtw‘s 12,0t = = 3, (1) + Do (1),
(% = V|V90|21<>oﬂt (I)%l( ),
05(t) = vIVe(t)[2, + [rot (1) 3,
(I)»%( ) = |V90|§,1,2,Qt + |r0t¢|§,1,2,ﬂt-
From (2.59) we have

o

@m)wmewph—umjmmmMﬂ[]mmmwm@@.
From (2.78) we have

(2.79) o < exp (#2515 4 (o)
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From (2.66) we derive the estimate

(2.80)

¢ 1/2 ¢ 1/2
0(O)la < exp [t/(( / rw<t'>|§,1dt') n ( / |row<t'>|§,1dt') )}
0 0

: [tl/Q(/t\Vw(t’)li,ldt’> " + \77(0)\2,1]

U L
< exp {ctl/2 (— + (IDQ)] {tl/g— + |n(0)|2,1] )
v v
From (2.68) and (2.79) we have

U v
Dt = (e (£22) (825 4 2y 0)2)
14 14

(2.81)
qy4/3 P2 q?4/3
+¢( + )) + A3 + Al

12/3 + V2/3 " 2x/3-1/3

where ¢ = exp(¢1)d2, ¢1, 2 appeared in (2.68), (2.58), Ay = |flss.ar +
|Q0]éé6|’u0]6 (see also (2.68)), and from (2.70) we obtain

gﬁ
DR < I s (14 D342 + 5502+ 1o
(2.82)

(Dz 2 2
+ ;A1 + | felo5.2,0

where A7 = ce“'T(B(—T,)T/2 + [, (30003 + 2507 )dz) (see (2.1)).

l—e H

3 Differential inequality

We recall the considered equations
(3.1) m+v-Vn+alp+nAp =0, 1= =n(0),
and

(a+n)ve — pAv —vVAp +agVn+ (a +n)v - Vo
= [po(@) = pola+n)]Vn+ (a+n)f, vl=o = v(0),
where ag = p,(a) and

(3.3) v=Vyp+roty + G,

where G is defined below (1.6).

(3.2)
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Lemma 3.1. Assume that |v]s < Ay (see Lemma 2.1), |vl¢ < D1 (see
(2.68)), |vs| < Dy (see (2.70)), |n| < a/2. Then for sufficiently reqular
solutions to (3.1)-(3.3) we have

L
5 (190 SIrot vl ) + V26l + 11l + £ Tnot

C
(3.4) ;Unlz + nl3lvel3 4+ (1 + [nl2) | Al3AT + (14 ||n]|3)D3|v]3
+ n3IVnl3 4+ (L + nl3)|f13)
C
< ;cb(ll??ll%, D)[Inl3 + [vel3 + |Al3 + v]3 + [Val3 + | f]3]

l\DI@

and integrating the above inequality with respect to time yields

a 1 W
2 (19608 + S ot w(01) + KT el + MO g + £1Trot vl
C
< ;[’U‘g,z,gt + ’n‘g,oo,Qth (1+ ‘n|oo o Qt)|A90’§,27QtA%
Q11 ) DA + 0 T30 + (1 1) F ]
a 1
+ 5 (900 + Srot w0 )

Proof. Multiplying (3.2) by V¢ and integrating over € yields

SVl + V2ol + VA = —ao [ V- Vs
Q

(3.5) - /nvt - Vdr — /(CL +n)v- Vo Vodz
Q Q

+ /[Pw(a) — pyla+n)|Vn - Vedr + /(a +n)f - Vedr.

Q Q

Integrating by parts in the first term on the r.h.s. of (3.5) we estimate it by
el Az + c/elnl;.
The second term on the r.h.s. of (3.5) is bounded by
elVels + c/elnlslvalz < el Vel + c/elnlslvs.

The third term on the r.h.s. of (3.5) is expressed in the form

—a/v-Vv-Vgpda:—/nv-Vv~V<pd:szl+[2.
Q Q
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We drop the factor a in [; for simplicity. Integrating by parts we express it
in the form

Il :/diVU’U'VQDdx‘i‘/"U'U‘VVgOd‘TEIll+Ilg.
Q Q

Then
11| < e|Vels + c/e|Apl3v]; < e| Vel + c/e|Ap|3AT.

and
[Iha| < e[ V20|3 + c/e|v[§|v]3 < e[ V30|53 + ¢/eDi|vl3.

Next we estimate I,. Integration by parts yields

Iy = /Vn -vv - Vdr + /nAgov -Vdr + /m}v -V%pdx
Q

Q Q
=L +2+15

where
] < e|Volg + c/e|Vnlglvlslv]z < elVels + ¢/ellnll3Dilv]3,
|113] < e|Volg + c/elnlZ | Avlilv]; < e|Vels + c/elnl2 | Apl3AT,
|I3] < e|VZel3 + ¢/elnl2,Dilvl3.

The fourth term on the r.h.s. of (3.5) is bounded by

e [ 10190l 1Vldz < [Tl + e/l vl
Q

Finally, the last term on the r.h.s. of (3.5) equals

]gza/fg-Vgpd:p+/nf-Vg0dm.
Q

Q
Hence, it is bounded by
|Is| < elVgls + c/elfyl + el Veols + c/elnlsl f12.
Employing the above estimates in (3.5) and assuming that ¢ is sufficiently

small yields

d c
Q%Wsali + V20|53 4+ v|Apl; < ;[Inl% + |nl3lvel3
3.6
(3.6) +(1+ )| AgRAZ + (1+ [n2) Dol + n|2D2 ]2
+ BVl + A+ IR
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Multiplying (3.2) by rot ¢) and integrating the result over €2 implies

d
%E’mt Y5+ p|Vrot |5 = —/m}t - rot Ydx
(3.7) ¢
—/(a—i—n)v-Vv-rot¢dm+/(a+n)f-r0t¢dx.
Q Q

We estimate the first term on the r.h.s. of (3.7) by
elrot pfs + c/elnlluls.
The second term on the r.h.s. of (3.7) is expressed in the form
—a/v-Vv-rotwd:E—/nv-Vv-rot¢dxz J1+ Js.
Q Q
Integrating by parts in J; yields
J1 = /Agpv -rot dx + /v v - Vrotydr = J; + J3,
Q Q

where

1] < elrot ¥[g + c/el Apl3lvlz < elrot v[s + /el Ap[5AT,
| JE| < el Vroto[; + c/elvfglvls < el Vrot ¥l; + ¢/eDivl;.

Next we examine Jo. Integration by parts gives
Jo = /Vn-vv -rot ydx + /nAgpv -rot ydx + /mi v - Vrot Ydx
Q

Q Q
=J,+Ji+ T3,

where

15| < elrot ¥[g + c/e|Vnlglvlelvlz < efrot v[g + ¢/ellnll; D [v]3,
5] < elrot ¥fg + c/e[nlo | Aplslvf; < elrotifs + c/elnli | Apl5AT,
|51 < e[ Vrot 3 + c/e|nl[vfglvfs < e[ Vrot w3 + /e[l Difvfs.

Finally, the last term on the r.h.s. of (3.7) has the form

a [ fr-rotpdr+ | nf-rotipdr = Js.
[ |

Q
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Hence
| J5| < elrot ¢[5 + ¢/el f,[5 + elrot Ig + c/e|nl3| f13.

Employing the above estimates in (3.7) and using that ¢ is sufficiently small
we derive the inequality
ad
5 g7 Tt vl + Vot s < cllnf3lodls + (1 + [n2) | Apl3AT
+ (L + [l D5 [vl5 + (1 + [n)If13]-

(3.8)

Multiplying (3.8) by 1/v and adding to (3.6) yields

VRS

d 1 i
(178 + Lot vl )+ uIV0l + 1Al + £17rot
(3.9) < Cor2 20,12 1 2 V[ Apl2A2 1 2 D2(y2
> V[|77|2 + nl3lvely + (1 + [nl5)[Ap[347 + (1 + [Inll3) Difvl3
+ [nl31Vnls + (1 + |nl3)| fI3)-

Integrating (3.9) with respect to time and using (2.1), (2.67) gives

a 1
5 (17608 + S ot w(0l) + WV elaer + 11Ael

il c
+ ;|V1"0t W%,z,m < ;Hng,z,m + ‘n|§,oo,QtD§

(3.10) (14 0% o) | A2 0 00 A2+ (14 |[1]|3 .0 ) D2 A2
+ |77|§,oo,9t|vn|§,2,m + (1 + |77|§,00,Qt)|f|§,2,9t]

+ 5 (900 + S rot b))

The above inequalities imply (3.4) and conclude the proof. [

Remark 3.1. To simplify considerations we introduce the quantity

(3-11) 1 :¢1(H77H2,oo,9i,141)

Then (3.10) and (3.4), take the form
1 1
(19608 + Lot (o) + (190 s + L {Trot )
2 ¢ 2 2 . U2 2
(3.12) + V|A90|2,Qt < ;¢1 ||77||1,2,Qt + D7+ D; + 2 + |f|2,Qt

+ a7 + ot v0)R ).
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To obtain estimates for time derivatives we express (3.2) in the form

Qo

Vo, + rot iy + Gy — gAv - ZVA@ o

a+

n v on
Sy PR/  JNPY v
(313) aa+17 v aa—l—n v v

[Po(a) = pola+n)IVn + f.

Lemma 3.2. Let the assumptions of Lemma 3.1 hold. Let ¢o be defined by
(3.21). Then
(3.14)

1 W W v
o —|rowt|§) 2 + ot w2 + Ll Ag
1% a ra a

S
VR

< —aflnlzy + I Vrot I3 + [V2[5 + [0l 1| Viot ¢ul3 + [ Vel

+ |A@5(|Vrot ¥ l3 + [[Verlli + D3) + [[Verli(Vo]3 4+ D7)
+ |vl3DF + | fil3]
+ ev[inl31 (1 + Inl31) 18013 + 013Vl 3].

R|o

(3.15)
o 1 2, M 2 v Ao |2 2 2
[Vu(t)]3 + ;|1"0t Ye(t)]5 + E||V90t||1,2,9t + 5| Ptla0.0t + %Hmt Vel|T 2.0

&
< Lol oese) |11 snsr + e (V1000
2 w2 2 2 X3 2 2
+ |Vrot ¢t|2,2,Qt) + ﬁ(l + D7+ D2) + 5 |Vrot ¢t|2,2,Qt + Aj
N2 12 2 2 2 \Ij2 2
# D00 4 Ul | + vl 1+ B e) 35 + 19O
1 2
+ = 1ot gu(0)

Proof. Differentiate (3.13) with respect to ¢, multiply by Vi, and integrate
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over §). Then we have

(3.16)
1d 2, Mio2 2 YV 2 / Qo
il o ZIAQ2 = — . d
2dt|v§0t|2 + a|v Pl + a| @il a+nvn . Vidx
Q
— ﬁ/ < il AU> -Vpudr — Z/( 7 VAgo) - Vipidx
a J a—+n p aQ a+mn t

,t

- [ Vo Vade+ [ {ﬁ@m ~polat n>>w} Vs
Q Q

+ fgt . Vgotdx
/

Now, we estimate the terms from the r.h.s. of (3.16). The first term on the
r.h.s. of (3.16) is bounded by

C/(\V’ﬂt! Vol + el [Vl Vrl)da < e[Vearls + ¢/ Vil
Q

+ e[ Veuls + ¢/elml3| Vnl3.

The second term on the r.h.s. of (3.16) equals

_H/< " Arotlb) ~V90td$—ﬁ/< 7 AV@) Vde = I + I,
a a+7] ¢ a CL+T] t
Q ’ Q 7

[1:_3/( " ) ntArotz/J'Vgptdx—H/LArotwt-Vgotdx
a a+n/, GQ a-+n

= 111 + 112.
Integrating by parts in Iy, yields

I = H/ ( 7 ) Vi Vrot ) - Vpydx
a a+n o
Q

+H/( 7 ) Vi - Vot - Vouda
a a+n "
Q

H n _
+ 5/ (a - n)mntVrotw VVodr =1, + I, + I3,
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Continuing, we have

1111] < elVearls + ¢/l Vnlghne | Vot v[3,
|I51] < e[Verlg + /[ V| Vrot v,
|21 < e[V2@il3 + c/elmelg| Vrot 3.

Next we examine [15. Integration by parts yields

]12:H/( il ) Vﬁertth@tdl'
a at+n/,

1
a
Q
Continuing, we have
|Is| < elVuls + c/e|Vnl3| Vot ¢,
|I55] < elV2auls + c/elnlS [ Vrot vyfs.

Summarizing the estimates yields

n 2 _ 7l 2
— | ——Vrotv, - Vipdr =1 1%,
+ /a+n rot prax 12 T 142

L] < ellVerlli + c/elnlz, [Vrot of; + ¢/elnlz, [Vrot [

+c/elnll2[Vrot i l3.

Next, we estimate I,. Performing differentiation with respect to time implies

a

IQZ—H/( 1 ) mAVso-Vsotdﬂf—ﬁ/LAVsotV%dfc5121+122-
atn/, aQ a+mn

Consider ;. Integration by parts gives

Iy ="t / d Vi Ap - Vidr + £ / 1 VniAp - Voudzx
a a+n/ ., a at+nj.,
Q ’ Q ?

% n _ 71 2 3

+ - Ao - Aodr = 1, + 15, + 15,

a/(a—{—n) 7777t 2 Pt 21 21 21
Q b

Continuing, we have

11| < elVepelg + o/l Vnlglmlgl Al
1] < elVearlg + /el V3| Al
|11] < el Al + c/elnelg| Acls.
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Integration by parts in I5, implies

I = H/ 1 ViV, - Vdr + £ / L|V290t’2dx = Iy, + Iy,
. a a+n
’ Q

a a—+n

where I3, is absorbed by the second term on the Lh.s. of (3.16) in such way
that
£ / (V2,2 dx — £ / 1 | V20| 2da
a a) a+n
Q Q

a 2
— H/ |V290t|2dx > §§/|V24pt|2dx,
Q

a a+n
where we used that |n|s < a/2. Finally,
| I2o] < eIV201l3 + /e[ Vnlg | Vipds.
Summarizing the above estimates implies
|12 = Ip| < el ViulF + ¢/e(Inlon| Vel + 511V 0l5 + ]2 Veerl5).

Next, we examine the third term on the r.h.s. of (3.16). First, we write it
in the form

a

Iy = —5/ il ntVAgo'Vgotdx—z/LVAQOt~Vg0tdx = Ty + I,
atn/, a) a+n
’ Q

Integration by parts in I3; yields

1% 1%
[31:_/( ! ) VnmA@-Vsotder—/( d ) Vi ApVdr
a a+n a at+nj .,
Q Q ’

TN

+ SQ/ (a j_ n)mntAcpAaptd:p =15+ 2 + I3,
where
11| < velVeuly + = VRl Al
1] < vel Vel + Z Vi3l A,
] < vel Apil} + —Inilil Al

Finally, we examine I35. Integration by parts yields

a

v n v n _
Iy = ‘/ (a n 77) Vs Vade + g / ag el = ot Ly
’ Q
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where I3, is absorbed by the third term on the Lh.s. of (3.16) in the following

way
v v
—/|Ag0t]2dx——/L|Ag0t|2dx
a a a+n
Q Q

v a 2v

=— Ao Pdz > 2= | |Aw,l%d

o e R AT
Q Q

which holds for |n| < a/2 and

ve
| I5] < ve| Ayl + ?|V77|§|V90t|§-
Summarizing, we have

|15 — Igp| < ve|Ver|li +

vc
— (nla [ el + 5. 1Al + Inl2Veds).

We write the fourth term on the r.h.s. of (3.16) in the form

[4:/vt-Vv-Vgotdx+/v-Vvt-V(ptd:v:—/Agotv-Vgotd:B
Q Q Q

— /vtv - V3pudr — /Agovt - Vidr — /vvt V2.
Q

Q Q

Hence, we have

L] < e|Veulg + c/e(|Apil3lvlz + [Apl3|v3)
+e|V2@ul5 + c/eluf3lvlg < e|Veuls + ¢/e(|Ap3D7 4 |Apl3D3)
+ el V23 + ¢/elu|3D3.

We estimate the fifth term on the r.h.s. of (3.16) by

15| < C/(I'fztl [V nl + e 1Vl + |0l Vo)V el d
Q

<elVels+ 0/5(’77‘3,1 + |n|3,1)-

Finally, we estimate the last term on the r.h.s. of (3.16) by

elVouls + c/el ful3.
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Employing the above estimates in (3.16) and assuming that ¢ is sufficiently
small we have

d 1 v
E|V%0t|g + EHV%H% + 5|A80t|§
C
< ;[|n|§,1 + nl31 + Inl5.1 + Inl3. ([ Vrotw]3 + [VZel3)

+ 031 (|Vrot v[5 + [V2el3) + [[nll3(|Vrot vy]3 + [Vr]3)
+ |Api|5DT + |Ap|3D5 + v [3D7 + | foel3)]
+ cv[nlz |Aels + 0311803 + Inl31 Ve 3)-

(3.17)

Differentiate (3.13) with respect to ¢, multiply by rot ), and integrate over
). Then we have

1d
éa\rot%\g—kg\Vrotwtg:—g/ (aj_nAv>t-rotwtdx
Q b
V/(”Av) thd /(V) ted
3.18 - @) -rotyuar — [ (v- Vo), rotyax
1 aQ et . Q

+ /fm - rot Yy dx.
Q

Now we examine the particular terms from the r.h.s. of (3.18). The first
term is written in the form

_ﬁ/< il Ar0t¢) -rotiﬂtdx—ﬁ/( 1 AVSO) ot rdr = I+ 1.
n t a
9 Q ’

a a—+ a+n ¢

Performing differentiation in I; yields

]1:—H/( ' ) ntArotw-rotwtdx—H/LArotwt-rotz/)tdx
a+n/ , aQ a+n

= Iy + L.

Integration by parts in I, implies

m=" / ( 7 ) Vi Vot ¥ - rot tydx
1M

a a+mn
B / < ! ) Vi Vrot 4 - rot dyd
a at+mnj.,

—i—ﬁ/( 7 ) n.Vrot 1 - Vrot pdw = I}, + 11 + I},
a at+nj .,
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Continuing, we have the estimates

[114] < efrotvelg + c/e|Vnlglne[g|Vrot 1[5,
|[T1] < efrot vefg + c/e| Vil Vot o5,
|11 < el Vrot vel; + c/e|n[g| Vrot ;.

Integrating by parts in 15 gives

[12:H/( n ) VnVrot@mothx—i—H/L|Vr0t¢t|2d$
a a+n/, GQ a-+n

= 1112 + 11227
where
|135] < e[ Vrot 4|3 + ¢/e|Vnlg|rot ¢y

and I7, is absorbed by the second term on the Lh.s. of (3.18) in such way
that

/i/\Vrotwt|2da:—E/L|Vrot¢t|2dx
a a) a+n

Q Q

2
- g/ain‘Vrotthdx > gglvmwtlé for |n| < a/2.
0

Next, we examine I5. Performing differentiation with respect to time gives

[QZ—H/( il ) AV - rot Yydx
a at+n/,

_ﬁ/ 1 AV, - 1ot Yydx = Iy + Iso.
a) a+n
Q

Integrating by parts in I5; implies

]21:E/< n ) Vi Ap - rot i dx
a a-+n o

M n _ 71 2

— Vn.Ap - rot,de = 1 I

a/(a—i—ﬁ)n AP 1Ot = Iy + Loy
Q b

e}

+

where ) ) - )
[15] < 5‘r0“/ft‘6 + C/5|V77‘6|77t’6|A€0’27

|I31] < elrotapylg + ¢/e| V3| Agl3.
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Integration by parts in I5 gives

IQQ:H/( il ) VnAyp; - rot ¥yde.
]

a a+n
Hence,

| T2| < C/ [Vl [Agi] [rot veldz < efrot il + /e[ Vls| Apelz.
Q

Collecting the above estimates yields

11| < ellrot vl + ¢/e(nly [ Vrot ¢I3 + Inl3, [Vrot o[5 + [[nll2lrot vel3),
| 12| < efrotdhefs + c/e(Inlza [Ael + [VnlslAedl; + [nl2.1Apl3)-

The second term on the r.h.s. of (3.18) equals

a

I3 = _Z/ n AV - rot ydx — - / LAV% ‘1ot Yyd.
a_|_77 " a CL+T]
’ Q

Integrating by parts in the above integrals yields

v
3 = — + - TO +t AT
1 7 Vi Ap - rot d
a a+n/ .
Q )
v
+—/ il VnAp - rot ydx
a a+mn "
Q k)

+ Y / ( il ) VnAyp; - rot ¥yde.
a at+n/,
Q b

Hence, we have
2
cv
| 13| < eroty|§ + ?(Ivnlﬁlmlﬁﬁwlg + [ Vilsl Apls + V0[5l Ae3s)-

The third term on the r.h.s. of (3.18) equals

I, =— /(U -V + vy - VU) -r0t¢tdx = Iy + Ly
Q

First we examine I4;. We write it in the form

Iy = — /v - Vrot ¢y - rot Yydr — /U - VVy; - rot Yyde = Lh + Ifl,
Q Q
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where

1
‘[41__

N —

/U - V|rot ¢ |*dz = /Ag0|rot Uy|*dx

Q Q

N —

S0
| Zi1| < elrot vl + /e[ Apl3[rot d5.
Integrating by parts in 2, yields

I, = /VU -V, - rot Yydx.
Q

Hence,we have
|I31| < elrotufs + /e[ Vo3| Veorf5.

Next, we examine 4. Integration by parts implies

Ly = /Aaptv -rot Yydx + /vt -v - Vrot ¢rdx.
Q Q

Hence, we obtain
[Lia| < ellrot u[§ + /e (|Apef3[vf3 + [vel3]0]5).
Finally, the last term on the r.h.s. of (3.18) is bounded by
elrot gl + c/el frel3-

Employing the above estimates in (3.18) and using that e is sufficiently
small we derive the inequality
(3.19)

d 0
ot Uil + —|Vrot Uil < ellnlz  (Inl3, + 1)|Vrot ¥[3

+ ([Inll3 + [Agl3) ot a3 + (Inl21 + [032) 18015 + [Vl Agdls
+ VO3 Vel3 + (1A@i3 + [0:]3) DT + | fral3] + cv?[Inf3 1 (1031 + 1) A3
+ 21 Agef3)-

Multiplying (3.19) by 1/v and adding to (3.17) gives the inequality

1 W W v
V2 + Llrot wtré) 92+ ot vl + Llag
1% a ra a

S

C

< [Inlsa + lo + [ly + 32 (1 + Il ) (IVrot $[5 +[V0[3)
+ (113 + 1A@5)([Vrot vuls + [Vell¥) + Vol Vi3
+ 1@ 5 D7 + [AQlsD3 + [vil3 Dt + | fuels + | forl2]
+evlinlz2 (14 Il )A¢ls + 51Vl

(3.20)
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Introduce the quantity

(3.21) ¢2 = ¢a(|nl21),  @2(0) # 0.
Then (3.20) takes the form

d 1 I I v
(190 + Shrotudl) + E19al + Liror il + 2o

c
—llnlz + Il 1 (Vrot 15 + [V2els + [Vrot vnls + [[VipulD)

+[Ap[5(IVrotvels + Vel + D3) + Vel 1(IVol; + DY)
+ [ulsDY + |fil3] + evllnlz (1 + Il )1 Awls + Inl31 V7]

(3.22) <

Hence (3.22) implies (3.14). Integrating (3.22) with respect to time and
using Notation 2.9 and the fact that |[v|g < Dy, |vi]a < Da, |vfsoar < Ay,
[ve|a.r < Do, |Vulage < A; implies (3.15). This concludes the proof of
Lemma 3.2. O]

Lemma 3.3. Let the assumptions of Lemma 3.1 hold. Then

d 1 I
5y (I + horu) + uiTa i+ vidgult + £ ot
3.23 c
B3 < Sl o + (1 + Inl)IVoDE + 19013 + ol Va3
+ (14 [n3)[ I3,
9, 1 2, Mio2 12 v 2
Voo ()5 + ;|rot Y (t)]5 + E|v 90x|2,2,9t + 5|A90x|2,2,9t
H 2 Cri 12 2 4 2 4
—|Vrot ¢, < = D 1 AiD
(3.24) +1/a| 10t Yz ly0. 00 < VHTILX),Qt 5+ (1 + |nfsar) AT DY

+ |V7I|§,Qt + |77|go,9t|V77|g,Qt +(1+ |77|§O,Qt)|f|§,2,9t]
1
+ Va0 + Slrot (O

Proof. Differentiate (3.2) with respect to z, multiply by V¢, and integrate
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over 2. Then we get

ad
55\%%@ + 1| V2@u|3 4+ v|Apa|5 = — /(nvt),xvsozdx
Q
— ag / Vn,Vo.dr — /[(a +n)v - Vo], - Vo.de
(3.25) ° °
+ / [(po(a@) — pola+n))Vn] . - Vudx
Q
+ /[(a + 1) flx - Vogd.
Q

After integration by parts in the first term on the r.h.s. of (3.25) we bound
it by
e[V pasls + c/elnlio vl
The second term on the r.h.s. of (3.25) is bounded by
€|Vpaals + ¢/e[Vnl5.

After integration by parts the third term on the r.h.s. of (3.25) is estimated
by

elVipualy + c/e(1+ ) 0[5 VoI5 < el Vipusls + ¢/e[VU3DI (1 + [n]3,)
and the fourth term by
elVpusly + c/elnle| Vnlz-
Finally, the last term on the r.h.s. of (3.25) equals

I = —a/fg'V%xdw—/nf'Vsomd%
Q

Q

so it is estimated by

11| < el Veuols + c/e(Ifolz + ol 12)-

Employing the above estimates in (3.25) and assuming that ¢ is sufficiently
small we obtain the inequality

d
a2 (Va3 + 1l V20als + VA3
2 c
(B26) <l puf3 + [Vl + [VEDIC + i) + Inl Vi

+ 150+ InlZ)]-
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Differentiate (3.2) with respect to z, multiply by rot, and integrate over
2. Then we derive

5 dt|rot V|3 4 p|Vrot ,|3 = — /(m)t)’zrot ) da

(3.27) @
— /[(a +n)v - Vol , - rot ¢,dx + /[(a + ) f]. - rot Yde.

Q Q

Integrating by parts in the terms from the r.h.s. of the above equality we
obtain

d
CLE‘I'O’C ¢x|§ + N"ert 1/)m|§

< cl[nlZluilz + (L + [nE)0IEIVol5 + (1 + 51 f 2],
Multiplying (3.28) by 1/v and adding to (3.26) yields

(3.28)

1 %
a ( Viul; + —[rot w%) + UVl + vIAp. 3 + [ Vrot .3

(3.29)

< —[Inlclvils + (1 + ) IVU DT + [Vl + 5[Vl

+ (L4 [nl2)If[2]

Using the interpolation

C
14

Vuls < ¢|V20ly? Vol

We obtain from (3.29) the inequality

d 1 I
oy (I Slrot e )+ V0.l + vl + X vrot o
3.30 c
B30 Ll ul3 + (1 4+ nli) [ VoBD} + 9013 + [nfZ |Vl
(LRI

The above inequality implies (3.23).
Integrating (3.30) with respect to time yields

1
a(|m<t>r§ + Lrot zw)\%) UV ul s e VAo
|Vr0t%‘22m < - [|77| QtD2 ( + |77’o<>Qt)A%Dil
+ |V77’229f + |?7’ooooﬂt‘vn‘229t +(1+ ‘W’oooom)‘fgz,m]

+a( 1960 + ot 0)f ).

(3.31)
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Since |n(t)|21 is bounded by a constant dependent of time the r.h.s. of
(3.31) is an increasing function of time. To obtain such estimate that the
r.h.s. of (3.31) does not depend on time needs another approach. However,
we shall show such result that v — oo implies that ¢ — oo. This concludes
the proof. ]

Remark 3.2. We simplify (3.29). Introduce the quantities

(3.32) ¢35 = ¢3(|nlos, D).

Then (3.29) takes the form

d 1 I
a—Qv%@+%mww®+Mv%£+um%@+AVMW£
(333) dt 1% 1%

c
< —@slluils + [Vofs + [ f1a)
Using the interpolation
c
(334) o] Vol5 < e3(|VP0,l3 + | Vrot ¢, [3) + 0 (IVels + [rot v3)

we obtain from (3.33) the inequality
1 %
5y (I + S hotoa) + T+ gl + £ ot
(3.35) v v
< —dslluils + [0l + [ /13-

Adding (3.4); and (3.35) we have

d 1 14
oy (V613 + Lot w1 ) + Vil + w9l + ot vl
(3.36) v v

C
< = bal[nloos DIl + [oels + 0I5 + 18015 + [ f]2]-

Using interpolation (3.34) in the r.h.s. of (3.22) to terms |Vrot¥|%, [V2p|3,
|Ap|3 we obtain from (3.36) and (3.22) the inequality
(3.37)

d 1 1
g (I + Srotufls ) + Vil + Vil + Lot vl

c
< ;¢(|77|2,1a1417D17D2)[|77|3,1 + |vel3 + [Voel3 + | A3

+ | Ap3(IVrot 3 + |Vee|: + 1) + [Vol3[ Ve |T + [Vl 1 D7
+ v l3DF + | f15 + 1 fl3) + cvinl3: (1 + 3018015 + 03] Vedlli]
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and integration with respect to time yields

TR0+ ot vl ) + (9

+ |Vl 1 < —6([laaesrs Ar, D1, D2)-
131000 + D3+ D3 + W2 /2 + (x5 /v)(D5 + 02 /1?)
+ (V?/v*) D} + DiD} + | fl e + | fil3 ]

+ e [1n3 1 0.0t (1 + 10151 co0t) + 11113 00,0 92 /12

1
+ a<\w(o)|il + —[rot w(())lil)

1
2 2
2120t T ;|rot ¢|2,1,2,Qt)

Lemma 3.4. Let the assumptions of Lemma 3.1 hold. Let Notation 2.9 be
applied. Then
(3.38)

d 1
o3y (17l + ot ) + 01V + 1180 + £ Vot ol
g
S ;‘Ux:r:v‘g + V€1|v907$$$|§
C
 ollof + 03 + 1Vl + IV @eclrot vl + [V Vil

cv
+ [Vol5I Vs + | fil3) + €_1|77’§,1(’V90,xx’§ +[Vealz),

where ¢g is introduced below (3.47). Next (3.49) implies
(3.39)

1
a (|V90,xt(t)\§ + ;\TOt %xt(t)\%) + 1V ail3 00t T VI AG w3000

15
+ §|Vr0t ¢,xt|§,2,ﬂt < ;|U,mx’%,2,ﬂt + V€1|V90,zm’§,2,ﬂt + 82|U1$’§,oo,ﬂt

c 2
+ €3lUsalp 00 + st V|31 o (1 + !77|§,1,oo,szt)§
1
+ IVe.u(0)f5 + —rot ¢ (0)[5,
where ¢g is describes the last but one term on the r.h.s. of (3.50).

Proof. Differentiate (3.13) with respect to x and ¢, multiply by V¢,; and
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integrate over {2. Then we have

1d ! v
§E|V%|3 + E|V2%t|§ + ElA%tl%

= —/ < 2o Vn) -V pdr — 'L—L/ ( 1 Av) - Vdx
a+n at a a+ at
Q ’ Q ’

v n
Y VAG) Vudr — [ (0 V)0 Vipud
(3.40) aﬂ/(aw w),xt o Q/(U Vet Vs

+/[ 1 (pg(a)—pg(a—l—n))V??] - Vgdx

a—+mn

+ /f,:]ct ' v@,xtdx-
Q

Now, we examine the particular terms from the r.h.s. of (3.40). Integrating
by parts in the first term we get

a Qa
I = / ° ) i+~ | - Vg prda
a-+n 0 a—+n
Q 9

Hence, we have

11| < &|V@aails + c/e(Ime31 VI3 + [Vml3)-

We express the second term on the r.h.s. of (3.40) in the form

I, = —H/ {( 1 ) mAv} -V mdz
a a—+n - .
o ; ,

— H/ |: n AU7{| . Vgomdac = 121 + 122.
a a+n .

Integrating by parts in I, yields

Iy = E/ < 7 ) AU - V%Q;m:td%
a at+mnj .,
Q K

| I21] < €|V aatly + c/elnefg| Avls.

and
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Performing differentiation in o9 gives

Ly = / ( " ) o0V yd
a at+nj.,
Q b

— H/ il Avyy - Vo pdr = Tooy + Iooo.
a a—+mn
Q

Integrating by parts in Iy, implies

Iy = H/ < 7 ) Vnng - Vog - Vo dx
a a—+mn o
Q

+ K / ( 1 ) ViV, - Vi ud
a at+n/,
Q b

2 n 2 _ 7l 2
+a/(a+n)mn, Vg - Vo dx 221 T 1321

where
| Ia1| < €[V utls + c/elnalslvuls,
|01 < €lVepsuls + ¢/elmual3|v.ml3,
Lt | < el V203 + c/elnallvml-
Next we examine [l595. We express it in the form
Iy90 = —E/ 1 Arot 1 41 - Vo ppd

a a+n
Q

- E/ 7 Avw,xt : V@,xtdx = Jl + J27
a,) a+n

where

J = H/( n ) VnVrot 4 - Vi idx
a a—+mn "

+ # / LVrot ¢7xtv2g07wtdx
a-+n

a
Q
= JH + J12.

and

J12 = g/ il Vj (I"Ot 1/))Z'7Itvj'vi§0,mtd$

a+n

m U
-4 ( T n) Va0tV
J ,

o8

+I§217
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Hence,
|J11| < e1|Vrot ¢ o3 + ¢/e1|Vnl§I Vo uls

< &1|Vrot Y3 + ¢/e1|V1|a P want 2] 2t|2
< 1| Vrot a3 + €lp aaatls + ¢/€561V N8| 0 2t

M Ll £ alViot vl + /e VAR Vel

< &1|Vrot 13 + ¢/e1| Vg Ve watl2| Vo a2

< e1|Vrot a3 + €|V aatls + ¢/e1e VIV o ail3-
Summarizing,

[ T1] < 1| Vot v uls + €|V aals + c/elellnlla| Vo auls-

Finally, we examine J,. Integrating by parts yields

JQ—B/( 7 > VUVVCP,xt'VSOxtdx
a a—+mn "

+ H / L|V290,act|2dx = JQI + J227
a) a+n
Q

where ) ) ) )
| Jo1| < €|V7p atly + ¢/elVnlgI Ve atls

S €|v290,xt|g + 0/5’V77|§|v90,mt\2’V¢,xt|2
< e[V ul3 + ¢/ Vn[§| Vo3

Summarizing the estimates we have

|Io| < €1 Vrot ¥l + el Vo ulli + c/ellIneli|Av]3
+nllzlvals + nllvads] + (1/ele + 1/e%) ]2 Va3

2 n 2 2
- Ve .| dx.
+a/a+77| (P,t| v

Q

The term Joy is absorbed by the second term on the Lh.s. of (3.40) in the
following way

a
i / V20 2 — - / g Pda = P / V2 0f2de
a a) a+n a) a+n

Q Q Q

20 oo 2
> ==V xt |2
_3a| Sp,t|2
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where |n| < a/2. Now we estimate the third term on the r.h.s. of (3.40).
Performing differentiation with respect to time yields

132—5/[( 7 ) mVAsO] -V gdx
a a—+n . .
J : :

_Y / { n VA%] Vo de = Iy + L.

a a—+mn

Integrating by parts in I3; yields

1%
Iy =— / ( d ) Nt AV - Vo pppdx
a at+mnj .,
Q b

SO
CclV
31| < ve|Vi a3 + glmﬁlﬁvwli

CcV
< VeV auls + ?‘Wt|§|AV<Px‘2|AVSO|2
crV
< ygyvgo,xxt‘g + V€2’v30,xxx’§ + %thAv‘Pg

Performing differentiation with respect to x in I35 we have

1%
Isz———/< 7 > N:VAp, - Vo dx
s

a a—+mn
Q
- z/ 7 VAQOxt : V‘P,xtdx = Ll + LQa
a) a+n
Q

where v
|L1| < ve|AVp,|3 + ;In,xIEWsO,ztI?,

CclV

< VeIV a3 + ?’U,x|§|v90,mt‘2|v¢,zt|2
ClV

< V€|V90,mt’§ + g!ﬂ,x%!v%xt@-

Integrating by parts in Lo yields

L2 = Z/ ( 7 ) VUAQO,H : v@,xtdx
a at+n/ .,
Q b

v n 2 _ 711 2

— Ay 4 |“de = L L3,

+a/a—i—n| ‘P,t| T o T L5
Q
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where Ve
| Lol < velVals + —IVnlgIViuls

ve
S V€|v90,xxt|g + ?|V77|§|V807mt|2|v¢7xt|2
ve
< V6|v90,mct|g + §|vn|é|vw,xt|g
and L3 is absorbed by the third term on the r.h.s. of (3.40) in the following

way

1% 1% 1%

v / A oPde — ¥ / N Ap e =" / A a2

a a a+n a
Q Q Q

2v
> §E|A‘P,wt|g for |77|oo <a/2.

Summarizing, the third term on the r.h.s. of (3.40) is estimated in the
following way

cv cv
|5 < VeV aail + vea| Vo aaals + %Hmlﬁllv%m\% + gl!ﬁ!\%!v%t@

v n 2
- Ao o |“dx.
+CL/CL+T]| <P,t| v

Q

Consider the fourth term on the r.h.s. of (3.40). Performing differentiations
it takes the form

I, = /U@t Vv -V dr + /U’t Vv, -V de + /v,m Vv, - Vo dr
Q Q Q

i=1

4
+ /U : vth : V(,Dwtdl’ = Z ]4@.
Q

First we consider

Ly = /v Vg -Vdr = /v -VV @ -Vgdr + /v -Vrot ¥y -Vipde
Q Q Q
= Ii4 + 1547
where
I, = %/v V|V |*de = —%/Agp\Vgpxt\zdx,
Q Q
SO
14| < el Vuli + c/e| Apl3|Viouls.
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We integrate by parts in I3,. Then we have

124 = /vivi(rot w%mtv]{pxtdl’ = — /Vjvivi(rot w)jxt@mdx
Q Q

— /VjAgo(rot@Z))jmtgoxtdx+/Vjvi(rot¢)jxtvig0xtdx
Q Q

= K1+K27

where
| K| < elpatlZ, + ¢/e| AV |3 |rot g3

and 2 2 2
| K| < e[Vpuls + ¢/e[Vuls|rot s

< &[Vulg + ¢/ Vol3(Jvatls + [Vepurly)-

Next, we examine

Iy =— / Appv - Vo pdr — /vxtv . V2g0$tdx = Lh + Ifl,
Q Q
where
1] < elApatlz + c/el Vo ulslvlg < elVouuls + ¢/ vl5I Ve al,
|11 < el Vi uilz + c/elvadslvlg.
The second term in I, is bounded by
12| < elVepuls + c/elvelzlvasls.
Finally, we have the estimate
| 11| < e[Vl + c/elval5|Vuelz.
Summarizing, we have the estimate
1] < el Veoulls + /el Apl3I Vil + [0]5] Vipatls + [0]5]0,0e]3
0o vaals + [VI5([vaelz + [Veatls) + [V zlrot vals).
The fifth term on the r.h.s. of (3.40) is expressed in the form

1
Is = - / (a + 77) 777%(19@(@) —pola+1n))Vn -V ppdr

1
— Vn -V p.d
+/a_|_77p9977t N VP grtdT

Q
1
+ / ar n(pg)(a) — pola+ )V - Vo pdr = Iy + L5y + I5s.
Q
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Hence, we have

| I51] < e[Vpaatls + c/elmilgInleI Vs,
| I52] < €[V aatly + c/elnelcVls,
| I53| < elVpual + c/elnlz|Vinl3-

Finally, the last term on the r.h.s. of (3.40) is bounded by

€|V watl3 + /e fil3-

Employing the above estimates in (3.40) yields
(3.41)
%Wm% + L1920l + 21 A0 l} < 2 Vvt vl
c
v
+Inllzlvaelz + (1A@l5 + [vlg + Illz + [val3) [ Vo,eel2
+ 0l vml3 + [0[glveel3 + [val3lvael3 + [V walalrot s + 0T lves 3
+ val3| Voels + [fal3] + ve(l+ 1/eD) nll2 Vo ,uel2
+ = lnellf Vel
€2

+ve2| Veouaals + llnelllinllz + el ilnll3 + lnell + lmellF1Ael3

Differentiate (3.13) with respect to x and ¢, multiply by rot ¢ ,; and integrate
over {2. Then we have

1d
2dt

[rot ) 4¢3 + H|V1“Ot Yty = —H/ ( ! AU) - 10t Yhypda
a a a+n ot

(3.42) - Z/ (a _?_ UAVQO) - 1Ot Yypdx — /(’U - V) 4t - ot Pedx
0 ,xt O
+ / f,xt - rot 1/J,xtdl’.
Q

Now we estimate the terms from the r.h.s. of (3.42). We express the first
term in the form

[1 = —H/ |:( 77 ) ntA’U:| rot w7xtdx
a at+nj ., .
Q b b

—H/|: n A?Jt:| 'I‘Ot’g/Jmtdl'Eln—f-]lg.
a a+mn ], ’
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Integrating by parts in Iy, yields

L = £ / ( 1 ) NtAV - 10t Y gppdx
a at+n/,
o ;

and

11| < elrot ¥ uael3 + /el AV < elrot §wld + c/elnel2vmeely 0]y

< elrot ¢,xrt|§ +é U,mrg +c/(ee1)me é2|vt|§‘

Performing differentiation with respect to x in I15 implies

[12 = —H/ ( n ) ﬁxA"Ut - rot wmgdx
a at+nj,
Q b

K Ui _
— E / ar nAU’rt - rot w@«tdx = 1112 + 1122,
Q

where ) ) ) )
[115] < 5|U,mt|2 + C/5|77,x’6|r0t 2/),act|3

< 5|U,mft‘g + C/EHU||§|1“0t Y 2wt 2|10t Y 22
< (Va3 + |10t Y aatl3) + ¢/e[Inl[3|rot 13-

To examine 7, we write it in the form

© n

IZ,=-C Arot 1) 4 - 10t U 4yd

1o a/a+77 10t Y 41 - YOt Y ppd
Q

B / T AV - totthpde = Jy + Jo.
a,) a+n
Q

Integrating by parts in J; yields

a

J = H/ 1 VnVrot Y 4 - rot ¢ pdx
a+mn " ' ’

+ /i / L|Vrot ¢7xt|2dl’ = J11 + J12,
a) a+mn

where ) ) )
| Ju1| < e|[Vrot 9 u|5 + ¢/e[Vnlgrot 1 .3

< &|Vrot ez + ¢/el|nll2[rot v aal2[rot a2
< e|Vrot a3 + c/zllnllalrot uil3

64 77123 C”7 — 3-2-2020



and Jyo is absorbed by the second term on the Lh.s. of (3.42) in the following
way

b Vot e =2 [ Vot s
a a a+mn
Q

7 a 2p
== / a+n|Vrot ¢7xt|2dx > §E|Vrot wth@,
Q

where the last inequality holds for 1], < a/2.
Integrating by parts in J; yields

Jy = ﬁ/( d ) Vn - rot ¢, Ap de.
a a—+mn n

Hence,

| Ja| < e|Apals + ¢/e|Vnlglrot 1 a3
< 1| Ap 4|3 + ea|Vrot i 4|3 + ¢/etea|n||3Irot ¢ 3.

Next, we examine the second term on the r.h.s. of (3.42). We express it in

the form
IQ——Z/[( il ) ntVAgo] 10t Y ppd
a a—+mn " ’m
Q

- z/ |: 1 VASO,t:| rot w,ztdl‘ = 121 -+ 122.

a a+mn .

Integrating by parts in I5; implies the estimate
| Ta1| < €lrot ¥auls + cv® JelmlGlAV ol

Cl/2 Cl/2
< 00 it} + 221V B+ Sl 900
1

Performing differentiation in I55 yields

[22 = —Z/ ( " ) nxAVth - TOt ’l/J}xtd.fE
a at+n/,
Q b

— Z/ 1 AV 4 - 10t Y yydx = Ly + Lo,
a) a+n
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where
c
|L1| < vPe1| AV @[3 + €—|777ac|§|r0t ¥ a3
1

< v?e1|AV |5 + c/e1]n][3Irot 1 aet|2|T0t 1) o]
< V21| AV |3 + elrot ¥ a3 + ¢/ (e€7) [nll3]rot ¢ af3-

Integrating by parts in Ly gives

Ly = Z/( b > Vn - rot Y i Ap de.
m

a—+mn

Hence,

|La| < VPe1|Ag 3 + ¢/e1|Vnlglrot ¥ 3
< V1| Ap s + e|rot ¢ a3 + ¢/ (287)|1]]3]rot ¥ 3.

Now we consider the third term on the r.h.s. of (3.42). Performing differ-
entiations we write it in the form

I3 = /v,xt - Vv - rot ¢ pda + /v,x -V, -rot ¢ dx
Q

Q

+ /U,t -V, - rot ¢ udx + /U - VU g - 10t ) gy
Q Q
= I31 + I3p + I33 + I34.

Consider the sum

I3 + I35 = /U,t -V, - rot i udx
Q

= —/v,t Vv 10t Y ppdx = I,
Q

where

‘[0‘ < e‘rot w,mt’% + C/S!U,xliow,t@ < 5’1"013 w,mt‘% + C/g‘v,x‘gng
< e[rot Yueel3 + ¢/elvanaly 0]y > D3
< elrot ¥ |3 + €1|0eals + ¢/ (£°€9) 0[5 D5

< elrot w,mtg + 51|v,mm|§ + C/(565?>A%D;2-
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Next, we consider

Lo + 134 = — /v VU 31 - 10t Y ppdx — /v -V, - 10t Y pppda
Q Q

+ /U VU g - 10t Y pyd = — / v Vo, - rot ) ppude = 1.

Q Q

Hence, we have

|I<>0| < 5|1“Ot ¢mt|§ + C/6 U,ﬂct|§|vlg < 6|r0t ¢,mt|% + C/€|U,xt|§D%
3/2, |1

< elrot garl} + c/elvamls oy D} < elrot v gul3 + 110 uil3
+c/(ee") Diue3

Summarizing, we have

[I3] < elrot w,x:ctg + e1( U,x:w:g + ‘U,mt@) + C/(Egl)(‘U@D%Q + Dﬂvtg)-

Finally, the last term on the r.h.s. of (3.42) is bounded by

elrot ¢ auil3 + ¢/l fil5.

Employing the above estimates in (3.42) and assuming that ¢ is sufficiently
small implies

(3.43)
d
IR0t aeld 4+ | Vrotval} < e(|varal} + [0,001l3)
+ €1y2(|v90,xxt‘g + ’Vgo,x:pxlg)
+ c/ellnds? ol + Inll3irot o1l
C
+ Dol + Dilrls + fels] + (@ Il Vpuaals + nllalrot vucl).
Multiplying (3.43) by 1/v and adding to (3.41) we obtain
(3.44)
d 1 v
(10 + Slrot o) + E192 0l 4 2Nl + L2 ot
9 C
< ~[Vaal} + €101 Vraal} + —[Ili?I0l3 + 0l (113, + 1) + (Il

+ |V al3)rot s + ()3 + [Ael3 4+ [Vo3) |V uls + DIVl
+ (Imell? + D)vaal3 + (olg + Inll3 + 11013 + D3)|valz + [Vol5| Vo3

cv
+ Dy?[vls + Dol + [ fif3] + a[l!m!lﬂvs&m@ +[Inll2] Veo,al3].
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Let
o5 = 05(|nl21, D1, Do, A1) |v]a < Ay, |ugle < Ds.

Simplifying, we write (3.44) in the form

d 1 1
GE(W@,N@ + ;|f0t Vatl3) + M(W@,mt@ + ;|f0t ¢,xxt|§)

€ €1 c
+ V|A90,xt|§ < _|U,xm|g + _|V‘P,m’m|§ + —o5(|n
v v Ve

(3.45) 131 + A0l + [A@3 Vw3 + Inllalvals
+ 1ot Y a3 + [V ails + [0at]3 + [V0al3
+ v[3 + |vel3 + [V I3IVeatl3 + [V aal3lrot ¥z

cv

2,17D17D27A1)

Using the interpolations

alrot ¢,xt|§ < calrot w7mt|g/3|r0t ¢t|;1/3 < elrot Q/J,mt@
+ c(l/€)a3/2]r0t wﬂt@,
a|v907$t|§ S Ca|v§0,x$t|2|v¢7t|2 S 5|v90,asact|% + C(l/€)a2|vw7t|g,

a|v,m|§ < alv,wleg/3|v|;/3 < 5|U,mx|§ + 0(1/5)a6|v|37

(3.46)

where « is a parameter, in (3.45) yields

& (Vi all + 110t a3) (Va4 Ir00 )
+ 1A il < Z[vasl} + V1 Vel
(3.47) + —o(|nla D1, Do, Al + [edl3 + [ Vil
[ VaBlrot gl + [Vol3] Vi
FIVOBEIVols + 1)+ i (Veseli + Vonld),
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Integrating (3.47) with respect to time yields

1 1
G(W%t(t)@ + ;|r0t VYt (1)]3) + M<\V<Pmt|§,gt + ;|1"0t wmt@,m)

£
+ V|A90xt|g,ﬂt < ;|Umw‘g,9t + V51|v90xm|§,ﬂt

2

c _ v
(348)  +——d6([n21000:, D1, D2, Av) {A% + D5 + ]

X6 X6
+ 7O|r0t %t@,m + 7O|Um|§,2,nt + |UI|§,oo,QtD§

cv P2
+ |ft|§,9t + g|ﬂ|§,1,oo,9t§-

Using the interpolations and estimates

2 2 2
X X X
70|1“0t Vatls 00 < f!vmt@,m < 70175:

D3 |val3 o < 22lVaal3 o 00 + €(1/22) D301 o 0

362%33200 4+ c(1/e5) D3 A2,
(3.49) |Vaa|3,00,00 + €(1/€2) Dy A

Xt A
oo < calvadber + /0 22) TurBer

2\ 2
X
S 63|Uw1‘|§7gt +C/€3 (70) A%

in (3.48) implies

1 1
oIVt + Slrot b)) + (9l + It v
£
+ V’A¢zt|§,ﬂt < ;‘Uxmlg,m + V€1\V<Pm|§,m
+ 52‘“%‘%7007@ + 53’vxm‘g,ﬂt

c
(3:50) | ;¢7 <|77 21,009, D1, Do, A1, %7 1/e,1/e, 1/53>'

_ U2 cv U2
: {A“{ + D5+ — + D5+ |ft|%,m} b senr s
1
+a( 1900 + ot v (OB )
The inequality implies (3.39). This concludes the proof. O]
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Remark 3.3. Integration of (3.37) with respect to time implies

1 1
(1608 + 2ot b)) + (I + Slrot B

C
+v|Vpl3 a0 < ;¢>(!n\2,1,oo,m,z41,Dl,D2)~
: “77|3,1,2,Qt + |Ut|§,9t + |Vvt’§,ﬂt + [Apy g,Z,Qt
(351 1| AR (IVIot 2o + [IV@el2 s0e) + VO [V 12 o g
+ HV%H%,Q,WD% + |Ut‘§,2,QtD% + |f|§,9t + ‘ft@,ﬂt]

4 [0 (L + 11 0 A0 0+ I e 1900 )
1
+a( Vo0 + S ot w08, )

In view of Lemmas 2.1 and 2.8 we have

[vilar < Doy, [Vorlagr < Doy Juglzeqar < cllvgllizg: < ¢Ds,

3.52
(3:52) [Voloor < Ay, [Viot ]300 < [Vurfs o < Dj.

Using the definition of ¥ and x( in Notation 2.9 we have

Y
Az 2.0t < c|[Verl22.a0 < ¢

X0
(3.53) |Ap|3.00,0t < | Voll2,0000 < C%,

Xo

NG

Y
[Villz0 < o IVoilliooar <
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In virtue of (3.52) and (3.53) inequality (3.51) takes the form

1 1
(1608 + 2ot bR, ) + (1B + S0t v e
C
+ Vel 00 < —925(\77|21<>om A1, Dy, Dy)-
2 U2
{|77’212Qt +D2+D2+—+ XOD?—F—@—FAQ);O

P2 _
+ 5 Dl + DiDY + | floor + |ft|%,m]

\112
(354)  + el o+ M5 1co) + [nlhcol—s

1
+a( V00 + S ot w017,
U xo
I/7 \/;’
\112

C —
E; (|77|21oos2t |77|2129t Ay, Dy, Dy, Dy, —

| fla,0r, |ft|2,ﬂt) + CV|77|2 Looqt(1+ |77|2 1,00, Qt)

+e(IVROR, + o8, )

For sufficiently small €3 we obtain from (3.39) and (3.54) the inequality
(3.55)

1 1
(IVROIR + 1T + S Irot O + 4 Irot )1
1
(VB0 + 5 Irot vl 0

1
IV elBage + 5 1ot B ) + (196l + 1Vl 00

g
< ;’Umx’g,m + V51|V90mx‘§,9t + 62’U$I|g,oo,ﬂt
c P2
+ ;¢10 + e[l o (1+ |77!§,1,oo,9t)§
2 2 1 2 1 2
+al [VeO)llf + [V (0)]i + ~llrot ¥ (0]l + ~[rot % (0)][ ),

where we introduced the new function ¢19 = ¢g + ¢9 and
(3.56)

_ U
b10 = ¢10(|77|21ooszt INl21.2.0t, A1, D1, Dy, Dy, — X0

= |ft|m)
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Now we recall the form of some arguments of ¢jy. From (2.70), (2.79),
(2.80), (2.81) and (2.82) we have

\VJ \\J
(O <exp (Vi) VS + 1)) |, e (1]
U
0las < exp(evion) |VES -+ InO)l].
\J U
sn Db (/i) (55 0 p0)2)
L \I’4/3 P2 \114/3
+ eXp(¢1)¢2(V2/3 + 373 + V2(”/3_1/6)>] + A§>

D3 =c(a) expleBr(1)][Balt) + loololun(0) ),
D3 =c(a) expleBa (1)][Balt) + oololun(0) ]

— —

where ¢1, ¢y appeared in (2.53) and

Ay = |flse0r + ’QO‘¥6|UO‘67
Bi(t) < Inl32.00 + (1013 e + DF 4 1) A3,

Ba(t) < Iy + el o (A2 L A2D? 4 |f|mt)

2
+A2 =+ 1 fel3 s

Bi(t) < Bl( )+ [nl30r,
By(t) < Bo(t) + (1 + [nl2, o) 1300

3 1 A
=B/ - 1 [ (Gant 4 20
Q
(k+1)T

B(T) = ¢ sup exp ( / n2(t)dt) o1 s enecers sy

kENg
kT
+ pa” + |ool7|f2 1.0t + lool3]vol3],

a/2 < p<3a/2, a, T are given. This ends Remark 3.3.
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Lemma 3.5. Let the assumptions of Lemma 3.1. Let Notation 2.9 be ap-
plied. Then
(3.58)

d
(VT 4 10t ) 4 IVl 4 V0t 0B + 0210

< co(InlD v el + Il + (vfg + 1Vell2) 1V aal2
+[Voaals + lIrottusls + IV alli + llrot ullf + [vale) Voo lTllvalli
+ (1 + [l I,

and

V[Viprw(t)[5 + [rot ¥aw ()3 + p(V| VPl 0 00 + 10t Yaaal3 2 00)

] 2
(A el < | exp (VIDL() (t—+ )Hvtulm

(3.59) +¢<A1,D1,D2,exp< )(\f— C_0> ‘f%)

(1o (Vie.w) (15 + 3) )11
AV O + 101 e O0)),

Proof. Differentiating (3.2) twice with respect to x, multiplying by Vi ..
and integrating over €2 yields

B dt'w m|2 + :u|v290m|2 + V|A90m|2

- /(ﬁU,t),m : V(p:mdx — Qg / Vn:mc : Vsﬁ,mdﬂi

(3.60) [(a + 77)U VU] xx VSO 22dT

+ [ [(po(@) = pola+n))Vn] oo - Vo zud

\@\b\b

+ [(a + ﬁ)f],m : Vgomdx

o)

The first term on the r.h.s. is estimated by

€|V aaalz + c/ellnllzllvelli,

the second by
eIV P uaals + /e[ V3.

73 77123 C”7 — 3-2-2020



Next we examine the third term on the r.h.s. of (3.60). We write it in the
form

K= a/(v V) 4z - Vipzadx + /(m} V) 22 - Vipgedr = H + L.
Q Q

First we consider H. We drop a for simplicity. Then we have

H = / v-V(Vo+r1ot )] 4o - Viorde = /(v -VVQ) 4z - Vprdr
Q

(V- Vrot ¢) 4y - Vipgedr = I + L.

{O\

Consider I;. We express it in the form

Il = /U,:m: : VV(,D : V@,x:cdx +2 / V- VVSO,JJ : V@xxdx
Q Q

+ /U ) V(Vgo),m V@ podr = Iy + Lo + 113,
Q

where

1
UERS /U VIV ol *da = _i/ASO' |V re|*d.
Q

N | —

Hence
|[13’ < 5|V‘:07m,§ + C/€‘A¢|§‘V90,m|g.

Consider I15. Integrating by parts yields
]12 = -2 / v - Vv@,zx : V@,wdeT -2 / v - vv@,x : v@,xwxdx = ]112 + 11227
Q Q

where I, is estimated by the same bound as I3 and
12| < €[V el + ¢/e|Vip alslv]s < €V nawls + ¢/e|Vip a5 Dy
Finally, we examine

Iy = — / A(p,zxv@ ’ V‘P,xﬂﬁd‘r o /Uam +VV, - Vodr = Illl + 1121
Q Q

and 1 2 2 2
11| < €IV arals + ¢/e| Va3 Vels,

11| < €l Ve aaals + c/elvasl3 Vel
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Summarizing, we have

L] < el Vol + c/ell Apl5 Ve aalz

(3.61)
+ V@307 + [V 003 Veols + [vaal3VolE)-

Now we estimate I5,

I, = /U,m -Vroty - Vo p.dr + Q/U,x -Vroty , - Vi gpdx
Q Q

+ /v V1ot ¢ 4y - V@ gadr = Iog + Iog + Ios.
Q

Consider I;. Integrating by parts yields

I = — /A¢,xx(r0t¢ + G) ’ VSD,J:a:dm

Q
— /v,m(rotw +G) - VV@ o de = [211 + [221,
Q

where
11| < €|lApals + ¢/e|Vipaal3lrot v + GIS
< | A auls + /el Vo zal3 - (I + [VIE)
< e|Ap zoly + /el VP 2al5(DF + [Vel5)
and

31| < elVpuuals + c/elval3lroty + GI§ < e Vpuuals + c/elval3(J0fg
+[Vel§) < eV als + ¢/elvasl5(D5 +[Velg).

Integrating by parts in the sum Iss + I3 we get

I+ 13 = — /U-Vrot Q/J,M-V@mdm—Q/v-Vrot V3 V@ gpadr = J1 4 Jo,
Q Q

where integrating by parts in .J; yields

Jl = /AQOI‘Ot w,:(:a: : V@,mdﬂf + /UrOt w,mc : VQSD,zxdx = Jll + J127
Q Q

where

[ Tu] < elVpaals + /2| Apl5lrot a3,
12| < e[VZPaals + /2|0t 1 aal30]s < €l V0u0ls + ¢/elrot a3 D7
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Finally,
| T2| < €|V aaals + c/elrot v aals|v]s < ]V uwal + ¢/elrot tael5 DY
Collecting estimates for I yields

|I2] < eVl + ¢/ell Ve aals(DF + [V olg)

(3.62)
+ |U,m|§(D% + ‘V@’g‘o) + |A90’12’,|r0t w,mg + ’rOt wwx‘gD%]

Next, we consider the expression

(3.63) ¢ ¢
+ /[nv - Vrot ¢] 4z - Vpgedx = Ly + Lo.
Q

Performing differentiation in L; we have

L, = /[nmv -VVo+nv. - VVe+nu- VYV, + 200, - VV
Q

6
+ 21,0 - VV@, + 200, VV @] - Voo sodr = Ly,
i=1
Next, we have
|L11| < 5|v90,zx|§ + C/5|77,m|§|v|§|v<ﬁ,a:|§»
|Lia| < €|Vepuals + ¢/elnlzlvas 31 Vol

1 1
Lz = 5 /771) . V|V90,xx|2dw - _5 /’U ‘ V77|v90,a:x|2d$

Q Q
1
-5 /nAgo\Vgo,m\Qdaz =L+ L%S.
Q

Continuing, we have

|Lis| < €IVQaals + c/elv§IVnl5I Ve aal3,
|L3s] < €IV aals + c/elnlo] Apl3I VP aals,
|Lya| < elV@aals + c/elnalglvoals| Ve l3,
|Lis| < el Vipuals + ¢/elnalelvfs] Ve wals,
’L16| < E‘v@,xx% + C/d”'ioyvﬁv’%‘V@,mc‘g'
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Summarizing the above estimates we get
(3.64) |Li| < elVouals + c/elnlla Vel (1015 + [vaal3 + [A0]5 + [va]5)-

Next we consider Ly from (3.63). Performing differentiations we obtain

Ly = / [1.220 - VIOt ) + vy - Vrot ¢ + nu - Vrot ¢y,
Q
+ 21,0, - Vrot ¢ + 2n,v - Vrot ¥, + 2nv, - Vrot i, ] - Vo z.dx

6
Z Lo;.
=1

Now we estimate the terms from L.

L] < €lVaals + c/elnes 3vfg Viot 5.

Integrating by parts in Loy implies

Loy = — / V1 - vge(rot ) + G) - Vipgedr — /nAgom(rotl/) + G) - Vi pdx
Q

Q
- /UU,M(YOMD + G) ’ vv@,xxdx = L§2 + L%2 + L%Qa
Q

where . ) ) ) ,
|Layy| < e[V uals + /€| Vnl5lvaalzlrot o + G5,

|L3s| < el Apuels + ¢/elnf5|Veoual3lrot v + G,
|L3s] < €lVpawals + c/elnlzc|vasl3lrot ¥ + GIE.

Next we examine Loz. Integration by parts yields

Loz = — / Vn-vrot ¥ 40 - Vo podr — /nAcprot Y o - VO gada
Q Q

- /771) 106 ) 4y V2P podw = Ly + L3 + L.
Q

Continuing,
|Las| < €lVaals + /el Vnlglvlgirot a2,

|L3sl < elVpaals + c/elnlsc Aplzlrot ¥ u03,
|L3s| < elVQaaals + e/l lvlglrot o ls.
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Next we examine Los. Integration by parts implies

Loy = —2/V771vx(rotz/1 +G) -V de
Q

-2 / nzA(p,m@Ot 1/} + G) ’ VQO’mzdl’

Q

- 2/nxvx(r0t¢ + G) : V@,mmxdm = L%4 + Lg4 + L§4
Q

Estimating, we get

| Lol < eIV sl + ¢/elasla|valslrot v + G5,
L34l < elVaals + c/elnlslApsfalrot v + GG,
L34l < eV aaalz + c/elnalglvaliirot v + GIE.

Next, we have
| Ls| < e[V aals + ¢/elnalslvfgirot ual3.

Finally, we integrate by parts in Lyg. Then we have

Log = —2 / NV - Vroty , - Vo podr — 2/m) -Vrot Y 4, - Vo godr

Q Q
-2 / nv - Vrot ¢ 5 - Vi pppde = L;G + LgG + L%G.
Q

Consider L3s. Integration by parts yields

L§6 =2 / Vn - vrot ¢ 40 - Vo ppdar + 2 / NAQrot ¥ 4y - Vi ppdx
Q Q

+ 2/7}1} . V2gpm -rot Yudr = F) + Fy + F3.
Q

Continuing, we have

Fi| < eVl + c/elVnlglulglrot v a3,
|Fa| < elVpaals + e/l Avlslrot 03,
|F5] < el VP0.aals + c/elnle|vlgrot 1 aals.
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Finally, we have
|Las| < €lVpaals + c/enalglvlsirot ¥ aals,
L3l < el Ve aalli + c/elnllz(v]s + [Apl5) rot 005,
Lzl < elVpaaals + c/elnlo|vlslrot 1z ls.
Collecting all estimates for Ly we have
(3.65)
c
Lol < e Vepaalli + Zlmllzllvfslrot ol + (10,225 + [Vipuals)rot & + Gl
+ (Jvfs + [Al3)[rot 1 aals + ([vals + [Agal3) [rot ¥ + GIg].

Now we collect all estimates for the third term on the r.h.s. of (3.60). Using
(3.61), (3.62), (3.63) and (3.64) we have

|H| < ellVeulli +c/el|Veuwl3(1A¢l; + [Velg + D)
+ Va5 (DF + [Vip[§) + [r0t 1 aal5(DF + [Ap5)]
and
L] < ellVeaalli + c/elnlBlIVe i + [velg + [vel3 + [A0]3)
+ [rot Pua 5 (|0l + [A@I3) + [rot YIE([vels + [vael3 + Vi eal3)]-
Using that v = Vi + rot ¢ we derive
K| < [H| + L] € eVl + c/ellVowls(1A0f + [ Vels + DY)

+ (L [Inl3)[rot e 5(DF + |Apl)
+ 03IV 2T (DT + [valg + [vaals + [Apl3)
+ [nllz ot Y15 ([velg + [veal3 + Ve uel3)]-

The fourth term on the r.h.s. of (3.60) is estimated by

elV@azals + c/elnlla-
Finally, the last term on the r.h.s. of (3.60) is bounded by

€lVQ aaalz + /el foalz + Inalsl 15 + 3] fol2].

Using the above estimates in (3.60) and assuming that ¢ < v/2 we obtain
the inequality
(3.66)

d c
aalw,mli + V20 aal3 + VAP 2al3 < ;[HnH%Hthf
+ 1913 + 19113 + [V 5(1A0[5 + [Velg + D)
+ (14 Inl3)[rot ¥ 40|3(DF + [A0l3) + 0I5 Ve IF (D] + |0l
+ [02al3 + [AQ) + [03(DF + VIR (valg + [0als + VO ael3)

+ (L+ [
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Simplifying, we write (3.66) in the form

I3 lv.13

Di +[[Vell)

d
a%|v¢,m|§ + N|V¢,mmx’§ + V|A90,m’§ <
(367 + Inll5(nllz + 1) + Ve w31+ lIn]3)
' + [rot ¥ 40 [5(1 + [I13)(DF + IVel[3)
+ 10131Vl F(DF + velg + [Ael) + Inl3(DF + [Veld)|vals
+ (1 + [InlI5) L F1F]-

Differentiating (3.2) twice with respect to x, multiplying by rot ., and
integrating over {2 implies

Rl

—~

ad
§%|r0t z/;m@ + p|Vrot @Z)m@ = — /[nv,t]vm - 1Ot 9 4 dx
(3.68) @
— /[(a +1)v - V] 4y - TOL Y pdx + /[(a + 1) f] 2z - TOt Y pde.
Q Q

The first term on the r.h.s. of (3.68) is bounded by
(3.69) e[r0t v aaal5 + /e[l llvely-
The second term on the r.h.s. of (3.68) is expressed in the form

a/(v - V) g - TOE Y ppdx + /(nv V) 2z - 100U ppde = J + K.
Q Q

First we consider J. We drop a for simplicity. Then we have

J = /(v - VV @) 4z - TOL Y pdx + /(v - V10t 9) 4 - 10t Yypdax = Jy + Jo.
Q

Q

Consider Ji,

Jl = /[U,zx . VV(,O +uv- VVgom + 2v,xVVg0,m] -rot w@xdl' = JH + J12 + J13.
Q

Integrating by parts in Jp; yields

Jig = — /Agongp 10t Y gpdr — /v,ngo -Vrot Y ,.de = Jlll + J121,
Q Q
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where ) ) ) )
| /11| < glrot w,xr‘G + C/g‘vw,xm|2|v¢|3’

| T1| < elrot Yaaaly + ¢/elvaal3| Vel

Integrating by parts in Jy3 yields

Jiot+Ji3 = —/v-VVgom-rot ¢7wxdx—2/v-VVw7x-rot Y prpdr = K1+ Ko,

Q Q
where ) o1 1o
|K1| < elrot g + ¢/l Ve aal3|v]3,
|[I5| < elrot w,zm’g + C/€!V90,a:x|§|v\§-
Summarizing,

1] < ellrot Yool + /el Ve aasla (IVel5 + v]5) + e/e(|vaals Viels
+ Ve ael3[0]5)-

Consider .J5. We express it in the form

Jo = /[Qm-Vrot Y420 ,-Vrot ¢ ,4+v-Vrot ¢ g, |- 1ot ¢ podr = Jo1+Joo+Jos.
Q

Integration by parts in Jy; gives

Jop = — / Ap i (rot ) + G) - rot P 4 do
Q

- /U@m(rot@/) + G) - Vrot ¥ . dx = Jyy + Jap,
Q

where
| Jo1| < efrot ¥ a0lg + ¢/e| A zal3|rot ¥ + G5,

|J3,| < e[tot ¥ pua s + ¢/€|V 2nl3]TOt ¥ + G2,
Integrating by parts in Joo implies

Jog + Jog = — / v - Vrot ) g4 - 10t Y ppdr — 2 / v - Vrot 1, - rot ¢ 4. de
Q Q
= M, + My,

where

2

1 1
M, = —= /'U . V]rot w,m|2dx - §/A90|r0t w’m|2d$
Q Q
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and
| M| < elrot ¢ aals + ¢/e|Apl3rot ¢ 4o 3.

Finally,
|My| < e|rot ¥ unl3 + ¢/e|rot ¥ 40 |3]0]5.

Summarizing,
[ J2| < ellrot ¥l + ¢/e[|Apual3lrot ¥[5 + [val3[rot ¥ + GIg
+[rot ¥ [3(1A¢[5 + [v]G)].
Collecting all estimates for J we get

| J| < ellrot ¢ualT + ¢/[|Veaaa 51V I3 + [0]5 + [rot ¢ + GI3)

(3.70)
+ (V@ uals + rot ¥ a[3) (J0fs + [Vels + [Ap]3)]

Finally, we consider K. We write it in the form

K= /[nv - VV Q] 4z - TOL Y ppd + /[nv - V1ot ¢] 4 - 1Ot Y gpdx
Q Q
= K1 —+ Kg.

Performing differentiations we have

K, = /[nxmv “VVO+ 1040 - VVO+10 - VV@Q 10 + 20,0, - VV@
Q

6
+ 20,0 - VV, +2nv,VV |- rot i .de = Z Ki;.
i=1

Now we estimate the terms Ky;, ¢ =1,...,6. We have

|K11| < Eert w,zx% + C/5|77,$I|%|U|623|V90,m|%’
| Ka| < efrot ¥ zolg + c/eln|3]vms 3 Vi o3,
| Kas| < efrot ¢ a0lg + ¢/elnf2|0l3 Vi aals.

Integrating by parts in K4 yields

Ky = -2 / NeaV - VV @ - 10t 9 ppdr — 2 / NV - VV, - rot ¢ goda

Q Q
— 2/77@1) -VV@ 1ot ypde = K114 + K124 + Kip
Q
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where . ) ol 1o )
|Ky| < efrot v aals + ¢/e[neal3|v[s| Vs,

K| < elrot ¥ aag + c/elnalglvfs Ve aals,
K3y < erot Y aaalz + ¢/elnalelvle| Vo.ols.

Next, we have
| Kis| < efrot v ualg + ¢/elnalglv]s Vol

Integrating by parts in K4 gives

K = —2/7]@1) -VV, -0ty zpde
Q

-2 / nv - VV@ 10 - 108 Y 10da
Q

- 2/771} VUV 10t Y pupdr = Kig + Kig + K,
Q

where ) ) o i )
[ K] < eglrot ¢,m|6 + C/5|77,x|6|v|6|v¢,:cm|2a

K| < elrot Yaals + ¢/enlSc oI5| Ve aaals,
K| < elrot ¥aaalz + c/eln|2 [VIE] Vo zals.

Summarizing, the above estimates yields

K| < ellrot I + c/elInl30fsI Ve alll + 15 vaa 2l Veoos

(3.71)
+ 2|05 Ve wlI2].

Finally, we estimate K,. Performing differentiations we have

Ky, = /[nymv - Vrot ¢ + nu 4y - Vrot ¢ + nu - Vrot ¢ 4, + 21,0, - Vrot

Q

6
+ 21,0 - Vrot ¢, + 2nv, - Vrot ¢ ,] - rot ¢ p.dr = Z K.
=1

Now, we estimate Ko;, 2 =1,--- ,6.

| K| < elrot §aals + ¢/2ln.aa 3|05 VTot Y.
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To estimate K99 we integrate by parts. Then we have

Koy =— [ V- v (roty) + G) - rot ¢ ,.dx

NAQ o (rot Y + G) - rot Y . dx

nv,:m: ' (I‘Ot ¢ + G) ’ VI‘Ot ¢7:va:dx = K212 + K222 + KSQ?

P O B

where 1 2 2 2 2
| K| < elrot w,m’cs + 0/5|V77’6|U,amc|2|r0t Y+ G|6>

‘K222’ < glrot w,m’% + C/€|U\§O\V90,mx\§!f0t Y+ G‘gv
| Koo| < elrot v aaels + c/elnlZ]vesl3lrot ¥ + GI5.
Consider Ky3. Integration by parts yields

1 1
Ko = 3 /m; - Vot ¥ 4, |2da = —5/11 - Vrot ¢ g, [P da
o Q
1
2 /’mwlrot Vanl*dr = Koy + K35,

Q

where . ) o1 1o )
| K33] < elrot w,mlﬁ + ¢/e|Vnls|v|s|rot ¢,m|27

K35 < elrot ¥l + c/elnlS | Avl3lrot ¥z
Integrating by parts in Koy gives

Koy = -2 / Nz - VIOt - T0t ¢ f0d — 2 / N0 - VIot 4 - rot ¢ zodx

Q Q
- 2/77,IU - Vrot w - ot w,xazxdx = K214 + K224 + K:2347
Q

where ) ) o1 1 )
| Koyl < efrotasls + c/e|naalzlvfslrot v u[s,

[ Ko1| < efrot i auls + ¢/elnzllvlglrot ¢ aals,
|ECoul < lrot Yagals + ¢/2lnalglvlgirot vals:

Next, we have

|[Kos| < elrot aalg + ¢/elnalgv]gIrot 1 ual3-

84 77123 C”7 — 3-2-2020



Integrating by parts in Ksg implies

Ko = =2 / NV - VIot ;- rot ¢ yodar — 2 / nv - Vrot ¥ 4, - rot ¢dx

Q Q
- 2/7711 V1ot ), - 10t Y gpedr = Kyg + K + K,
Q

where
| Kool < elrot ¢hea|g + c/elnalg|vfglrot ve.ls,

K226 = _/77” ’ V|I”Ot 77/},5696|2dx
Q

= /V?]-"U‘I”Otw,xx’QdiE—i-/UAQO‘I"OtT,D,xde.CE
Q Q
= D1 + DQ.

Continuing, we have
| D1 < elrot taalg + ¢/ Vnlglvfglrot a3,
|Ds| < efrot v aalg + ¢/ lnlie| Apl[rot al3.

Finally, we estimate
| K36] < efrot ¥ aaal3 + c/elnl3[v[rot ¥ a3
Summarizing the estimates we get

K| < ellrot va1 + c/elmls[(v]s + [Awls)[rot v a3

(3.72)
+ (D} + [Volg) ([1ot §aals + [V zal3 + [V 2aal3)]-

The last term on the r.h.s. of (3.68) is bounded by

(3.73) elrot Yaasls + c/e(ILf 1T + InlIFIIT)-

Using estimates (3.69)—(3.73) in (3.68) and assuming that ¢ is sufficiently
small we get

d
a~ |rot Vaalz + HIVIOt Y003 < cllmll3]lv.lly

+ Vo aaalz(1+ Inll2) (I Vels + [vle)

+ (IV@aals + rot Yaa[5) (1 + [I0l13) ([0]s + IV ]17)

+ IV alilinlz(vls + [vaalz) + ot alilInllz(vls + [IVel3)
+ (L+ [l

(3.74)
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Multiplying (3.74) by 1/v and adding to (3.67) yields
(3.75)

d 1 1
a% (|V‘P,m|g + ;|1"0t @Z)m@) + U(|V¢,mmx|§ + ;ert ¢mx|g>

C
+ V1A a3 < SllInllzllv.lT + InllsClnlls + 1)

+ VP aaal2(1+ 112 (I Velg + []6)

+ (L4 [l (I Vep.aals + [rot v aal3) ([0]s + [IVeo3)

+ Il Ve li(vls + 1IVellz + lvali) + lInlzlrot v 1 (1] + IVell3)
+InlZ(0IE + IVelo) vals + (1+ [l 1 FI1]-

First we simplify inequality (3.67)

d
a£|v¢m|g + N|v90xm‘|g + V|A90m:|g

C

@76) < oullnl)llell} + 73+ Vew 3D} + [ Vel3)
+ [rot ¥u [3(D7 + [IVell3) + Ve l3 (D] + |valg + |A¢l3)
+ (D7 + |[Vel)valg + IF113]-

Similarly, simplification of (3.74) gives
(3.77)

d
a— |10t Y5 + | Vrot oy < Gra(llnlla) leell:
+ 1 Veual3(1Vels + [0]5) + (IVepaals + rot vusls) (J0]s + [Vell7)
IVl ([0]5 + [vzal3) + l[rot al[F(Jv]g + IVell2)
+II£I3].

From (3.76) and (3.77) we have the clear version of (3.75)
(3.78)

d 1 1
5y (10 + S0t ) + (9l + ot vl

+ |83 < =dra(lInll2) el + Inl3

+ 1 Veuaal3(1Vels + [0[5) + (IVepaals + rot vusl5) (J0]5 + [Vell3)

+ Ve lF (015 + IVell3 + llvall}) + llrot 1T (J0]5 + [[Vell3)

+ ([0lg + [Velg)valg + I 1I5].
To derive (3.78) we used the inequality |rot )| < |v| + |V¢|. However, in
the step before, rot ¢ was under the spacial derivative. Therefore, in reality

we used that|rot ¢ + G| < |v| 4+ |Vy| because (rot ¢ + G), = rot,. The
above inequality follows from (1.6).
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This inequality implies (3.58).

Integrate (3.78) with respect to time and use Notation 2.9 and the estimates
lvl6 < Dy, ||ve]l1,2.00 < Dy. Then (3.78) implies

(3.79)

1 1
o(19ar0 + 0t a8 + 10 (1VpunBar + S0t v B

s _
+ 8l < Sonalileer) | 08 + Il

14

02 X(z) 2 2 2 2 X(Q)
+ ﬁ( + Dl) + (|V90m:|3,2,9t + [rot ¢m|3,2,ﬂt) <D1 + 7)

X% 2 2 2 X(2)
+ 7”% 1ot T [[rot Y]] o 0 <D1 + 7)

2
X

Floanar (DF+20) 4 1o
1

+a( 90 08 + S lrot v (O )

Examining (3.79) we see that there exists a nonlinear increasing positive
function ¢4 depending on |92, 0t \’;—%, D, such that

1
o(IVus + ot a0

1
+ (’V%ﬁm’%,ﬂt + ;|rot wﬂﬁ%’%(ﬁ) + VlASOxx’g,Qt

2

c X0 2 2 v
< = 0.ty ——=, D D —
< V¢14(||77|!2, Qt NG 1) [ 5+ Inllz2.00 + 2

+ |V90m|§,2,ﬂt + [rot ¢m|§,2,ﬂt + ||UmH%,2,Qt + |[rot 1/’:v||i2,9t

1
o] +a(I90m(O + ot v (O )

(3.80)

+valg oo+ I1f

We have that [vg,]3 = [rot ¥,.]3 + [V |3, because [, 10t ¥y, - Vipgdr =0
in view of integrating by parts and the periodic boundary conditions. Then

[vallT .00 + vt alli 5 0 + [valg 200 < cllvalll s o

(3.81)
< C(|Uﬂcx|g,9t + |'Ux|g,Qt) < C|Ua:a:|g7gt + CA%
Next we use the interpolation

|U:cz|%,§zt < 5lvmw|g,§2t + 0(1/5)|Ux|g,ﬂt

3.82
( ) S 5|Umxw|§7§2i + C<1/‘€)A%
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Next we use
g
(383) ’vgpmm|3,2,ﬂt S CHVSOJU:EHIQ,Qt S C;-

Finally, we use the interpolation
(3.84)
[rot wm’?’,,Q,Qt < ¢elrot wmx’%,m + c(1/¢)|rot %‘g,m
< glrot 1/J$$$|§,Qt + c(1/5)|vz|§’m < elrot %zx@,m + c(1/e) A3
Exploiting (3.81)—(3.84) in (3.80) and assuming that ¢ is sufficiently small

we see that there exists function ¢;5; such that
(3.85)

1 1
o(1Vua® + S0t s O ) + (190 B + 4 ot bl
v

C
+r18Bor < Sous Il Iilhaar 5. 5.

_ 1
A1D1 D flzer ) + a9 O)B + S ot a0 ).

The above inequality implies (3.59). This concludes the proof. O]

Remark 3.4. From (3.55) and (3.85) we have

(3.86)
a(V|V90<t>|§,1 + |rot1p(t)|§71) + N(V|V¢|§,1,2,Qt + |1"Ot¢|§,1,2,ﬂt)
7 ¥ Xxo
2 2
\% ¢ < DaD7-D)A7_a_7 t, 00,0t

+VVl3 000 < G16(D1, Doy Do, Av, — NG nl2,1,2,005 M2,1,00,00)

+c(1+ |77|3,1,oo,9t)|f|i1,2,9t + C<V|VS0(0)|§,1 + |r0t1/1(0)|§71,).
4 Estimate and Existence
Lemma 4.1. Let Notation 2.9 hold. Let v > 0 be given. Assume that
1(0) € Loo(€), 7(0), Vip(0),10t4(0) € THQ), f € L2(0,T5 HY(Q)), fi €
Ly(QT), f € Lg(0,T; L3(2)), f € L1(0,T; Loo()), v|V(0)]3, < const.
Then for sufficiently large v there exists a constant A depending on all above
assumptions such that

(4.1) X1(t) +x2(t) +¥(t) <A, t<T,

where T 1s proportional to v.
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Proof. Using (2.68), (2.70), (3.79) and Notation 2.9 in (3.86) we have

g
X% + X% + U< qﬁgo(exp(tl/Q(I)*) (t1/2; + co/y>,
(4.2) T U xo
— ), —, 5= A A ¢
¢ pa ) V7 \/;7 1, 2|f|1,1,27Q
+c(v[Ve(0)[3, + [rot ¢(0)]3, ),

where ¢(0) = 0.
To show (4.1) we take constant A so large that

c
(43) qbg()(eXp(tl/Zq)*);O, 0, 0, O, Al, Ag, |f|171727Qt> + C(I)g(O) < A.
Then for v sufficiently large there exists a constant A such that (see [T, Ch.
1, Sect. 1.3))
A ¢ A\ A A

t1/2q)* 2 0 el Tl

(4.4) O20(exp( )( R S O vy
Ar, Ag, [ flip0r) + c®5(0) < A.

Hence (4.1) holds. This concludes the proof. O

Corollary 4.2. Let the assumptions of Lemma 4.1 hold. Then (4.4) implies
(4.5)

1 I
|V<P(t)|§,1 + ;|rot¢(t)|§’1 + M|V<P|§,1,2,Qt + V|VS0|§,1,2,Qt + ;|1"0t ¢|§,1,2,Qt

1 1
< ~0(A) +[V(0)f3 4+~ [rot v (0) 3.

From (4.5) and estimates for n (see Lemmas 2.9, 2.10) we have

1
(46) s < 2 6(A)

where
1(0)|2,1 < co/v

and
1 1
A7) Vo3, +vIVelzi0 < ;cb(A) +[Ve(0)[3, + ;Irot (0)]3.4,

so quantities n and ¢ can be made in these norms as small as we want for
sufficiently large v.
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Theorem 4.3. Let the assumptions of Lemma 4.1 hold. Then there ex-
ists a solution to problem (1.7)-(1.9) such that ¥, € Lo(0,£T2(Q)) N
Ly(0,8;T3(Q)), t < T as long as estimate (4.1) holds.

Proof. For T sufficiently small there exists a solution to problem (1.7)—(1.9)
in the above spaces. Having estimate (4.1) for ¢ < T the local solution can
be extended in time up to time ¢ = T'. This ends the proof. ]

5 Global estimate and existence

In Section 4 we proved long time estimate for solutions to problem (1.7)—
(1.9), where the estimate time is proportional to v. Since v is finite we have
only finite time estimate. Hence there exist finite time solutions. Therefore,
to prove global existence we need additional differential inequality. This is
derived in this Section.

Lemma 5.1. Assume that o, 1, n are solutions to problem (3.1)-(3.3). Let
the assumptions of Corollary 4.2 hold. Then

d 1 v
S IVel2+ —lrot 2 ) + EIV20[2 + 2| A2 + L Vrot 2
(5.1) dt v a a av
C
< =[nl3 + Inf3lvls + 1AGBIf + IVl + £

Proof. Multiplying (3.2) by V¢ and integrating over € yields

(5.2)
ad
IVl + Vol + w180l = —a0 [ V- Vigdo — [0, Vipda
Q Q
— /(a +n)v-Vou-Vedr + /[pg(a) — pola+n)|Vn - Vedr
Q Q
+/(a+77)f-Vgodx.

Q

Integrating by parts the first term on the r.h.s. is bounded by
elAplz + c/elnlz,

the second by
e[Veels +c/elmllvds
the third term on the r.h.s. of (5.2) is expressed in the form

—a/U-V'U-Vgoda:—/nv-Vv-de:szl—i—[Q.
Q Q
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integrating by parts in I; yields
I :a/Agpv-chda:+/v-v-VVg0deIn—i—IlQ,
Q Q

where ) o1 1o
11| < elVolg + c/e|Apl3lv]3,

|L2| < el V20l + ¢/elvfglvls.
Next we examine I,. Then we have
12| < e|Vlg + c/elnls|vl5 Vol
The fourth term on the r.h.s. of (5.2) is estimated by
el Vels + c/elnls| Vnlz-

Finally, the last term on the r.h.s. of (5.2) equals

Igza/fg-Vgodx—l—/nf-Vgodx.
Q

Q

Hence
|Is| < e|Vel5 + c/el fyls + el Volg + c/elnl3l f15.

Employing the above estimates in (5.2) and assuming that ¢ is sufficiently
small yields

d c
a— |Vl + nIV2ols + vIAgls < —[nls + nfslvdds + [A¢ ol

+ [0l + Il w3V ol3 + (3 1Vals + | £l + 3] £13)-

(5.3)

Multiplying (3.2) by rot ¢ and integrating the result over €2 implies

(5.4)
ad

5%’1"0“#’3 + 1| Vrot ¢f5 = —/ﬁv,t -rot Ydx — /(a +n)v - Vo - rot pdx

Q Q

+/(a+77)f-rotwdx.

Q

We estimate the first term on the r.h.s. of (5.4) by

efrot vlg + ¢/elnllv.f3-
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The second term on the r.h.s. of (5.4) is expressed in the form

—a/v-Vv-rotwdx—/nv-Vv-rotwdeJ1+J2,

Q Q

where
| J1| < elrot ¢[§ + ¢/elvf5|Vul3,

[ Jo| < elrot Pl + c/z[nlS[vl5 Vol
Finally, the last term on the r.h.s. of (5.4) takes the form

a [ f.-rotdr + [ nf-rotvdr = Js.
fremsscs

Q

Hence,
| Js| < elrot ¥[5 + c/e| fr3 + elrot g + c/elnl3| f15.

Employing the above estimates in (5.4) and using that ¢ is sufficiently small
we derive the inequality

ad
) 5aror v+ ulVeot il < clnBluds + IV + ol o Vel

+ /15 + I3l F13)-

Multiplying (5.5) by 1/v, adding to (5.3) and using that |n| < a/2 we obtain
(5.1). This concludes the proof. O

Lemma 5.2. Assume that ¢, 1, n are solutions to problem (3.1)—(5.3).
Use (3.2) in the form (3.11). Let the assumptions of Corollary 4.2 hold.
Then

1
Voul2 + Lrot w,t@) 920, 2 1 B ag 2 + ot
1% a a arv

QU
~

0.6 ¢
OO < Llinfe + o s(1Vrot v + [AgR)

+1A@[slvals + [valslols + i3] + evinlz, [ Al

Proof. Differentiate (3.13) with respect to ¢, multiply by V¢, and integrate
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over §). Then we have

(5.7)
1d ! v ao
—— |V, |2+ = V20,2 4+ —|A 2:—/ Vn) -Ve.d
2dt| ‘P,t|2+ a| ‘P,t|27L a| SO,t|2 atn n t Y axr
Q b

— H/ < il AU) -V dx — z/ ( il VAgo) -V dx
a a+n . a a+mn .
Q ’ Q ’

- /(v V), - Vo dr + / {%(pg(a) — pola+ n))Vn} , -V da

The first term on the r.h.s. is bounded by

e [Vl Vel + Inal [99IVepel)d
Q

< elV2puls + c/elnes + el Vpels + c/eln s Vls.

The second term on the r.h.s. of (5.7) equals

_ﬁ/ ( T Arot w) -V o — /i/ ( 1 AVSD) Vde =1+ 1.
a a_|_77 1t a 2 CL"‘T] it
Q

Using estimates of I; and I in the proof of Lemma 3.2 we have

L] < el Veulld + ¢/e(Inls, [Vrot |3 + [nl3 1 [Vrot |3 + [[n]l3]Vrot 1,]3)
and
L] < el|[Voulli + c/e(Inlz.1V2¢l3 + 0311V 2013 + [Inll31Ve.d3)

2 Ui 2 2
- \Y% d
+ (l/(l""r]' gp,t| Z,

Q

where the last term is absorbed by the second term on the Lh.s. of (5.7).
Consider the third term on the r.h.s. of (5.7). Repeating the proof of
estimate of I3 in the proof of Lemma 3.2 we obtain

15| < vellVealli + —(Inl2, [Al + I3[ Als + I3 Verl3)

4 Ui 2

— A d

+a/a+n‘ (P,t‘ xz,
Q

vc
9
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where the last term is absorbed by the last term on the Lh.s. of (5.7).
We write the fourth term on the r.h.s. of (5.7) in the form

I, = /U,t Vv -V, dr + /v Vv, -V dr = — / Apv -V, dx

Q Q Q
— /v,tv V2 pdr — /Agpv,t -V dr — /vv,t V2 da.
Q Q Q

Hence, we have
[1a] < e[V ls + c/e(|Aplvl3 + | Apfu3) + el Vil
+c/elvf3lvfs.

We estimate the fifth term on the r.h.s. of (5.7) by

|I5] < C/(I??,tl [Vl + [0l Vi) [Vulde < e[Voulg + c/elnla,.
Q

Finally, we estimate the last term on the r.h.s. of (5.7) by

5|V90,t|g + C/€|fg7t|g'

Employing the above estimates in (5.7) and assuming that ¢ is sufficiently
small we have

c
v

+[nl31 (IVEot ¥f5 + [Af) + [nl3 1 (IVrot ¥[5 + |Agf3)

+ 31 Vrot vl + [V, [3) + 1Ap,5lvfs

H1Aplvals + [val3lvl§ + [ fil3] + cv(inlz | Apls + [nl511A¢f3

+ [nll3 Ve l3)-

Differentiate (3.13) with respect to ¢, multiply by rot v, and integrate over

Q). Then we have

1d
——rot |35 + H|Vrot Vila = —H/ ( 1 Av) -rot ¢ dx
a a .
Q k)

d 1 v
ZIVedls + =Vl + —Apuls < —lnels + 7[5

(5.8)

2dt a+n

v n
(5.9) - 5/ (a n nAVgD) t -rot Y do — /(v - V)4 - rot ¢ dx
Q ’ Q

+ /fm 1ot 9 d.
Q
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Now we examine the particular terms from the r.h.s. of (5.9). Looking for
the estimate of the first term on the r.h.s. of (3.18) we see that the first
term on the r.h.s. of (5.9) is estimated by

ellrot ¥ ll7 + c/ellnlo ([ Vrot 3 + |Aply) + nl3, (IVrot ¥l5 + [Apls)

2 2 2 w n 2
t A — | ——|Vrot dx,
(ot + (Al + 2 [ Vot
Q

where we used Corollary 4.2 and the last term is absorbed by the second
term on the Lh.s. of (5.9).

Looking for the estimate of the second term on the r.h.s. of (3.18) (term
I3) we see that the second term on the r.h.s. of (5.9) is bounded by

2
cv
efrot ols + —(Inlz 1| Avls + V02l Aels + [Inllz|Aef2).

The third term on the r.h.s. of (5.9) equals

J:—/(U'Vvt-i-vt-Vv)-rotwtdxzjl—i—Jg.
Q

First we examine J;. We write it in the form

Jp=— /U -Vroty, - rot ¢ dr — /v -VVo, - rot,de = Ji; + Jia,
Q Q

where

Jin = —

DN | —

1
/v - Vlrot ¢, [2dx = §/Agplrot V|*dw
Q Q
S0

|J11] < elrot 4|2 + c/e|Apl3|rot 1,3
Integrating by parts in Jy5 yields

Jig = /Vv -V, -rotdx
Q

SO
[J1a] < efrot g + /e[ Vol Vi, .

Next, we examine Jo. Integration by parts implies

Jy = /Ago,tfu -rot ¢ dx + /utv - Vrot ¢ dx.
Q Q
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Hence, we have
| T2 < ellrot vu[[f + c/e(|Apl3[v]s + [ve]3]v]6)-
Finally, the last term on the r.h.s. of (5.9) is bounded by

elrot |3 + c/el fril3-

Employing the above estimates in (5.9) and using that ¢ is sufficiently small
we derive the inequality
(5.10)

d Iz

Eﬂﬂm¢ﬂi+;ﬂvﬂwwﬂiSCﬂMQAM@J+1NVHm¢§
+ (Inll3 + 1Ap[3)[rot 3 + [nlo1|Apls + V31 Ap 3 + VU3 Vel
+ |val3[vfs + [ fl3] + cv?[Inl3 1 (131 + DIAIE + [1nl3]1Ap 3]

Multiplying (5.10) by 1/v, adding to (5.8) and using that c(||n]|3+|A¢|3) <
£'in view of Corollary 4.2 we obtain the inequality

d 1 1 v I
i (|V90,t|§ + ;|r0t ¢,t|§) + E|V290,t’§ + 5|A¢,t|§ + E|Vr0t Val5
5.11 c
B < 11+ I (1Al3 + [rotw +]Agh)
+ 183l + loulof? + 1£13] + evinl3 A,

where we used that c||n||3 < 1, ¢||v(t)||? < ¢*. Then (5.11) implies inequality
(5.6). This concludes the proof. O

Remark 5.1. From (5.1) and (5.6) under the restrictions

1
vl <&, ellnlls +1A¢l) < =, clnllz <1

which holds in view of Corollary 4.2 we obtain the inequality

d 1 1 1
(196 + 19l + Lot v + Lot + ot )
u v
+ 219203 + [9%0.18) + ~ (18013 + 1A0.l})
U
(5.12) + a—y(\Vrot V|5 + [Vrot ,]3)
C
< = | mlloal3 + Inf3 + Indl3 + nl3, Vot w13 + [Agf)
186 B0} + [BIVO + fualof + 17 + 1

+ cvnl3 1| Apl3.
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Lemma 5.3. Assume that o, 1, n are solutions to problem (3.1)-(3.3). Let
the assumptions of Corollary 4.2 hold. Then

(5.13)
d 1 I v !
S (17pal+ Jlrotvult) + £1920u + LIl + L Trotu

< —[Inlaclvels + [Vnls + [ofg Vols + [ 12).

R

Proof. Differentiate (3.2) with respect to , multiply by V¢, and integrate
over 2. Then we get

(5.14)
ad
5 Va4 iV A == [(01)0 - Vipuds
Q
— ag / V.-V do+ /[(a +n)v - Vo], - Vo, de
Q Q

" / [(po(a) — pola+ 1)) V)0 - Viped + / (@t n)fl - V.

Q Q

After integration by parts in the first term on the r.h.s. of (5.14) we bound
it by

€lV@aalz + c/elnlival3,
the second term is bounded by

€|V .aal3 + ¢/e| V5.

After integration by parts the third term on the r.h.s. of (5.14) is estimated
by
elVpaals + c/e( + nl2) w[gI Vo3

and the fourth term by
€IV@ aalz + c/elnls | Vnl3.

Finally, the last term on the r.h.s. of (5.14) equals

11 = _a/fg : V@,xa}dx - /va%mdx
Q

Q

which is estimated by

11| < elVpaels + c/e(fylz + Il £12)-
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Employing the above estimates in (5.14) and assuming that ¢ is sufficiently
small we obtain the inequality

d M v c

+ [vfg|Vol3 + Il Valz + (1 + Inf2 )1 12]

Differentiate (3.2) with respect to z, multiply by rot+ , and integrate over
Q2. Then we derive

d
ot tuls Vot et = = [ (.0 ot ads
(5.16) “
+ /[(a +n)v - Vo], - rot ¢ dr + /[(a +n)f] - rot e pdu.
Q Q

Integrating by parts in the terms from the r.h.s. of the above inequality we
obtain

d p
prill bals + —[rot baly < cllnlZlvls + (1 + 02 [v[5Vol3
+ (L [n2)If]-

Multiplying (5.17) by 1/v and adding to (5.16) yields
(5.18)

d 1 1 v L
E (|v<p,z|g + ;ert ¢,w|g) + E|v290,$|§ + E|A90,;B|g + E|VIOt w,z@

(5.17)

&
< S[nlilorls + (1 + nE)Ifs Vols + (1 + Inl) IVl
+ (14 21 £13)-

Using that |n]|. < a/2 the above inequality implies (5.13). This concludes
the proof. [

Remark 5.2. We use the restriction introduced in Remark 5.1. Then (5.12)
and (5.13) imply the inequality

7 (10 + 1920 4 Slrot vl + ot )
+ LIVl + IVl + = (120l +1A¢.483)
(519 L (ot I3+ frot 43)
< “llnllodl} + Inf? + BRIV + foalol + oI Vol

+ 115+ [ fel2)-
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Lemma 5.4. Assume that @, 1, n are solutions to problem (3.1)-(3.3) and
Corollary 4.2 holds. Then
(5.20)
d 1 L v 0
2 (190l S0t val) + 1700l + 10l + L2 r0t
cv c
< eV nls + — (el Vel + 10151V 00l3) + —lImals + Il
I EI80B + o3l + ) + e lma 903

Proof. Differentiate (3.11) with respect to x and ¢, multiply by V¢, and
integrate over ). Then we have

(5.21)
1d P /A g U 2 ao
§E|v¢””‘2 + EW Oty + EIA%IQ = —/ s nVU n Vo pdx
Q 9
— E/ Ay -V pdr — z/ il VAyp -V pedx
a a-+n ot ’ a a-+mn ot ’
Q ’ Q '

1
#0900 Towde [ | @) = pfa+ )| oo
Q

0 ,xt
+ /fg,xt : v@,xtdx-
Q

Now, we examine the particular terms from the r.h.s. of (5.21). We repeat
the proof of Lemma 3.4. Let [; be the first term on the r.h.s. of (5.21).
Integrating by parts we estimate it by

1] < el Vs + ¢/e(Indil Vali + [Vmel3).

Let I5 be the second term on the r.h.s. of (5.21). In view of Corollary 4.2
we can assume that ||7]l2 < 1. Then from the proof of Lemma 3.4 we have

|15 < e(IVrot vl + (IVealD) + c/elllnelF1AvEE + [nll3(vals

2 2 H n 2 2
x V T - —v x d,
+lpalh + Vel + 2 [ Ve
Q

where the last term is absorbed by the second term on the Lh.s. of (5.21).
Let I3 be the third term on the r.h.s. of (5.21). Then, from the proof of
Lemma 3.4, we have

113 < ve(IVeuatls + Ve aaal3) + —(ImlIFIV0mals + 7131V 0,2t]3)

v Ui 2
v A i |2dr,
+(Z/6L+77’ 907t| .

Q

cv
3
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where the last term is absorbed by the third term on the Lh.s. of (5.21) and
Corollary 4.2 is used.

Consider the fourth term on the r.h.s. of (5.21). We can express it in the
form

Iy = — /’U,t -Vu - VSD,xtC@ - /U : Vv,t ’ V@,mxtdx = Ii + L%?

Q Q

where . ) ) )
13| < elVoals +c/elvslvels

|13] < el Vaals + ¢/l vl
The fifth term on the Lh.s. of (5.21) is estimated by
|15 < elVpaals + c/elnlay (1+ [0]3,)-
Finally, the last term on the r.h.s. of (5.21) is bounded by
Ts| < eV uarls +c/el fol5.

Employing the above estimates in (5.21), assuming that ¢ is sufficiently
small and that |n]s; < 1 in view of Corollary 4.2, we obtain

d I v c
£|V@,xt‘% + E\VQSO,xt’g + E’A%m@ < ;Hn,xt’g + [nl3.
+ Imell3 1 Av]3 + 713 (veel3 + @ eell?)
cV
+ wli3llvell; + [fel3] + el Ve aaals + ?(||77,t||%|V90,m|§
+ [0l31Ve.al3).

Differentiate (3.13) with respect to x and ¢, multiply the result by rot ¢ .
and integrate over {2. Then we have

1d 0 Iz n
§£|I'Ot w,xtlg -+ Elert w,mtlg = —5/ (a T T}A'U y - Tot w,xtdx
Q b

(5.22)

1%
(523) - E / (a Z UAVSO) . - Tot ¢,xtdx + /(U ) vv),xt - 1Ot w,:z:tdfl:
Q v Q

+/f,xt'rotw,xtd:c.
Q

Let I; be the first term on the r.h.s. of (5.23). Repeating the proof of
estimate of I; from the proof of Lemma 3.4 we have
1] < e(Jrot auls + [Vipwarls) + c/e(nelg| Av[3 + [[nll2]rot dul3)
+H/L]Vrotw,mt]2dx,
a+n

a
Q
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where the last term is absorbed by the last term on the Lh.s. of (5.23).
Let I be the second term on the r.h.s. of (5.23). Then from the proof of
Lemma 3.4 we have

2
(6%
o] < 20t e + AV + 00V

+c/en|Inllzfrot v a3

Next, we examine the third term on the r.h.s. ov (5.23). We express it in
the form

Iy = — /U,t - Vv 1ot Y ppdx — /v Vv, 10t Y ppdr = 131 + 132,
Q Q

where ) ) ) )
[I3] < elrot ) uuls + c/efvls|Vul3,

|13] < efrot daaels + c/elvf3[val3-
Finally, the last term on the r.h.s. of (5.23) is bounded by
elrot v aals + c/el fils.

Employing the above estimates in (5.23) and assuming that ¢ is sufficiently

small we derive the inequality
(5.24)

d Iz
prilid Datl3 + ~|Vrot Vatls < eIV aumls + c/e(IndslAvfy

+Inllzlrot ¥ael3) + €102V aals + c/erlnllalrot vy + cv?nefg| AVl
+ cllvellEloll + el fil3-

Multiplying (5.24) by 1/v, adding to (5.22) and choosing € and £; small we
obtain

d 1 1 v
o (’VSD,mt@ + ;\mt 1/},m|§> + E’V2S@,xt|§ + E|A<P,xt|§

+ %Wrot boatl2 < VeIV ual?

5.2 cv
52) + LRIV el + IlEIV i)

C
|l + Il + Ina 1AL + Inli3lo.el + 123
+ |0} Ve wala,

where terms ||9]|3]|V..i|l?, ||n]l3lrot ¢ |3 are absorbed by the Lh.s. terms
in view of Corollary 4.2. Hence we derive (5.20) from (5.25). This concludes
the proof. ]
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Lemma 5.5. Assume that o, 1, n are solutions to problem (3.1)-(3.3). Let
the assumptions of Corollary 4.2 hold. Then
(5.26)

1 W v W
|V90,oc:c|g + —|rot @Zj,m"%) + _|V290,M‘|g + _|A‘P,M|g + —|Vrot ¢,wx|g
1% a a ra

c
< {mllzllvellt + 0+ nli)Hllz + 113

Proof. Differentiating (3.2) twice with respect to x, multiplying by Vo .,
and integrating over € yields

(5.27)
ad
§%|V‘P,m’|g + N|V2¢,xw|% + VlAQD,m@ = - /[m}ﬂf],m -V zedr
Q
— Qg / Vn,xx : V%:xdi’f - /[((I + 77)” ' V/U],CCI : V‘P,mdiﬂ
Q Q

+ / ((0o(@) — pola + 1) V] zo - Vo ot + / (@t 1) flae - Vipusd.

The first term on the r.h.s. of (5.27) is bounded by

€|V aaalz +c/ellnlzllveli,

the second by
eV p.uaals + c/e|Vals.

We write the third term in the form

a/(v V) 4 - Vo gaadr + /(771} -V) 4 - Ve guedr = 1) + I,
Q Q

where
11| < eIV arals + c/e(|val3lvalf + 02|00z l3)

and
L] < elV@anals + c/e(nalilvilvals + 0203003

+ ’n‘go’U’Zow,mg)

The fourth term is estimated by

eV aaals + c/ellnlls.

Finally, the last term is bounded by

€lVQ aaalz + /el foalz + Inalgl 15 + [115] fal2)-
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Utilizing the estimates in (5.27) yields
(5.28)
d 1 v
E|V90,xcc|g + E|V290,m|g + ElAQDxxl% < [||77||§||U,t||f
+nllz + iz + allolclvals + 1+ ME) (valslvels + [ol%]vl3)
+[1f113)-

Differentiating (3.2) twice with respect to z, multiplying by rot ,, and
integrating over () implies

R

1d L
§£|rot @Dm@ + E|th zpm@ = — /[771)7,5]7“ - 10t Yy d
(5.29) @
— /[(a +n)v - V] 4y - TOL Y pdx + /[(a + 1) f] 2z - TOV Y ppda
Q Q

The first term on the r.h.s. is bounded by
1ot Y aaalz + c/ellnllzlvel]
We express the second term on the r.h.s. of (5.29) in the form

a /(v - V) 4 - 10t Y yppdr + /(nv V) 4 - 10t Y gpdax = Jy + o,
Q Q

where

|J1| < elrot w,mg + 0/5(|U,z|§|v,w’§ + \U|<2>o!v,m!§)>
| S| < €[rot ¥ arals + c/e(Inellolilvls + 102 v 3lv .0l

+ |77|ZO|U go|v,m|§>
Finally, the last term on the r.h.s. of (5.29) is estimated by
elrot ¥ uuals + ¢/e( frals + Inalglf15 + Inl%] fol3).

Utilizing the estimates in (5.29) and choosing that ¢ is sufficiently small we
have

d [
(5.30) —rot 1/1,m|§+5|Vr0t Vaaly < clllnllllv T+ loll2(1+1nl3) + AT

Multiply (5.30) by 1/v and add to (5.28). Then we obtain (5.26). This
concludes the proof. O
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Theorem 5.6. Let ¢, ¢, n be solutions to problem (3.1)-(3.3). Let the
assumptions of Corollary 4.2 hold. Assume that there exists such time T
that

T

(5.31) —%T+c/|lv(t)]|§dt <0,
0

Assume that there exists such relation between T, fOT lv(®)||3dt, n(t), f(t),
IV@(0) 2,1 + = [rot ¢(0) |21 that

T T
C
e (e [ 1ol ) < [, + 11
0 0

(5.32) !
+exp<——T+c/| |]2)X2 (0) < X2(0),

where X?(t) = v|V(t)[3, + [rot ¥ (t)[3, + |n(t)||3. Then for any k € Ny we
have

(5.33) X2(kT) < X*(0).

at

Moreover, assuming that [n(0)l21 < cofv, [fo(IF < fie™", co, fo, o
constants there exists a global solution (p,1,n) to problem (3.1)-(5.3) such
that in any time interval [kT, (k+1)T] it is a solution described by Corollary

4.2,
Proof. Adding (5.20) and (5.26) we have

1
QV¢|fHV¢mb ot + oot v

14
|V290,xt|g + |v2¢7xz‘|g) + _(|A90,xt|g + |A90,x:c|g)
L
—(|

@I"&:

Vl"Ot@/thb + |Vr0thx| )

< CV(IlntHlIV@,mIg +Inll31Veal3)
C
+ e[t AVl + —[Inlsy + lmlilAvls + [nlslledly

+ (L4 [l ol vy + lloll2) + 115+ 1fl3)-

(5.34)
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In view of Corollary 4.2 we obtain from (5.34) the inequality

d 1 1
2 (1900l + 9l S0t vl + ot )

1 v
+ E(‘VQSD,H’% + |V290,wz‘g) + E(’Aw,mt’g + ‘A‘P,mg)
5.35
(5.35) - I%(]Vrot Vel + |Vt 1 40|3)

c
< [l + Il R1AVE + Inli3loallt + 1+ I3 (ol e
+vllz) + 11T+ 1fel2)-

From (5.19), (5.35) and Corollary 4.2 we have

1 7 v 1
Vol? = |rot 1|2 ZIivoel? ~|Vl? —|rot 1|?
Vela, + V]ro ¢’2,1> + a’ ©l31 + a‘ ¢l3q + CW|1“0 Y3,

Sl

(5.36) \
< Sl + llollz + ollslods + 5]

Introduce the quantity
(5.37) Xl2 = V|V90‘3,1 + [rot ?/1‘31

We also need a similar differential inequality for n. From (3.1) and (3.2) we
have

Ve +aoVn = =V (v-Vn) —aVAp —V(nAp) — (a+n)v

(5.38) + pAv +vVAp — (a+n)v- Vo + (p,(a) — p,(a+n))Vn
+(a+n)f.
Multiplying (5.38) by V7 and integrating over (2 yields
(5.39)
1

d
355Vl + al Vil = = [ V(v V) Vs
Q

+e[Vls + ¢/elIVAQL; + [Vl + [uilslnls + 1AVel; + 12 VA[;
+ gAY + [lsIVolslnls + [fol3 + [F2nl%] + el [Vl

In view of Corollary 4.2 || is bounded and small. Then (5.39) takes the
form

d
IV + aolVnft <~ [ V(- V) Vndo -+ VA + Vo
Q

(5.40)
+ 2V ARl + [ fla] + cllulz + [ofgIVols + L f131Inl3

+c\v[§X12.
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Consider the first term on the r.h.s. of (5.40). Performing differentiation it
takes the form

]:—/v-VVnVndm—/Vv-VnVndszl—l—I2,
Q Q

where

1 1
I = —5 /v V| Vn|Pde = B /A<p|V77]2d1:.
Q Q

Hence
11| < elVnl5 + ¢/e|Apl2,|Vnl3.

Similarly, we have
|I2| < el Vnl3 + /e[ Vol% [ Vnl.

Employing the estimates in (5.40) and using that |v|s < ¢ in view of the
energy estimate (see Lemma 2.1)we have
(5.41)

d
2 IVnls + a0 Vnly < | Vols + 1Al + [z + [vlg Vol
+ RIS + el VAL + Vel + v VAQL + [ fyl2] + clvfeXT.

Differentiate (5.38) with respect to x, multiply by V7, and integrate over
Q). Then we have

1d
5@!%%\3 + ao|Vn, |5 = —/(V(U V1)) - Vpda
Q
+c[[VA@L 5+ [[Veelld + vellilnllz + v VAe .l
(5-42) Ll + ) Vol + / [(po(@) = pola+m)Vn) . - Vigpde
Q
4 / (a+ 1) fla - Viade.

Q

Carrying out differentiations in the first term on the r.h.s. of (5.42) yields

I, = —/(v -VVn, +Vv-Vn, + v, - VVn+ Vo, - Vn) - Vn,dzx.
Q
Hence
11| < elVnal3 + ¢/e[|Vol2 [ Vnal3 + [va 21V ?015 + [ Voo 3 Vil
+ [AQ2 IVel3] < el Vi3 + ¢/e(IVulZ, + [Vl + [AgZ)II V3.
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Consider the fifth term under the square bracket on the r.h.s. of (5.42).
Then we obtain

]3:/[(a+77)v Vo)? dx<a/(v Vo)? dx+/(nv-vv)?xdx

Q Q Q

<a/|Vv|4dx+a/|v| |va|2d$—|—/|17x| [v|?|Vv|*dx

/ n2IVol*de + / In2lof2I Vo, dw_zfgz

Continuing, we have

I3 < | VO[g|Vols < cl|vll; < cllvll3XT

Iy < clulo| Vual3 < elulLllvll3 < elolZ X7

I3 < clna[g|vls | Volz < [Vl oS lvll3,

Iy + Is < In|2(lvllz + [v5l10]13) < ellvlizlinl3

Hence
I3 < c||v]l3X7 + cllvllslnll3-

The last but one term on the r.h.s. of (5.42) is bounded by
L [l +c [ 1Vl (9nlds
Q Q
< el Vnals + /2l Vel + e[ Vil
Finally, the last term on the r.h.s. of (5.42) is estimated by

Is < | Vnalz + ¢/e(|foal2 + Inal2l F13 + 151 £l3).

Employing the above estimates in (5.42) and assuming that ¢ is sufficiently
small implies

dt\V%!z + a0 Vial3 < el| VoIS, + [Vuals + [Als + urllf + [lvllz

543
GA3) L F121InIE + eIVl + |AV, 2 + AV + | fyal?)
+ c|Joll2X?,

where the terms |n|% |Vn.|3 4 |Vn|; are absorbed by the second term on the
Lh.s. in view of Corollary 4.2.
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From (5.41) and (5.43) we obtain (where we used that [, ndxz = 0)

75||77||2 +aollnll3 < el VoIS + [vals + 1201 + vl + [lvll2

AR + eIV + 1Veali + VI Veali + 1f]7)
+ clfv]l3X7

(5.44) a

Using definition of X (see (5.37)) we write (5.36) in the form

d 7
(545) X7+ S XT 2 Vels, < cloll3XT + ellnls + [ f130)-

Introduce the notation
2 _ y2 2 o H
X5 = X7+ |nll5; a.=min {%7 E}
Then (5.44) and (5.45) imply the inequality after appropriate summing

d
(5.46) X5+ a Xy + Vel < e(vls, + 1A + ol + 1£1D)X3
+c(|nlz.s + 1fll7)-

Let
G2(t) = ()51 + [Ap®) 3% + lv@)lz + 1 F DI,

K*(t) = nly + 1@

Then (5.46) takes the following form because the integral |[V|s ; is absorbed
by the last term on the Lh.s. of (5.46)

d
(5.47) %)ﬂ +a, X3 < cG*X3 + K2

Integrating (5.47) from 0 to ¢ we have

t
X3(t) < exp {c / G2(t dt’} szt’
(5.48)
+exp{—a*t+c/G2 dt}X2 0).

0

Setting ¢ = T" and assuming that

(5.49) —%Tjtc/GQ(t)dt <0
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we obtain from (5.48) the inequality

(5.50)  X3(T) < exp {c /T Gz(t)dt] /T K2dt + exp (— a*f)xg(()).

Consider (5.50). In view of Corollary 4.2 we have that
(5.51)

v ax
XHT) < explad + 3+ 9) (3 + TIO), + e / A0 ar)

+ exp ( - %T) X2(0).
Assuming that
c
(5.52) 7(0)]21 < ;0 T<v, |lf®I7<fee™, t<T

we obtain
T

e / 7, (0) e e < 73 / e < effe .

Therefore, for v sufficiently large we obtain from (5.51) that
(5.53) X3(T) < c/v

Since X3(T') > |v(T)|3,+|n(T)[3, we can consider problem (3.1)—(3.3) with

small initial data at ¢t = T. Let X = X,.

Hence, in view of [BSZ, Z1, Z2, VZ] we have existence of global regular

solutions to (3.1)—(3.3) with small initial data at t = T" described by (5.53).
O

The existence of solutions to problem (3.1)—(3.3) in the time interval [T, 00)
can be made by the step by step in time approach presented in [Z3].
Therefore, we have

Theorem 5.7. Let the assumptions of Lemma 4.1 hold. Let T be so large
and estimate in Lemma 4.1 so appropriate that (5.49) hold. Assume re-
strictions (5.52). Assume that v is sufficiently large. Then there exists a
global solution to problem (3.1)-(3.3) such that

N € Loo(Ty, To; THSY),  Vip,rot ¢ € Loo(Th, To; TH()) N Ly(Th, To; T(2)),

where for (Ty,Ty) C (0,T), the solution is described by Lemma 4.1 and for
T, > T, we have that there exists Ty > 0 that (T1,T) = (T + kTo, T + (k +
1)To) for any k € No.
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Remark 5.3. In view of Lemma 4.1 the constant A (see (4.1)) may depend
on time with a growth less than 7. Then (5.49) may always hold.

References

[BSZ] Burczak, J.; Shibata, Y.; Zajaczkowski, W.M.: Local and global
solutions near equilibria via the energy method.

[MN1] Matsumura, A.; Nishida, T.: The initial value problem for equations
of motion of viscous and heat-conductive gases, J. Math. Kyoto Univ.
20 (1980), 67-104.

[MN2] Matsumura, A.; Nishida, T.: The initial boundary value problem for
the equations of motion of compressible viscous and heat-conductive
fluids, Proc. Japan Acad. Ser. A55 (1979), 337-342.

[MN3] Matsumura, A.; Nishida, T.: Initial boundary value problems for
the equations of motion of compressible viscous and heat-conductive
fluids, Commun. Math. Phys. 89 (1983), 445-464.

[V] Valli, A.: Periodic and stationary solutions for compressible Navier-
Stokes equations via stability method, Ann. Sc. Norm. Super. Pisa
(IV) 10 (1983), 607-647.

[VZ] Valli, A.; Zajaczkowski, W.M.: Navier-Stokes equations for compress-
ible fluids: global existence and qualitative properties of the solutions
in the general case, Commun. Math. Phys. 103 (1986), 259-296.

[Z1] Zajaczkowski, W.M.: On nonstationary motion of a compressible
barotropic viscous fluid bounded by a free surface, Dissertationes Math.
324 (1993).

[Z2] Zajaczkowski, W.M.: On nonstationary motion of a compressible
barotropic viscous capillary fluid bounded by a free surface, STAM J.
Math. Anal. 25 (1994), 1-84.

[Za] Zadrzynska, E.: Free boundary problems for nonstationary Navier-
Stokes equations, Dissertationes Math. 424 (2004), pp. 135.

[LSU] Ladyzhenskaya, O.A.; Solonnikov, V.A.; Uraltseva, N.N.: Linear and
quasilinear equations of parabolic type, Nauka, Moscow 1967 (in Rus-
sian).

110 77123 C”7 — 3-2-2020



[Z3] Zajaczkowski, W.M.: Some stability problem to the Navier-Stokes
equations in the periodic case, JMAA.

[BIN] Besov, O.V.; II'in, V.P.; Nikolskij, S.M.: Integral representation of
functions and imbedding theorems, Moscow 1975 (in Russian).

[T] Tao, T.: Nonlinear dispersive equations: local and global analysis.

1 1 ]_ 77123 C”7 — 3-2-2020



