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Abstract

We find a global a priori estimate for solutions to the Navier-
Stokes equations with periodic boundary conditions guaranteeing in
view of the Serrin type condition the existence of global regular so-
lutions. We derive the following estimate

VOl < (1)

where V' is the velocity of the fluid.

The estimate (1) is proved in two steps. First we derive a global
estimate guaranteeing the existence of global regular solutions to
weakly compressible Navier-Stokes equations with large second vis-
cosity, density close to a constant and gradient part of velocity small.
Next we show that solutions to the Navier-Stokes equations remain
close to solutions to the weakly compressible Navier-Stokes equations
if the corresponding initial data and external forces are sufficiently
close.
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1 Introduction

We are going to prove existence of global regular periodic solutions to the
Navier-Stokes equations in a box ) C R3

aVi +V-VV) —pAV + VP =aF in Q xRy,
(1.1) divV =0 in Q xRy,
Vo = Vo in

where V' = (Vi (z,t), Va(z, t), Vs(z,t)) € R? is the velocity of the fluid, z =
(21, z9,x3) are the Cartesian coordinates, P = P(xz,t) € R is the pressure,
w > 01is the viscosity coefficient, F' = F(xz,t) = (Fi(z,t), Fao(x,t), F3(x,t)) €
R? is the external force and a is positive constant.

Since the existence of global regular solutions to weakly compressible
(second viscosity coefficient large, density close to a constant and divergence
of velocity small) Navier-Stokes equations is known (see [Z1]) we are looking
for solutions to (1.1) as for stability of these regular solutions. Therefore,
the weakly compressible barotropic motions are described by the following
problem

ovg + ov - Vv — pAv —vVdivo +Vp=pof in QXRy,
(1.2) or + div (ov) =0 in xRy,
V]t=0 = vo, 0li=0 = 0o in Q,
where ¢ = o(z,t) € Ry is the density of the fluid, v = (vi(x,t), va(x, 1),

v3(x,t)) € R® is velocity, p = Ap*, » > 1, A- constant, is the pressure.
By weakly compressible motions we mean such motions that

(1.3) 0=a+1,

where a is the constant from (1.1) and 7 is small. Moreover, v is large and
divv(0) is as small as we want. Then problem (1.2) takes the form
(a+n) (v +v-Vv) — pAv —vVdive 4+ agVny

= (po(a) — pola+n))Vn+ (a+n)f,
M +v-Vn+adive + ndive =0,

U|t:0 = o, 77|t:0 = To,

(1.4)

d

where p, = 3, ag = po(a).

To show stability of incompressible motions in the set of weakly compressible
barotropic motions we introduce the quantities

(1.5) u=v—-V, q=p—P, g=f-F
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Then the quantities u, ¢, g satisfy

aug +n(vy +v-Vo)+alv-Vu+u-VV) - pAu —vVdive + Vg
(1.6)  =ag+nf,

U\t:o = vy — Vo = uy,
where we used that v-Vuo—V-VV =v-Vu+u-VV =v-Vu+u-V(v—u).
Moreover, 7 is a solution to the problem

e +v-Vn+adive + ndive =0

(1.7)

Nlt=0 = No-
We introduce potentials ¢ and v such that
(1.8) v=roty + Vo + G,
where

Gzﬁ[—/nvdx+/(a+7])fdxdt’+/(a—i—no)vodx}.

Q QO Q
Then problems (1.6) and (1.7) take the form

auy + n(rot vy + Vor + Gy + (rot ) + Vo + G) - V(rot ¢ + Vo))
+a((roty + Ve +G) - Vu+u-VV) — uAu—vVAp + Vg

1.9
(19) =ag+n/f,
u|i—0 = Vo + rot 1y — Vg,
and
+v-Vn+alAp +nAe =0
(1.10) Ne T U VT alp +— NAag

77|t:0 = To-

The aim of this paper is deriving such estimate for solutions to the Navier-
Stokes equations (1.1) that regularity of weak solutions can be proved. We
are not able to do it for solutions to (1.1) directly.
However we proved in [Z1] the existence of global regular solutions to weakly
compressible Navier-Stokes system (1.4). Having the result from [Z1] we
construct system (1.6) for differences (1.5) with coefficients dependent on
regular global solutions to (1.4). Therefore solutions to (1.1) are approx-
imated by solutions to (1.4). Hence we have the system with small data
so global estimates for regular solutions are easily derived. We restrict our
considerations to derive the estimate for ||ul|;_ (e, n1(@)). Having the same
estimate for v we obtain in (3.23) that ||V||._ (&, .m1 () is bounded by data.
To formulate the main result we first recall the theorem on existence of
global regular solutions to problem (1.4) from [Z1].
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Theorem A. Let v > 0, T > 0 be given. Let f, be the gradient part
of f. Let v = Vo +rote, 0 = a+ n, a-positive constant be a solution

to (1.4). Let n(0), V(0), ot ¥(0) € T3(Q), Nl < a/2, [Ve(0)lrzi0) <
c/Vv, rot¥(0)|lr2) < ¢ IMO0)llrzy < ¢/v, f € La(0,T3TH(R)),
|fg’L2(O,T;L6/5(Q)) < c/v, f € L¢(0,T; L3(Q)) N L1(0,T; Loo(R2)). Assume
that there exist positive constants . and ¢y such that c1/v* < . < ¢(0),
where » € (1/2,1). Then for v sufficiently large and T < v there exists a
reqular solution to problem (1.4) such that

VIV, 1ot € Loo(0,T5T1(Q)) N Lo (0, T TT(Q)),
vV € Ly(0,T;T3(Q)), vn € Loo(0,T;T3(Q)).

Hence v € M(Q), t < T and the estimate holds

[v]lnery < @([[vn(0), VrVe(0), rot (0) 120y, Y[ fol La0.75Lg 5 (2))

(1.11)
HfHLg(O,T;F}(Q))a HfHL6(0,T;L3(Q))mL1(o,T;LOO(Q))) =D(0), t<T,

where ¢ is an increasing positive function.

Assuming the decay || f(t)|1 < foe™®, fo = const, o > 0, and that D(KT)
is finite, where interval (0,T) is replaced by (KT, (k + 1)T), k € Ny and
assuming that T' is such that

T

—%T + C/(|v(t)|§,1 +1Ap(®)]% + @l + 1L BI)dt < 0,
0

where a, = min{ag, u/a}, ag = p,(a), we obtain that

v]|ov@x wr, (k1)) < D(ET).

Assumption A. Let (v,n) be a solution to problem (1.4) described by The-
orem A. Let v be described by potential ¢ and ¢ by (1.8). Let T > 0 be
given and

By (t) = lv®)z + IVe®)l3

and
(k+1)T 2T
D
/ Bg(t)altgc(D?(kT)Jr 52 >+A§Ag), k € Ny,
kT

where D(kT') is defined in Theorem A and A; is defined in Lemma 2.1 in
[21],

Ay = | flis/7,6,0x (kT,(k+1)T) + ’Q0|%6\Uo|6-
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Theorem B. Let Assumption 1 hold. Let (u,n) satisfy problem (1.9),
(1.10). Assume that

|z (0)]5 < v € (0,7],
where 7, 1s so small that

(k+1)T

cow (20 [ B0 )32 < g2

kT

where T is the time of local solutions for any finite interval (KT, (k + 1)T].
Assume that

lg- ()1} < 75 exp(—at),
where g is defined in (1.5) and g, is the rotational part of g, Yo, @ are some
constants.
Then for sufficiently small v, vo and sufficiently large T we have

(k+1)T
llu(t)|]? < vexp lZc / Bg(t)dt], keNy, telkT, (k+1)T).

kT

Then for solutions to problem (1.1) we have

t
VIR < vexn |2 [ B)ar | + D206,
kT

fort e [kT, (k+ 1)T], where T is defined in Theorem A.
Remark C. We hope that the paper meets one of the statements from [F].

There is a huge literature concerning the regularity problem of weak solu-
tions to the Navier-Stokes equations. Therefore we are not able to present
all papers devoted to this problem. Moreover, we are not able to close the
list of mathematicians trying to solve it. Hence, we concdentrate the pre-
sentation on some directions and recall mathematicians working in these
areas.

1. Formulation of sufficient conditions guaranteeing regularity of weak
solutions.
The first who formulated such conditions was J. Serrin [S]. This ap-
proach was continued by D. Chae, H.J. Choe, H. Kozono, H. Sohr,
J. Neustupa, P. Penel and the references of their papers are cited in
(73, Z4]. We have to recall results of G. Seregin, V. Sveréak, T. Shilkin,
A. Mikhaylov (see [S1, S2, S3, S4, SSS, SS1, ESS, MS]).
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2. Local regularity theory.
The direction of examining regularity of weak solutions of the Navier-
Stokes equations was initiated in the celebrated paper of L. Caffarelli,
R. Kohn, L. Nirenberg (see [CKN]). The famous mathematicians
working in this directions are G. Seregin [S1, S2, S3, S4], V. Sverdk
[SS1].

3. Rotating Navier-Stokes equations.
The existence of global regular solutions to the rotating Navier-Stokes
equations was strongly examined by A. Babin, A. Mahalov, B. Nico-
laenko (see [BMN1, BMN2, BMN3, MN]).

4. Global regular solutions to the Navier-Stokes equations with some
special properties. We have to distinguish the following directions

a. Thin domains (see [RS1, RS2, RS3]).
b. Small variations of vorticity (see [CF]).

¢. Motions in cylindrical domains with data close to data of 2d
solutions (see [Z5, 76, Z7, 78, NZ]).

d. Motions in axisymmetric domains with data close to data of ax-
isymmetric solutions (see [Z3, Z4]).

2 Notation and auxiliary results

We introduce the following simplified notation:

||u||Lp(Q) = |u|p7 pE [1700]7 ||U| Hs(Q) — ||UHS, ENS R+'

Moreover, we introduce

l ' ¢ 1/r
o= Wil Tuleaser = ([ @liar)
1=0 0

: 1/q
hase = ([ TOR) " Tl wsnee = ol
0
Let v be defined in the form (1.8). We say that v € m(Q7T) if

1 1/2
[0]lan(ar) = esssup (!W(t)lil + —[rot W)\%,l)
t<T v

A 1 1/2
+ (/ (V|V(p(t)|§’1 + ;\rot z/1(t)|§’1>dt) < 0.
0
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Next we say that v € m(Q7) if

[vllmor) = esssup(vF(2) 8 + Irot (1) )"
T

1/2
; ( [wveto+ |row<t>|§,1>dt) < co.

0

If [|[v||lonory < Do then [|v]|lg@ry < (1 4+ v/v)Do
Let
IF(Q) = {u: |ulp; <00}, 1<k, I kEN,.

To apply the Poincaré inequality we need

Remark 2.1. (see [Z1, Lemma 2.1]) Let (p,v) be a solution to problem
(1.2). Assume that p = p(0) = Ao™, » > 1, 09 € L1(Q), f € Lo1(),
Jo (3oovd + -2 05)dx < co. Then

1 A
[ (5ot + 2250 o+ Vol + vidiv ol
2 x—1 ’ ’
Q

(2.1 3 1 A _
< 2|QO|1|f|§o,1,Qt + 5/ (50008 + :Qf;) de = A2
Q

From (2.1) and for |n| < a/2 we obtain
(2.2) [0]5 + V]Ag]5 o < c(a) A7

Our aim is to find an estimate for fQ udzx.

Multiply (1.2) by v, add to (1.2); and integrate over 2. Using the periodic
boundary conditions we have

d
(2.3) p ovdx = /gfdx.

Q Q

Consider problem (1.1). Using the periodic boundary conditions we obtain

(2.4) jt Vdx = /Fdx
Equations (2.3) and (2.4) imply
d
(2.5) pr /(QU —aV)d / of —aF)d
Q Q
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Hence, it follows

d
(2.6) — [ (au+ nv)d ag+nf)d
i | (e mvie = [

Integrating (2.6) with respect to time yields

1 1
/uda: = —a/nvdrzﬁ— 5/(ag—|—77f)dxdt’

(2.7) “ . o

1
+/u0dx—|— —/novodx.
a

Q Q

Hence

1
< E(|TI|2|U’2 + 12,000t | fl2,1,00 + |70[2]v0]2)

’/uodx
+ ‘ /Uodﬂf
Q

| / ude
(2.8) ‘ / gdzdt!| +

+ ’ / gdzdt’
Qt

From Lemma 2.1 [Z1],

C _
< o (I7l2,00,0¢ + [10l2) Ax

t
(2.9 o+ [ (ol + vidiv of)at’ < a2

kT

where t € [kT, (k+ 1)T], k € N.

3 Estimates

First we obtain the energy estimate for solutions to problems (1.9), (1.10).

Lemma 3.1. Assume that Vo € H'(Q), v € Lg(Q), n € H'(Q), v; €
Ly(Q), g € La(Q), f € L3(2) and divg, = 0. Assume that Ay is the
bound of the energy inequality for solutions to problem (1.2), n € L(QY),
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Ap € Ly(Q), vy € La(), g € La(Q) and | [, uodz| < co. Then
(3.1)

d

Zluls + plully < clul5(IVeIT + vlg) + IVl + Vel
+IVelly) + cllvlsIVell + vlslnll
+ols(mIRIVelly + Il + IVely) + cludslnls

T el 2+ eI + c[<|n|§ T i) A2 + \ [ gzt
Qf,

2 2
Q
Proof. Let u« = u — V. Then divu = 0. Multiply (1.6) by u and integrate
over ). Then we have
a/ut-ud:ﬂ+/n(vt+v-Vu)-udm+a/v-Vu-uda7
(3.2) Q Q Q
+a/u-VV-udx—u/Au~udx:a/g-udx+/nf-ud:c.

Q Q Q Q

Now, we examine the particular terms in (3.2). The first term on the Lh.s.

of (3.2) equals
1d
5%/|ul2dm—/ut~Vgpda:,
Q

Q

where integration by parts in the second term implies

— /ut -Vpdr = /Agotgodx = —/Vgot - Vipdzx.
Q Q

Q

The third term on the Lh.s. of (3.2) takes the form

/v-Vu-udx—/v-Vu-VgodxE]1+Ig,
Q Q

/U'VUQCZ[E:—
Q

11| < elulg + c/elul5| Apl.

where

I, = /Agpuzdx.

Q

DN | —
DN | —
DN | —

/div vuldr = —
Q

Hence
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Next,

12=—/v-v(u-vso)dx+/v-VVso-udxEle+1227
Q

Q
where
Iy = /Agpu - Vipdx
Q
and
|Ta1| < elulg + c/e|Vls| Apl;.
Finally,

| L] < elulg + c/e[V*l3]v]s.
Consider the fourth term on the Lh.s. of (3.2). It takes the form

/u-V(v—u)-ﬂdmz/u~Vv-ﬂdw—/u-Vu-adx

Q Q Q

:/u-Vv(u—Vw)dx—/u'Vu-(u—Vw)dx

Q Q

:/u-VU-udx—/u-Vv-Vgpdx—/u-Vu-udx

Q Q Q

Q

Integration by parts in J; yields

J1:/u-V(v-u)dw—/u-VuvdeJ11+J12,

Q Q
where
Ji = —/Agov - udx
Q
and
| T] < elulg + /el Apl3lvf3.
Next,

|Jia| < el Vul3 + c/eluls|vlg.
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Integration by parts in J; implies

J2:/u-V(v-ch)dx—/u-VVgo-vdx

Q Q
E—/A¢U~Vg0dx—/u~VVg0~vdx
Q Q
= Jo1 + Joz,
where
[ Ta1] < el Apls + c/elvf5| Vils
and

| Joa] < elulg + ¢/2[Vl3]v]5.

Next, we consider J3

1 1
Jy = —— /u - Vulde = 3 /Acqudx.

Q Q

\)

Hence
| Js| < elulg + c/elul3|Apl3.

Finally,
| Jal < el Vuly + c/elul3| Vel

The last term on the Lh.s. of (3.2) equals

plVuls — p / Vu - Vodr,
Q

where the second integral is bounded by
e|Vulz + ¢/e|Vigl5.

Consider the first term on the r.h.s. of (3.2).
Introducing potentials ¢, ¢, such that g, = rot 1, g, = Vi, we have

g:f_F:fr+fg_F:fr_F+fgEgr+gg-
Then

/g-ﬁdx:/gr-ﬂd:r;:/gr~udx—/gr-V<pdeKl+K2,
Q

Q Q Q
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where ) )
|Ki| < efuls + 0/5’9T|6/57

Kol < lgilz + [Vl
The second integral on the r.h.s. of (3.2) takes the form

/nf~(u—ch)dx:/nf~udx—/nf~Vg0deK3+K4,

Q Q Q

where ) -
| K| < elulg + c/elnla] f13,

[ Ka| < |flsInl6|Velo-

Finally, we examine the second term on the Lh.s. of (3.2)

/77(% +v-Vv)- (u— Vy)dz

Q

:/n(vt+v~Vv)-udx—/n(vt—i—v-Vv)-Vgodx

Q Q
:/nvt-udx+/nv-Vv-udm—/nvt-Vgodx—/nv-VU-Vgodx
Q Q Q Q

=Ly + Lo+ Lg+ Ly.
Continuing, we have
|L1| < elulg + c/elul3Inf3.
To estimate L, we integrate by parts to get

ng/v-VU-undx
Q

:/v-V(v-un)dm—/v-Vu-vnda:—/v-Vm)-udx

Q Q Q
= Loy + Los + Los.

Integrating by parts in Loy gives

Loy = —/Acpv ~undz.
Q
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Hence ) o1 1o )
| Loy | < elulg + c/elvlgnls|Aels,

| Loa| < e[Vuls + c/evfgln,
| Las| < elul§ + c/elvls|Vnls.
Next
|Ls| < [odl31nl3 + Vel 7.
Integrating by parts in L, yields

L4:—/U-Vv-Vg077da::—/U~V(U~V<p7])d:c

Q Q
—l—/v-VVgo-vndx—i—/v-VmJ-Vgodx
Q Q

= L4y + Las + Luys,

where
Ly = /div vv - Vondr = /Agpv - Vndz.
Q Q
Therefore,
La| < D¢l +[VelgInllofs.
Similarly,

| Laa| < [a(IV2l3 + [nl6),  [Las] < [[a(IVnl3 + [Velg).

Summarizing the above estimates and assuming that ¢ is sufficiently small
implies the inequality

Gl + 170 < eluld + o 2+ 1) BVl + o)
be(2+1) (Ve + IVl + 170l
| IoBIVIR -+ o1l + BTVl + il + 17l
e clo i+l + lnlf |

Applying the Poincaré inequality and using that e is sufficiently small the
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above inequality implies

(3.3)
d
alﬂl% + pllull < clul3(1V@llT + 10I3) + (Vs + IVell:

+IVellD) + | [IVellt + [vfslnli + Il Vellt
2]
Using (2.8) in (3.3) implies (3.1) and concludes the proof. O

Lemma 3.2. Assume that v € T3(Q), Vo € T3(Q), n € H*(Q), g, €
HY(Q), | € H'(Q).

Then

(3.4)

d
—luels + pllVullt < cluafs + ellulli(lolls + [Vel) + [vslinlz

RV + 1)+ (ol + o+ 17 + | [ e
Q

+clols(IVeellz + Inllz + IVel3linlz + Inllzlvlls + cllvlizI Vel + Inl3)
Hllvelllnll + eIVl + IV ell + llgr |13
+ AR InI).

Proof. Differentiate (1.6) with respect to x, multiply the result by @, and
integrate over 2. Then we have

a/uwt Ugdr + /[n(vt +v- V)], tdr +a /[v -Vu)| ;- uyde
Q Q Q

s bl Vel nde— [ S
Q Q

= a/gm CUpdr + /(nf),xamd:c.

Q Q

Next, we examine the particular terms in (3.5). In these considerations we
omit a. The first term on the Lh.s. of (3.5) equals

/uxt U dT — /Um Vzdr =1 + I,
Q Q

where [; = £ 4]u,|3 and we integrate by parts in I to derive

I, = /A(pxtgoxdx = — / Ve - Vgde.
Q Q
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Hence,

The second term on the L.h.s. of (3.5) equals

/m(vt—l—v . VU)-E$dI+/n(vzt+v$~VU+v -Vug) - tzdx

Q Q
= /vat cUgdr — /vat -V,dx
Q Q
+ /nxv -V - u,dr — /nxv -Vov - Vy,.dx
Q Q
+ /nvmt cUydr — /nvxt -V, dz
Q Q
+ /77%: - Vv - uzdr — /77% - Vv -V, dz
Q Q
10
+/nv-sz-uxdx—/nv-sz-VgoxdeZJi.
Q Q =1
Now, we estimate the terms J;, ¢ = 1,...,10. First we have

1] < eluals + c/elnal3lvi3,
[ 2] < [nalolvels| Vepala < [url3llmll + [Veolli-

To examine J3 we integrate by parts. Then we obtain

J3:/U-Vv-uxnxdx:/U-V(v-uxnx)dx—/v-Vux-Unxdx

Q Q Q

- /v - Vv - ugde = J3p + J3o + Jss.
Integration by parts in J3; implies

Ja3p = —/Agpv U dx.
Q
Hence
| Ja1| < eluals + c/eln.lglApl3lvf3:

Next,
| Ja2| < €| Vuals + ¢/elvlg|nls,

| s3] < eluslg + c/elvls| Va3
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To examine J, we integrate by parts. Then we have

J4 = — /U -Vu- V@xnxdﬂU = _/U : V(” ’ Vgoxnx)dx

Q Q
+ /U -VV, - vn,dx + /v - V.V, - vdx
Q Q

= Jn + Jag + Juz.

Integrating by parts in J;; implies

Jyn = / Apv - Vgngdr.

Q
Therefore,
[T < 1Al5 + [vfglnals] V5.
Continuing
[ Jaz| < 51V 0alalnals) < IV @mal3 + [10ll3)
and

| Jas| < 0lg]Vnalal Veeals < Jofs(Inllz + [ Vell2)-
Estimating J5 yields
| T3] < elualg + c/elnl3|valz-
Next
ol < [nlZlvals + [Veuls < ludiflinlls + Vel

Integration by parts in J; implies

J7:/vx-V(v-uxn)d:U—/vx-Vux-vnd:v—/vz-Vnux-vd:U

) ) )
= Jn + Jro + Jrs,

where
Jrn = — /le Vg uxndgj = — / ASOmU . uxr]d:c
Q Q

Hence
| J71| < eluali + c/elAgf3lv]E]nlE
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and 2 21200012
| J72| < e|Vugly + c/elvelgnlslvls,

| 23| < eluslg + /e[ Vnlglual3 vl

Continuing, we integrate by parts in Jg to derive

Jg = — /vx -V(v-Vpn)de + /vm - VVi, - vndx + /vz -VnV, - vdx

Q Q Q
= Jg1 + Js2 + Jgs.

Integration by parts in Jg; yields

Jg1 = /Acva - Vndzx,
Q
SO

[ Ts1] < [Apas + 0[5 Vulglnlg:
Estimations of other terms in Jg implies

[ Tsa| < IV20ul3 + [vaf3lnlZ v,

[ Tss| < [Veouls + lval3| Vnlglofs.

Finally,
[Jo| < eluals + c/e|Vuals|vlglnlg,

10| < [Vealg + el Va3 |vlE ]G
The third term on the Lh.s. of (3.5) takes the form

/vx-Vu-uxdm+/v~Vux-uxdx—/vx-Vu-Vgoxdx

Q Q Q

—/U-Vux~VgozdeK1+K2+K3+K4.
Q

Integrating by parts with respect to x in K yields

K1+K2:—/U~Vu~umdx.
Q

Then
|K1 + K| < eluga|; + c/e|Vul3|v]Z,.

Similarly,
K3+K4:/U-Vu-Vg0md:c
Q

1 7 77124B”
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SO

The fourth term on the Lh.s. of (3.5) has the form

[ Vo e = Voo~ [(u- V(o - Ve)ds

Q Q
= /(u - V), - updr — /(u - V), - Vpgdr — /(u V), - uzpde
Q Q Q
+/(u~Vu)x-VgomdeL1+L2+L3+L4.
Q

First we consider

L1:/ucc-Vv~uzdx+/u-sz-uwdxEL11+L12,
Q Q

where ) ) )
|L| < eluglg + c/eluslz| Vol

| La| < eluslg + c/e[Vusl|uls.

Next, we examine

L2——/ux-V'U-V%d:v—/u-vvx'v%dxzL21+L22’
Q Q

where ) ) )
|Lar| < elugls + c/e|Vul5|Vals,

| Loa| < eluls, + ¢/l Va2 Va3

Next, we examine L3. We express it in the form

L3:_/U.Vux.uzdl’_/ux~vu~uxdﬂjEL31+L327

Q Q
where
L3 = —% /u - Vg |*dx = %/Ag@uidm.
Q Q
Hence
| Lat| < elualg + c/el Apl3|us]
and

|Lao| < Jual? < clugaly *Jualy’ < eluge]2 + c/eluS.
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Finally, we examine

Ly= /u -Vu, - Vo,dx + /ux -Vu-V,dr = Ly + Lyo.
Q Q
Continuing, we have
|La| < el Vualz + c/e] Voo [slulg,
|Lia| < €| Vulg + c/elual3| Vipal3.
The last term on the Lh.s. of (3.5) equals

,u/ |V, |*dx + ,u/AumV@xdx,
Q Q
where the second term is treated in the way

Q Q Q
= — / |Ap,|*d.
Q
The first term on the r.h.s. of (3.5) equals

/gm(u — V) de = /gmuxdx — /nggomdx = M, + M,
Q Q Q

where ) )
| M| < elugls + c/e|gral3

Finally, the last term on the r.h.s. of (3.5) assumes the form

/(nxf +nfe) - ugdr — /(na:f +nfz) - Vipedr = Ny + Ny,
Q Q

where ) S e
|N1| < elugls + c/enalal f13 + [nl3] f2]2),

[Na| < [Vealslnll1ll £l

Employing the above estimates in (3.5) and using that ¢ is sufficiently small
we obtain the inequality

(3.6)
d
EMIS + pllually < cluals + cllullF(l0]3 + [Vell3) + vlglinll

+cllvllz(IVellz + Inll2) + el a(IVells + lInllz + Vel nll3
+ il + ellwdfnls + cVedi + 1Vellz + gl + I I1In17).
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This implies (3.4) and concludes the proof. O
Let

By(t) = Vo) + [v(t)]g.
Gi(t) =Varls + Vel + IVelly + [l (I Vel
+nllE + IlEIVelD) + [wlglnl + [vel3nls + 1913

2
I + e (n2 + mol2) A2 + \ [ atwat
Qt

2
}%—’/uodx .
Q

Remark 3.3. In view of the above notation we express (3.1) in the form

d
(3.7) —luls + plully < clul3Ba(t) + G (1)

In view of interpolation
Juls < cluzl3*ul3”

we derive from (3.7) the inequality
d, o 2 2 2 2
(3.8) Zlul + pllully < clulBf + cGi ().
Consider (3.8) in the time interval [kT, (k + 1)T], k € Ny = NU {0}. More-

over, we assume that in each time interval [kT, (k + 1)T] the first part of
Theorem B holds which is proved step by step in time.

We use that
(k+1)T (k4+1)T
| Bows sw Vool [ 1960k
2 tEkT,(k+1)T] 2

(k+1)T

C C C
+ s )2 DRt < — + A2 — + ——= + A2 ),
te[kT,l(lkI—)H)T] |U( ) 6 / |U( ) 6 = A4 v2/3 + p2a/3 + A3
kT

where we used estimate for sup,|v(t)|¢ from (2.95) in [Z1], @ > 0 and

Ay = | flis/r60t + ‘Q0|<1>46|U0|6-
Moreover
(k+1)T
c
/ G2(t)dt < = + ce
v

kT
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where we used that [7(0)[2,1 < £, |g(t)]2 < yoe™ . We express (3.8) in the
form

d
—luls + pluls + poflullt < clulzBY + G,

where 1 = g + p2, p; > 0,7 =1,2. Then we obtain

%[’U@QXP (m(t _kT) - c/tB?(t’)dt/)]

kT
t

T 2 exp (m k1) - | B%(t')dt’)
kT
t

< ¢G5 exp (ul(t —kT) — c/ B%(t')dt’).

kT

Integrating the above inequality from ¢t = kT to t € (kT, (k+1)T] we derive

u(t)]3 + o / ()T explu (' — t)]dt

kT
t t
(3.9) < cexp (c / Bf(t’)dt’) / G2()dt
kT kT

t

+ c|u(kT)|3 exp [ — pup(t — kT) + c/ B%(t')dt’} :
kT

Setting t = (k + 1)T" we obtain

(k+1)T (k+1)T

lu((k+1)T)J5 < cexp (c / Bf(t)dt) / G2 (t)dt

kT kT
(k+1)T

+ cexp (— T +c / B%(t)dt) Nu(kT)]3.
kT

Since
(k+1)T

/ B (t)dt < — + A2A2,
1%
kT
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T close to v and v large we have that there exists a constant g > 0 such
that

1
_,UlT —+ C<; + A%Ag) S _,LL()T.

Therefore, we have

1 1
lu((k 4+ 1)T)[3 < cexp (C(ﬁ + A%Ag)) <; + 7 exp(—akT))
+ exp(—poT) [u(kT)]3.
Hence, by iteration we get

cexp (c (V—12 + A%A%)) (% + exp(—ak:T))
1 — e #oT
+ exp(—pokT)|u(0) 2 = DA(R).

lu(kT)[3 <

(3.10)

Therefore for small |u(0)|2, large v and T close to v we get that
u(kT)|2 < D1 (0)

which is also small and bounded. From (3.9) and (3.10) we have

u(t)]3 < cexp (c(% + A%A%)) (% +7% eXp(—akT))
+exp(—poT)D3(0) = D3, t e [kT,(k+ 1)T).

(3.11)

Integrating (3.8) with respect to time from k7T to t € (kT, (k+1)T], k € Ny,
we obtain

(3.12)
¢ (k+1)T (k+1)T

() + / la(t)|2dt’ < eD? / B2(t)dt + ¢ / G2(t)dt + D2(0).
kT kT kT

This ends the Remark.

Next we obtain similar estimates to (3.11) and (3.12) for |Ju(t)||;. For this
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purpose we add (3.1) and (3.4). Then we obtain

d

ol + pllells < ellull? + cllulliClols + Vell)
+ clvfglnllz + clvlg(IVellz + I3 + IVelzlnllz + Inlizllv]3)
+cllvellzlnllz + elloll2(IVellz + lInll2) + eIV

(3.13) +IVels + llg: M7+ ImlEIFI7) + C[(W% + [10l2) Al

2
+ ‘ /gdxdt’ —l—‘/uodx
Ot Q

+ cG3(t).

Lemma 3.4. Assume that (v, ) is a solution to problem (1.2), (1.3). As-
sume that (v, ) is described by Theorem A. Assume that v, T are sufficiently
large, ||g(t)||1 < yoexp(—at), a > 0. Let constant A be introduced in Lemma
4.1 from [Z1]. Assume that ||u(0)||y <7y, where 7y is sufficiently small.
Then

(3.14) [u(t)]ly <~ exp A.
Proof. To obtain estimate (3.14) for ||u(t)||; we consider (3.13) in the form

2
} = clful® + B2t ]l

d
(3.15) Sl < =(u = ellul)lull} + eBsllulli + ¢G3.

Consider (3.15) in the time interval kT, (k + 1)T]. Introduce the quantities

t
X0 =exp (e [ B ) luto)
(3.16) o
K?*(t) = cexp ( — c/BS(t')dt’) G3(1).
kT
Then (3.15) takes the form

¢
(3.17) %X2 < — {u — cexp (20/33(25’)6[25’) X41 X+ K>
kT

From Lemma 4.1 form[Z1] and the considerations of Section 5 from [Z1] we
have
(k+1)T

(3.18) / B2(t)dt < cA?,

kT
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where T is proportional to some increasing function of v.
In view of Lemma 4.1 [Z1] we also have

A
(3.19) K*(t) < C(ﬁ + 736_2‘”).

Now we want to estimate X (¢) for t € [kT, (k + 1)T]. Assume that
(3.20) X2T) = [u(kT)]E < 5
Suppose that
t. = inf{t € [kT, (k+ 1)T] : X*(t) >~}
Let v € (0, 4], where 7, is so small that

(k+1)T

(3.21) [ — cexp (20 / Bg(t')dt') 72>

kT

=

In view of (3.18) condition (3.21) takes the form

(3.22) i — cexp(cA?)y: > g

Hence, for t < t, we derive from (3.17) the inequality

Do Fyr e

2
(3.23) dt 2

Assume that %, 7o are so small that
2 A 2, —2at H
K=(t) <c| - + e ngy for t e [kT, (k+ 1)T).
v

Then

2 4

so t, does not exist in [KT', (k+1)T]. Hence (3.14) holds for t € [kT, (k+1)T]
under assumption that (3.20) holds. Now we have to show (3.20) for any
ke N.

Since we showed that

d o Lo

t

HWWSW@&/%mw]tqu+mm

kT
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we obtain from (3.15) the inequality

(k+1)T

lu((k+1)T)|7 < exp [— plk+ 1T +c / B3(t')dt
kT
(k+1)T (k+1)T
+ cT'y* exp {20 / Bg(t’)dt’” : / Ga(t'):
kT kT

t t

- exp [/uf’ — C/Bg(t”)dt” — cTy*exp {20/ Bg(t”)dt"} } dt’
kT kT
(k+1)T (k+1)T

+ exp < —uT +c / B3(t')dt' + T exp {20 / Bg(t’)dt’} )
kT kT
(kT3
Simplifying, we get
(k+1)T
[u((k + 1T)|2 < explcA? + T2 exp A7 / G2(1)dt
kT
+ exp[—pT + cA* + c¢Ty* exp A?]||u(kT)]3.

(3.24)

Using that
(k+1)T

/ G3(t)dt < % + vo exp(—akT)
v
kT

and assuming that 7 is so small that T9? < ¢ we obtain from (3.24) the
inequality

Jul(k + DT < explo()] 5 + roexp(-akT)

+exp(—uT + o(A))[[u(kT)|1,

(3.25)

where ¢(A) = c(A + exp(cA?)).
Since ||u(kT)||3 < ~y then for a given A, sufficiently large T, v and sufficiently
small 79 we have that

lu((k + DT < 7.

Repeating the considerations for any k£ € N we prove the lemma. ]
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Proof of Theorem B.

(3.26)

t

IVOIE <l + o] < v exp ( / Bsczt’) T oy,
kT

t e kT, (k+ 1)T], k € Ny and T is the time of local solution introduced in

Theorem A. O
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