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Abstract

We consider noncommutative line bundles associated with the Hopf fibrations p25bver all Podlé spheres and
with a locally trivial Hopf fibration ofsgq. These bundles are given as finitely generated projective modules associated via
1-dimensional representations of1) with Galois-type extensions encoding the principal fibrations of @Jand qu. We
show that the Chern numbers of these modules coincide with the winding numbers of representations definihg ditem.
thisarticle: PM. Hajac et al., C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Résumé

Nombres de Chern pour deux familles de fibrations de Hopf non commutativesNous considérons des fibrés en droites
non commutatifs associés a la fibration de Hopf quantique dg(Blsur toutes les sphéeres quantiques de Fodiasi
gu’'avec une fibration de Hopf localement triviale ﬂgq. Ces fibrés sont construits comme des modules projectifs associés
aux représentations de dimension 1 dg@)avec des extensions galoisiennes relatives aux fibrés principaux f4@)St de
qu. Nous montrons que les nombres de Chern de ces fibrés coincident avec les degrés des représentations qui les définisse
Pour citer cet article: PM. Hajac et al., C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version frangaise abrégée

Dans cet article, nous combinons les outils algébriques des extensions galoisiennes avec les méthode
analytiques de la formule non commutative de I'indice pour étudier deux types de fibrés quantiques. Notre résultat
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principal est la non isomorphie des fibrés en droites associés a ces fibrés principaux. Cela nous fournit une
estimation du group& des spheres quantiques de la base. Bdit P une inclusion d’algébres telle qu est

la sous-algebre coinvariante pour une coaciigit P — P ® C d’une cogébre”. Dans le cadre de la théorie des
extensions galoisiennes, on peut affirmer qu’une telle extension d’algébres est principale. (La définition est adapté
de maniére a ce gu’elle coincide dans le cas commutatif avec les torseurs — les fibrés principaux de la géométri
algébrique.) Tout&-extension principalé C P nous permet d’associer a chaque coreprésentation de dimension
finie de C un module projectif de type fini a gauche sBrd’homomorphismes colinéaires HSanw, P) [2].

En prenant sa classe dak%(B) et en la composant avec le caractére de Chern, on construit le caractére de
Chern—Galois défini sur I'espace de toutes les coreprésentations de dimension finie et a valeurs dans I'homologi
cyclique paire deB. D’autre part, le caractere de Chern &homologie associe des cocycles cycliques a
tout module de Fredholm finiment sommable. Dans le cas 1-sommable, il prend une forme particuliérement
simple, transformant un couple de représentations boréep,) en une trace (un 0-cocycle cyclique) sBr

donnée par fr = Tro(p1 — p2). L'évaluation de cette trace sur le caractere de Chern—Galois appliqué a une
coreprésentation donne un invariant scalaire de la classe Kdamlsi module défini par cette corepésentation.

En ce qui concerne nos exemples, l'intégralité de ces invariants (assurée par le théoréme non commutatif de
I'indice) les rend calculables. Notre premier exemple de fibration de Hopf non commutative se base sur les disques
guantiques de Klimek-Lesniewski et sur la notion de trivialité locale. Dans ce cas, nous avo@sUig)-
extension principalé)(Slz,q) c (’)(Sf;q) [8], et toute coreprésentation de dimensiop, A1) = 1® u~* fournit un
O(52,)-module projectif de type fini (fibré en droites quantiq@)s3,),, := Hom?V®(c,, , O(s3 ). D'autre

part, nous définissons les représentations involutives borné(@gi%g) suivantes [4] :

pr(foex = (1—pYer. pr(fr)ex =+/1— p*tlerqr, k=0, (0.1)
p2(foler =ex. p2(fi)ex =+/1—qk e, k>0, (0.2)

ou {ex }x >0 désigne une base orthonormale d’'un espace de Hilbert séparghlefeles générateurs de I'algébre
involutive (’)(Sf,q). Ces représentations nous fournissent la trace désirée et nous ménent a notre premier résulta
principal :

Théoréme 0.1.Pour toutu € Z, le couplage entre |®-cocycle cycliqudr, et la classe dank de O(qu)u
(nombre de Chenrcoincide avec le degre, i.e., (tr,, [O(Sf,q)u]) = .

Notre second exemple consiste en une famille de fibrations de Hopf non commutativeg @ Sl toutes
les sphéres quantiques de P@d@s, s € [0,1]. Etant donné que traiter les sphéeres de Podiénériques
nécessite d'aller au-dela de la théorie de Hopf-Galois, celles-ci furent parmi les principaux exemples motivant
le développement de la théorie des extensions principales de cogébres des anneaux non commutatifs. Dans
cas, tout comme avant, nous associons a toute corepréserigtiom O(Sg’s)—module projectif de type fini a

gaucheO(SU, (2)),..s := Hom?S%U@)/s(C,, , O(SU,(2))). Ici J; est le coidéal droit idéal engendré p
L—s,L*—s,etK, L génerentl'algébre polynomia@(sqz’s). On peut montrer qué&(SU, (2))/Js coincide avec
O(U(1)) considérée comme une cogebre, et@tﬂﬁg,s) C O(SY,(2)) estuned(SU, (2))/ Js-extension principale
[1,12,3]. De plus, les représentations [13]

T (K)e, =—s2q%e,, w_(L)en =1, (q.8)en_1, X, (q.s)= s\/l — (1 —s52)g2r — s2g%, (0.3)

wi(K)en=q""en, 74 (L)en =0F(q,9)en-1, A(g,s)= \/sz + (1 —s52)q2 — g%, (0.4)

forment le module de Fredholm requis [11], et nous avons notre second résultat principal :
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Théoréme 0.2 Pour toutu € Z, le couplage entre 18-cocycle cycliquer, et la classe dan&o de O(SU,(2)) s
(nombre de Chenrcoincide avec le degrg, i.e., (tr;, [O(SU;(2)).51) = u.

1. Introduction

Herein we study two families of noncommutative deformations of the Hopf fibratfor- 2. The first one
is based on the idea of local triviality. We can vi&if as the gluing of two discs along their boundaries, 8Ad
as the gluing of two solid tori along their boundaries (a Heegaard splittis§)ofThen the classical discs can be
replaced by Klimek—Lesniewski quantum discs [9], and subsequently a two-parameter family of noncommutative
Hopf fibrations can be constructed [5,8]. The other family originates from the theory of quantum groups. First,
one considers® as SU?2) and deforms it into the quantum group 8@ [14]. Then the classification of S\(2)-
gquantum homogeneous spaces yields a two-parameter family of noncommutative two-spheres [13]. The latter forn
the base of the Hopf fibrations of $(2) [3].

Function algebras of total spaces of principdlllJbundles always decompose into direct sums of sections of
all associated line bundles. The same phenomenon occurs for both of the aforementioned deformations, i.e., th
coordinate algebra@(sgq) andO(SU,(2)) are direct sums of associated finitely generated projective modules.
The aim of this paper is to prove that these modules are mutually non-isomorphic.

To achieve this, we take an advantage of tkiehomology Chern character [6] and the Chern—Galois
character [2]. The former produces cyclic cocycles out of bounded representations of the base algebra, and the latte
cyclic cycles out of finite dimensional corepresentations of the structure coalgebra that define associated modules
The evaluation of these cocycles on these cycles dgiiemvariants of the modules. The noncommutative index
formula [6] shows that these invariants are indices of Fredholm operators, so that they have to be integers. This fac
is essentially used in carrying out the computations.

Throughout this paper we work with unital algebras over a field (complex numbers in the studied examples) and
adopt the standard Hopf-algebraic notatibne, S for the comultiplication, counit and antipode, respectively. The
symbolic notationO(quantum spagemeans a polynomial algebra defined by generators and relatiostnds
for the multiplication map, and Tr denotes the operator trace.

2. Principal extensions and summable Fredholm modules

Let C be a coalgebra an#l an algebra and a riglét-comodule viaAg : P — P @ C. PutB = P°C:= {be P |
Agr(bp) =bARr(p), Vp € P}. We say that the inclusioB C P is aC-extension. AC-extensionB C P is called
principal [2] iff

(1) the Galoismagan: P®g P — PR C, p® p'— pAg(p’) is bijective;

(2) there exists a lefB-linear rightC-colinear splitting of the multiplication map ® P — P;
(3) the canonical entwiningmap:C® P - P ® C, ¢ ® p — cancan 1(1® c)p) is bijective;
(4) thereis a group-like € C such thatAg(p) =¥ (e ® p), Vp € P.

In order to define a strong connection on a principal extension, first we need to define a bicomodule structure
on P ® P. The tensor producP ® P is a right C-comodule viaA% = id ® Ag. Since v is bijective, it

is also a leftC-comodule viaAiZJ =W 1o (id®e)) ®id. The two coactions evidently commute. Now, let

ng: P ® P — P ®p P bethe canonical surjection. A linear mapC — P ® P is called astrong connectiof2]

iff it satisfiescano 75 0 £ =1®id, A 0 L= (¢ ®id) 0 A, A 0 £ =(Id®¢) o A, andl(e) =1® 1.

If B C P is a principalC-extension andy:V, — V, ® C is a finite-dimensional corepresentation, then the

left B-module Hon?(Vq,, P) of all colinear maps fron¥,, to P is finitely generated projective [2]. Denote by
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Corep; (C) the space of all finite-dimensional corepresentatiors.cfhen a principaC-extensions < P yields

a mapg — [HomC(Vw, P)] from Corep:(C) to Ko(B). The composition of this map with the Chern character
Ko(B) — HCever(B) (€.9., see [10]) is called tHehern—Galois charactdl] and is denoted bghg Explicitly, in
degree 0, we haweigo(¢) = [c?'ci"]. Herec, is the character af, i.e.,c, = Y9 ¢;i, p(ej) = X9V ¢; @ ey,

{ej |i €{1,...,dimV}} abasis ofV,, andt(c) =: ¢'¥ ® ¢? (summation understood).

Let us now recall the analytic tool of Fredholm modules that are used in the sequedufmable Fredholm
moduleover a x-algebraB can be viewed as a pailp1, p2) of boundedx-representations oB such that
Tr|p1(b) — p2(b)|? < oo for all b € B (see [6, p. 88] for related details). Tike-homology Chern character assigns
to finitely summable Fredholm modules cyclic cocycles [6]. pet 1 it takes a particularly simple form, notably

it turns (p1, p2) into a trace (cyclic 0-cocycle) oA via the formula tg (b) = Tr(p1(b) — p2(b)).

3. Alocally trivial quantum Hopf bundle

Let us consider the two-parameter family [5] efalgebras(’)(Sﬁq), 0< p, g <1, generated by: and b
satisfyinga*a — qaa®* =1 — g, b*b — pbb* =1 — p, ab = ba, a*b = ba*, (1 — aa®)(1 — bb*) = 0. The
x-subalgebra otD(qu) generated byb andbb* can be identified with the-algebra(?(sf,q) generated byp and
fisatistying[4] fo= f5, /1 fi—afiff = (p—q) fo+1-p, fofi—pfifo=1-p) f1, A= fo)(fuf] — fo) =0.
The isomorphism is given byo > bb* and f1 — ab. It follows from [8, Lemma 4.2] tha©(53,) € O(S3,) is a
principal O(U(1))-extension. Moreover, we have

Lemma 3.1[8]. Letu be the unitary generator @(U(1)). The linear mag : O(U(1)) - O(53,) @ O(S3 ) given
on the basis elemenig', u € Z, by the formulas
D=1®1, (w=a"®a+qgb(l—aa*)@b*, LWw")=b*Qb+ pa(l—bb*)R®a*, (3.1)
e(ut) = ultle(u Y, e(u) = e (W =D)u*?, - p >0, (3.2)
defines a strong connection G(S2,) € O(S3,).
The one-dimensional corepresentationsfU(1)) are labelled by integers. Explicitly, we hayg, (1) =
1®u~". Eachg, yields a finitely generated projecti\(Q(Sf,q)-module (quantum line bundle())(Sf,q)M =

HomPUM)(C,, . O(S3,)). On the other hand, we have the following irreducible boundeepresentations of
O(S2,) [4, Proposition 19]:

pr(foyex = L= pArex, p1(foex =/1— pFtlea, k>0 (3.3)
p2(fo)ex =ex,  p2(fex =/1—q¢**teri1, k>0 (3.4)

Here{ex }x>0 is an orthonormal basis of a separable Hilbert space. Moreover, we have

Lemma 3.2.The pair of representationggy, p1) given by(3.3)—(3.4)ields al-summable Fredholm module over
O(S2,), so thattr, () := Tr(p2(f) — p1(f)) defines a trace od(S3)).

Theorem 3.3.For all u € Z, the pairing between the cycli@cocycletr, and theKg-class of(’)(Sf,q),L (Chern
numbej coincides with the winding number, i.e., (tr,, [O(qu)u]) =u.

Proof outline. The pairing of cyclic conomology anff -theory is given by the evaluation of a cyclic cocycle
on the image of the Chern character. In our case (see Section 1) it (giyeﬁ(?(sf,q)u]) = tr,(chgy(pn)) =



P.M. Hajac et al. / C. R. Acad. Sci. Paris, Ser. | 336 (2003) 925-930 929

tr,((u=")@ @), The last expression can be computed explicitly as a functiop of ¢, depending on
whetheru is positive or negative. Surprisingly, these functions can be identified with a certain expression appearing
in the index computation carried out in [7]. Since the latter is proven therein to be the cqunsthatassertion of

the theorem follows. O

The trace t5 computes the Chern numbers @f(Sﬁq),L. In order to determine the rank of these modules,
we can employ any character m(Sf;q). Indeed, let§ be an algebra homomorphism fro(ﬁ(Sﬁq) to C.
(See [8] for the classification of irreducible representationé?()fgq), including one-dimensional ones.) Then
(6. 10(S3)u]) = 8(™) @ = )) = ()M @=)?) = (™) = 1. The last two equalities follow from
the general properties o ¢ = ¢ (see [2]) and: (group-like = 1, respectively. The characters always pair integrally
with Kq (e.g., see [10]). On the other hand, asdomes from a 1-summable Fredholm module, its pairing Wigh
is an index of a Fredholm operator [6, p. 60], whence also an integer. Therefore, it follows from the linearity of
the pairing that we have a group homomorphigntr,,) : Ko((’)(Sﬁq)) —Z®Z, [pl— ((8,[p]), (tr,, [p]). The
point here is that for any € Z there exists a rank one projective module with its Chern number equalNtore
formally, we have

Corollary 3.4. The image of the positive cone KB((’)(S[%,])) under (8,1tr,): KO((’)(Slz,q)) — 7 x 7 contains
Z+ X 7.

4. Hopf fibrations of SU, (2) over generic Podl& spheres

In this section, we work with the Hopf-algebraO(SU,(2)), ¢ €10, 1[, generated by elements and y
satisfying [14]ay = gya, ay* =qy*a, yy* = y*y, a*a + y*y =1, aa* + ¢%yy* = 1, and with the Podk
spheres [13]. A uniform description of all Poéllspheres can be obtained by rescaling generators used in [13].
Then the coordinate-algebras of the quantum spher&%s, s € [0,1], are defined by generato#§ and L
satisfying the relation& = K*, LK = ¢?KL, L*L + K? = (1 —s%)K + 5%, LL* + ¢*K? = (1 — s%)¢°K + 5°.

We can view(’)(S,?,s) as ax-subalgebra olO(SU,(2)) via the formulask = s(ya 4+ «*y*) + (1 — s2)y*y,
L=s(?— qy*z) +(1—s?)ay*. Next, let us define the quotient coalgeldteSU, (2))/ J;, wherelJ; is the coideal
rightideal generated b, L — s, L* —s. One can show that it coincides with(U (1)) viewed as a coalgebra, and
thatO(S7 ) = O(SU, (2))°00SY 2)/75 [1,12]. Moreover, one can prove thal(S? ) € O(SU,(2)) is a principal
O(SY,(2))/ Js-extension [3]. With the help of [2], the latter follows from an explicit construction of a strong
connection:

Lemma 4.1[3]. Leti : O(U(1)) — O(SU,(2)) be the linear map defined on the basis elemefitsu € Z, by the
formulas

1,45 h; forpu <0
iw™):=11 ) foru =0 (products increase from left to right 4.1)
]_[’;:0 k;j  foru >0,
& —q sty —qy") +q ¥’
B 1497252 '

ot qlis(y —qy*) +q¥s%a*

hi 1+¢?%/s?

R kj:

(4.2)

Thent = (S®id) o A oi is a strong connection o@(Sg,S) C O(SU,(2)).
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Much as before, we associate to every corepresentafianfinitely generated projective Ie@(S;S)-module
O(SU;(2)) 5 := HomOSU @)/ %5 (C,, . O(SU,(2))). On the other hand, using the representations [13]

T (K)en = —52q% e, T_(L)en =y (@, )en1, Iy (@, ) =5y 1— (1= 52)g2" — 52, (4.3)

7 (K)en=q%en, mi(Len =27(q,)en-1, hi(q,s) = \/sz + (1 —s2)g? — g, (4.4)
one can prove

Lemma 4.2[11]. Foranygq €10, 1, s € [0, 1], the pair of representationsr_, x.) yields al-summable Fredholm
module ovelO(S? ), so thattr, := Tro(7_ —71) is a trace onO(S7 ).

Theorem 4.3 For all u € Z, the pairing between the cyclizcocycletr, and theKo-class ofO(SU, (2)),..s (Chern
numbej coincides with the winding number, i.e., (tr, [O(SU,;(2)) . 1) = u.

Proof outline. The proof rests on the following three facts;, , [O(SU, (2)),..s]) is a rational function of ands,

it is an integer, andtr,, [O(SU,(2)),,s1)(¢, 0) = u. The first claim can be proven with the help of the Chern—
Galois character [2], the second follows from the noncommutative index formula [6, p. 60], and the third has been
obtained in [7, Theorem 2.1]. Since an integer-valued rational function on a connected set has to be constant, we
can conclude thatr,, [O(SU,(2)),.,s1)(g, s) = (trz, [O(SU; () s1) (g, 0) = . O

Corollary 4.4. The image of the positive cone KB(O(SqZVS)) under (e, try): KO(O(SqZYS)) — 7 x 7 contains
Z4 x Z. (Heree is the counit olO(SU, (2)).)
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