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SYMPLECTIC SINGULARITIES OF VARIETIES:
THE METHOD OF ALGEBRAIC RESTRICTIONS

W. DOMITRZ, S. JANECZKO, AND M. ZHITOMIRSKII

ABSTRACT. We study germs of singular varieties in a symplectic space. In
[A1] V. Arnol’d discovered so called “ghost” symplectic invariants which are
induced purely by singularity. We introduce algebraic restrictions of differen-
tial forms to singular varieties and show that this ghost is exactly the invariants
of the algebraic restriction of the symplectic form. This follows from our gene-
ralization of Darboux-Givental’ theorem from non-singular submanifolds to
arbitrary quasi-homogeneous varieties in a symplectic space. Using algebraic
restrictions we introduce new symplectic invariants and explain their geomet-
ric meaning. We prove that a quasi-homogeneous variety N is contained in
a non-singular Lagrangian submanifold if and only if the algebraic restriction
of the symplectic form to N vanishes. The method of algebraic restriction is
a powerful tool for various classification problems in a symplectic space. We
illustrate this by complete solutions of symplectic classification problem for
the classical A, D, E singularities of curves, the Sy singularity, and for regular
union singularities.

1. INTRODUCTION AND MAIN RESULTS

1.1. Starting points. The starting points for this paper are as follows:

e the classical Darboux-Givental’ theorem on non-singular submanifolds of a sym-
plectic manifold (proved by A. Givental’ and firstly published in [AG]);

e the works [Al], [A2] in which V. Arnol’d studied singular curves in symplectic
and contact spaces and introduced the local symplectic and contact algebras.

e the work [Z] developing the local contact algebra.

The work [Z] is based on the notion of the algebraic restriction of a contact
structure to a subset N of a contact manifold. The present work is based on a
similar notion of the algebraic restriction to IV of a symplectic structure, and we
show that like in the contact case it is a powerful tool for the study of singular
submanifolds of a symplectic manifold.

1.2. Darboux-Givental’ theorem. A diffeomorphism @ : (R?",0) — (R?",0) of
a symplectic space (R?",w) is called a symplectomorphism if it preserves the sym-
plectic form w: ®*w = w. Two subsets N1, No C R?" are called symplectomorphic
if there exists a symplectomorphism which brings N to Nj.
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Convention. Throughout the paper all objects are germs at 0 of a fixed category
which is either C*° or real-analytic.

Theorem 1.1. (Darboux-Givental’ theorem, see [AG]).

(i) Let N be a non-singular submanifold of R*™ and let wg,w; be symplectic forms
on R?™ with the same restriction to TN. There exists a local diffeomorphism ®
such that ®(z) =z for any v € N and ®*w; = wy.

(i) (corollary of (i)) Two equal-dimensional non-singular submanifolds N1, Ny of
a symplectic space (R*™,w) are symplectomorphic if and only if the restrictions of
the symplectic form w to TNy and T'No are diffeomorphic.

Let Symp(R?*")|gr = {w|rrr : w € Symp(R?")}, where Symp(R?") denotes
the set of all symplectic 2-forms on R?". Theorem 1.1, (ii) reduces the classifica-
tion of germs of non-singular r-dimensional submanifolds of a symplectic manifold
with respect to the group of symplectomorphisms to the classification of the set
Symp(R?")|g- with respect to the group of all local diffeomorphisms of R”. This
reduction is completed by an explicit description of Symp(R?")|g-.

Theorem 1.2. (see [AG]). The set Symp(R?")
of rank > 2(r — n).

rr consists of closed 2-forms on R”

1.3. The problem of symplectic classification of singular varieties. The
present work is devoted to the following problem.

Problem A. To classify with respect to the group of symplectomorphisms the
class of all varieties in a symplectic space (R?",w) which are diffeomorphic to a
fixed singular variety V.

We give a method for solving this problem for any quasi-homogeneous variety
N based on generalization of Theorem 1.1 from non-singular submanifolds to arbi-
trary quasi-homogeneous varieties. We recall the definition of a quasi-homogeneous
variety in section 2.6. The simplest example is

(1.1) N=A,={zcR™: i 22 =0.3=0}, k>1,
which is a cusp if k is even and the union of two non-singular curves if &k is odd.

1.4. Arnold’s ghost invariant. A natural symplectic invariant of a singular vari-
ety N is the restriction of the symplectic 2-form to the regular part N8 of N. This
invariant is not complete - there are other independent and much more involved
invariants. To explain this, in the work [A1] V. Arnol’d solved the classification
Problem A for the simplest case when the restriction of the symplectic structure to
N*e& vanishes — case N = Agy. Arnol’d proved that if £ > 2 then there are exactly
2¢ + 1 singularities (orbits). Describing this result Arnol’d wrote

7...something nontrivial remains from the symplectic structure at the singular points
of the curve. It would be interesting to describe this ghost of the symplectic structure
in terms of the local algebra of the singularity.”

1.5. Our approach. We believe that in the present paper this objective has been
reached: the ghost is exactly the singularity of the algebraic restriction of the
symplectic structure to Ag. The algebraic restrictions are introduced in the begin-
ning of section 2. The results of section 2 give a method (the method of algebraic
restrictions) for solving Problem A for many types of singularities. The main re-
sults are Theorems A - C (proved in section 3) and D. Theorem A is the base for
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the method — it is a generalization of Theorem 1.1 from non-singular submanifolds
to arbitrary quasi-homogeneous varieties IN: one has to replace the pullback by the
algebraic restriction. Theorem B states that the symplectic form has zero alge-
braic restriction to NV if and only if N is contained in a non-singular Lagrangian
submanifold. We introduce the index of non-isotropness and the symplectic mul-
tiplicity of N and show how these symplectic invariants can be calculated using
the algebraic restrictions (Theorems C and D ). In section 2 we also illustrate
the method of algebraic restrictions showing that the results in [A1l], devoted to
Problem A with N = A;, are almost immediate corollaries of Theorems A - D.
Of course these theorems can be applied to many much more involved singulari-
ties. In the present work, using the method of algebraic restrictions, we continue
[A1] solving Problem A for the case that N is one of the classical Dy, Fg, E7, Es
singularities of planar curves (sections 4, 5), we also solve Problem A for the case
N = S5 = {22 — 23 — 23 = 2923 = 254 = 0} (section 6) and for the case that N
is a regular union singularity, i.e. N = Ny U ---U Ng, where N, is a non-singular
submanifold and the sum TyN7 + - - - + To N, is direct (section 7).

2. THE METHOD OF ALGEBRAIC RESTRICTIONS

2.1. Definition of algebraic restrictions. Given a germ of a non-singular man-
ifold M denote by AP(M) the space of all germs at 0 of differential p-forms on M.
Given a subset N C M introduce the following subspaces of AP(M):

ALY (M) ={w e AP(M): w(x)=0for any z € N};

AP(N, M) = {a+dB: aec A% (M), Be A (M)}

The relation w(x) = 0 means that the p-form w annihilates any p-tuple of vectors
in T, M, i.e. all coeflicients of w in some (and then any) local coordinate system
vanish at the point x.

It is easy to check that in the case that N is a non-singular submanifold of R™
the restriction of w to TN can be defined in the following algebraic way.

Proposition 2.1. If N is a non-singular submanifold of M then a p-form w on M
has zero restriction to TN if and only if w € AJ(N,M). Therefore the restriction
of w to TN can be defined as the equivalence class of w in the space AP(M), where
the equivalence is as follows: w is equivalent to & if w — @ € AB(N, M).

Proof. Take local coordinates x = (x1,...,2k),y = (y1,...,y) on M such that N
is described by the equations z = 0. A p-form w has zero restriction to TN if and
only if it can be written in the form Y z;a; + > dx; A p;, where a; are p-forms and
w; are (p — 1)-forms. It remains to note that da; A p; = d(a;p;) — xdp;. O

Note now that Proposition 2.1 involves no structure of N. Allowing N to be any
subset of M and calling the equivalence classes by algebraic restrictions (we believe
this name is natural) we get the following definition, generalizing the definition in
[Z] of the algebraic restriction to N of a 1-form.

Definition 2.2. Let N be a subset of M and let w € AP(M). The algebraic
restriction of w to N is the equivalence class of w in AP(M), where the equivalence
is as follows: w is equivalent to @ if w — @ € Af(N, M).
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Notation. The algebraic restriction of a p-form w on M to a subset N C M will be
denoted by [w]y. Writing [w]y = 0 (or saying that w has zero algebraic restriction
to N) we mean that [w]xy = [0]n, i.e. w € AF(N, M).

It is clear that if w € AR(N, M) then dw € AYT (N, M). This allows to define
the differential of an algebraic restriction: d[w]y = [dw]y. Another well-defined
operation is the external multiplication: [w1]y A [we]n = [w1 A wa]n, where wy and
wo are differential forms of any degrees. This operation is well-defined due to the
following almost obvious proposition.

Proposition 2.3. Let N C R™ and let w be a p-form on R™ such that [w]y = 0.
Let v be any g-form on R™. Then [w A p|n = 0.

Proof. Tt suffices to write w in the form a4 d3 with « and 8 vanishing at any point
of N and to note that d3 A p=d(8 A p) + (=1)28 A dpu. O

2.2. Example: algebraic restrictions of 2-forms to Aj. The set of algebraic
restrictions of p-forms on R™ to any variety N C R™ is a vector space if p is fixed.
Let us calculate this space for the case p = 2 and N = A, = (1.1). Since the
functions >3 have zero algebraic restriction to Aj; then by Proposition 2.3 the
algebraic restriction to Ay of any 2-form can be represented by a 2-form of the
form f(z1,2z9)dzy A dro. Let H = 25T — 23, We will use again (several times)
Proposition 2.3. Since [dH] 4, = 0 then [dH Adx1]a, = [dH Adxs]a, = 0. It follows
that if f(z1,2z2) belongs to the gradient ideal of H then [f(x1,x2)dx1 Adxs]a, = 0.
The gradient ideal is (2, 2¥). Consequently the algebraic restriction to Aj, of any
2-form on R?™ can be represented by a 2-form of the form Zi:ol cixidasl A dxs.
It is easy to show that if such a 2-form has zero algebraic restriction to Ay then
cog=---=cp—1 = 0. We obtain:

the dimension of the space of algebraic restrictions to Ay of all 2-forms on R?™ is
equal to k. This space is spanned by the algebraic restrictions

(2.1) [AL)" = [#idzy Adxo)a,, i=0,...,k—1.

2.3. The action of the group of diffeomorphisms. Let M and M be non-
singular equal-dimensional manifolds and let & : M — M be a local diffeomor-
phism. Let N be a subset of M. It is clear that ®*AP(N, M) = AZ(®~L(N), M).
Therefore the action of the group of diffeomorphisms can be defined as follows:
@*([w]n) = [®*w]e-1(n), Where w is an arbitrary p-form on M. Let N C M. Two
algebraic restrictions [w]x and [&0] 7 are called diffeomorphic if there exists a local
diffeomorphism from M to M sending the first algebraic restriction to the second
one. This of course requires that the same diffeomorphism sends N to N.

If M = M and N = N then the definition of diffeomorphic algebraic restric-
tions reduces to the following one: two algebraic restrictions [w]y and [©]y are
diffeomorphic if there exists a local symmetry ® of N (i.e. a local diffeomorphism
preserving N) such that [®*w]y = [@] -

2.4. Reduction theorem. If a set N C R™ is contained in a non-singular sub-
manifold M C R™ then the classification of algebraic restrictions to N of p-forms
on R™ reduces to the classification of algebraic restrictions to N of p-forms on M.
At first note that the algebraic restrictions [w]y and [w|ras], can be identified:
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Proposition 2.4. Let N be the germ at 0 of a subset of R™ contained in a non-
singular submanifold M C R™ and let wy,ws be p-forms on R™. Then w1y =

[wa]N if and only if [wl\TM]N = [w2|TM]N,

Proof. Take local coordinates in which M = {z e R" : z1 =--- =z, = 0}. Then
[z1]N = -+ = [xs]n = 0 and Proposition 2.4 follows from Proposition 2.3. O

The following, less obvious statement, means that the orbits of the algebraic
restrictions [w]x and [w|7ra], also can be identified.

Theorem 2.5. Let Ny, No be subsets of R™ contained in equal-dimensional non-
singular submanifolds My, My respectively. Let wy,ws be two p-forms. The algebraic
restrictions [w1|n, and [wa]n, are diffeomorphic if and only if the algebraic restric-
tions [w1|TM1]N1 and [w2|TM2]N2 are diffeomorphic.

Proof. The “if” part follows from Proposition 2.4. To prove the “only if” part
it suffices to prove the following: the restrictions of any p-form w to T'M; and
T M have diffeomorphic algebraic restrictions to any set N C M; N M,. This
statement easily follows from the following observations: (a) one can easily prove
that there exists a local diffeomorphism of R™ sending M; to My and preserving
pointwise the set M7 N My (and consequently preserving pointwise N); (b) any
local diffeomorphism ® preserving N pointwise preserves the algebraic restriction
to N of any p-form. The latter follows from Proposition 2.3 because ® has the form
x; — x; + ¢;(x), where ¢;(x) are functions vanishing at points of N. O

2.5. Example: classification of algebraic restrictions of 2-forms to A;. We
continue Example 2.2. The curve Ay has a symmetry of the form @ : (z1,22) —
(719%, 129" 1) where ¢ = ¢(z1,x2) is any function such that ¢(0) = 1. In view of
section 2.2 consider the symmetries

D (z1,22) — (21(1+72f)?, zo(l4+rz5) ), reR, s> 1.
It is easy to calculate
* (a¥dxi Adxa) = ((2F + 72} + o(||(z1, 2)||PT)) dziAdza, 7= r(2p+25+k+3).
Along with results of section 2.2 this implies
(®)* ([AR]?) € [AR]P + 7 - [Ag]PT® + span ([AR]PF, L [AM ).

Since 7 and s > 1 are arbitrary it follows that any algebraic restriction of the affine
space [Ag]P + span ([Ax]PT, ... [4;]"7!) is diffeomorphic to [Ag]P. Therefore any
non-zero algebraic restriction to Ay of a 2-form on R?" is diffeomorphic to r - [Ax]?,
where r # 0 and p € {0,...,k — 1}. The factor r can be reduced to 1 due to the
scale symmetries (z1,z2) — (t2x1,t*T12s) and (21, 22) — (21, —x2). The algebraic
restrictions [Ax]" and [Ay)? with i < j < k — 1 are not diffeomorphic because, as it
is easy to prove, [A;]" cannot be represented by a 2-form with zero i-jet. Therefore
we obtain the following result:

any non-zero algebraic restriction to Ay of a 2-form on R™ is diffeomorphic to one
and only one of the algebraic restrictions (2.1).
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2.6. Relative cohomology groups. The name “algebraic restriction” was intro-
duced in [Z], but the differential subcomplex of the de Rham complex related to
the spaces A5 (N, M) and the corresponding relative cohomology groups

~ {w e AJ(N,R™) : dw =0}

{do: o€ AL7H(N,R™)}
were studied much earlier, see [R], [Sal], [B], [Se], [Grl], [Gr2]. See also the work
[DJZ] and other references there. The main purpose of the mentioned works was to
express certain local properties of N in terms of vanishing of some of the relative

cohomology groups. In the present work we will use the main result in this direction
which can be called the relative Poincare lemma.

HP(N,R™)

Definition 2.6. The germ at 0 of a set N C R™ is called quasi-homogeneous if
there exist a local coordinate system x1,...,x,, and positive numbers Aq,..., Ay,
such that the following holds: if a point with coordinates z; = a; belongs to N then
for any ¢ € [0, 1] the point with coordinates z; = t*¢a; also belongs to N.

Theorem 2.7. (see [R]). If N C R™ is a quasi-homogeneous subset then
HP(N,R™) = {0} for anyp > 1.

2.7. Generalization of Darboux-Givental’ theorem. The method of algebraic
restrictions is based on the following theorem.

Theorem A. (cf. Theorem 1.1).

(i) Let N be a quasi-homogeneous subset of R*™. Let wg,w; be symplectic forms on
R2™ with the same algebraic restriction to N. There exists a local diffeomorphism
D such that ®(x) = x for any x € N and ®*w; = wyp.

(ii) (corollary of (i)) Two quasi-homogeneous subsets N1, No of a fized symplectic
space (R?*™,w) are symplectomorphic if and only if the algebraic restrictions of the
symplectic form w to N1 and Ny are diffeomorphic.

Theorem A generalizes Theorem 1.1 since any non-singular submanifold is quasi-
homogeneous and, as we explained in Proposition 2.1, the algebraic restriction of a
p-form w to a non-singular submanifold N can be identified with w|ry.

Remark. Our proofs in section 3 show that in Theorem A and in its corollaries
— Theorems B, C, D below — the assumption that N is quasi-homogeneous can
be replaced by the condition H?(N,R?") = {0}. This condition follows from the
quasi-homogeneity of N (see Theorem 2.7), but in general it is weaker than the
quasi-homogeneity. It is possible that H?(N,R?") = {0} but one of the other
cohomology groups is not trivial and consequently N is not quasi-homogeneous,
see [Grl]. See also [DJZ] where there are examples of non-quasi-homogeneous
varieties N such that all cohomology groups are trivial. If H?(N,R?") # {0} then
the conclusion of Theorem A, (i) remains the same if the symplectic forms w1, ws
satisfy the additional assumption that w; — wo has zero class in H?(N,R?"). The
proof is the same as that of Theorem A, (i) in section 3. Nevertheless, we believe
that for a certain class of varieties N such that H?(N,R*") # {0} the algebraic
restriction [w]y remains to be a complete symplectic invariant unless [w]xy = 0.

2.8. Application to Problem A. Let us fix the following notations:

o [AZ(R?)] n°  the vector space consisting of algebraic restrictions to a subset
N C R?" of all 2-forms on R?";
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o [AZclosed(R2M)] - the subspace of [A?(R®™)] . consisting of algebraic restrictions
to N of all closed 2-forms on R?";

. [Symp(R2")] ¢ the open set in [A2>Closed (R2")]  consisting of algebraic restric-
tions to N of all symplectic 2-forms on R?".

Theorem A reduces problem A for quasi-homogeneous N to the following

Problem B. To classify the algebraic restrictions of set [Symp(RQ")}  With respect
to the group of symmetries of V.

In fact, assume that problem B is solved, i.e. we have a final list of normal forms
[01]n, -, [0s]n € [Symp(R?™)],, for algebraic restrictions, where 6; are certain 2-
forms (some of them might depend on parameters). The 2-forms 6; representing the
algebraic restrictions might be not symplectic and even not closed. But we know
that there exist symplectic forms w; such that [w;]ny = [0;]n. Now, given a fixed
symplectic space (R?",wy) take local diffeomorphisms ®; of R?" sending w; to wp
(the existence of such diffeomorphism follows from the classical Darboux theorem).
Consider the varieties N* = <I>;1(N). By Theorem A the tuple N',...,N% is a
final list of normal forms for problem A.

2.9. Arnold’s ghost invariant in terms of algebraic restrictions. As we men-
tioned in section 1.4, for the case N = A, =(1.1) Problem A was studied by V.
Arnol’d in [A1] (for even k). In fact, the classification results in [A1] and the ghost
invariant are already obtained by our method in examples given in sections 2.2
and 2.5. Since Ay is contained in a non-singular 2-manifold then Proposition 2.4
implies that the algebraic restriction to Ay of any 2-form on R?” can be realized
by a symplectic form provided n > 2. Therefore the results of sections 2.2, 2.5
imply that in the classification Problem B with N = A;, C R?"Z* there are exactly
k + 1 orbits - the orbits of the k algebraic restrictions (2.1) and the orbit of the
zero algebraic restriction.

This complete solution of Problem B can be easily transferred to solution of
Problem A — the classification of symplectic Ag-singularities. The algebraic re-
strictions [Ax]? are represented by 2-forms which are not symplectic, but since they
belong to [Symp(Rzn)] A, then they also can be represented by symplectic forms.
For example the zero algebraic restriction can be represented by a symplectic form

ok = dri ANdrs + dxo ANdxy + das A daxg + -+ + drop—1 A draoy,
and [Ax]? with i < k can be represented by the symplectic form
0" = xidry Ndoa + 0%, 1<i<k-—1.

Given a symplectic form w fix a local diffeomorphism ®; bringing the symplectic
form 0 tow, i =0,1,..., k. Let Al = <I>;1(Ak). By Theorem A any singular curve
in the symplectic space (R?",w) which is diffeomorphic to Ay is symplectomorphic
to one and only one of the curves A%, . .. ,Aﬁ. This gives us the classification result
obtained in [A1].

The geometric meaning of this classification, explained in [A1], is also one of the
applications of the method of algebraic restrictions, as it will be showed below.
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2.10. The geometric meaning of the zero algebraic restriction. Theorem
1.1 easily implies that if Ny, No are any diffeomorphic subsets of non-singular La-
grangian submanifolds in a fixed symplectic space then N; and Ns are symplec-
tomorphic. How to check if a subset of a symplectic manifold is contained in a
non-singular Lagrangian submanifold?

Theorem B. A quasi-homogeneous set N of a symplectic space (R?",w) is con-
tained in a non-singular Lagrangian submanifold if and only if the symplectic form
w has zero algebraic restriction to N.

Example 2.8. Let C be a curve in a symplectic space (R?"Z4, w) which is diffeo-
morphic to Ay. Let A¥ be the curve defined in section 2.9. By Theorem B the
curve C is contained in a non-singular Lagrangian submanifold if and only if it is
symplectomorphic to AZ.

Arnol’d also introduced a symplectic invariant characterizing how far is a curve
of the class Ay from the closest non-singular Lagrangian submanifold. In the next
subsection we show that this invariant can be generalized and expressed in terms
of algebraic restrictions.

2.11. Index of isotropness. In terms of algebraic restrictions one can express the
following symplectic invariant. Given a differential form germ w with zero (k — 1)-
jet and non-zero k-jet we will say that k is the order of vanishing of w. If w(0) # 0
then the order of vanishing is 0. If w = 0 or, in the C*°-category, w has the zero
Taylor expansion, then the order of vanishing is co.

Definition 2.9. Let N be a subset of a symplectic space (R?",w). The index of
isotropness of N is the maximal order of vanishing of the 2-forms w|ras over all
non-singular submanifolds M containing N.

It is easy to prove that an equivalent definition is as follows: the index of isotrop-
ness is the maximal order of tangency between non-singular submanifolds contain-
ing N and non-singular isotropic submanifolds of the same dimension. The index
of isotropness is equal to 0 if N is not contained in any non-singular submanifold
which is tangent to some isotropic submanifold of the same dimension. If N is
contained in a non-singular Lagrangian submanifold then the index of isotropness
is co. (In the analytic category “if” can be replaced by “if and only if”).

Theorem C. The indezx of isotropness of a quasi-homogeneous variety N in a
symplectic space (R?" w) is equal to the maximal order of vanishing of closed 2-
forms representing the algebraic restriction [w]y.

Example 2.10. (cf. results in [A1]). Let A% be the curves in a symplectic space
(R?", w) defined in section 2.9. By Theorem C the index of isotropness of A}‘C is
equal to 7 if ¢ < k — 1 and the index of isotropness of Aﬁ (the curve which is
contained in a non-singular Lagrangian submanifold) is co.

2.12. Symplectic multiplicity. One more invariant which can be effectively de-
scribed in terms of algebraic restrictions is the symplectic multiplicity of a variety
in a symplectic space. This invariant, generalizing the symplectic defect of a pa-
rameterized curve [IJ1], is defined below. At first let us fix the definition of a variety
and one of equivalent definitions of the (usual) multiplicity of a variety. Recall that
the zero set of an ideal I in the ring of function germs (R™,0) — R is the subset
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of R™ consisting of points at which vanishes any function in I. The ideal has the
property of zeros if it contains any function vanishing on its zero set. Throughout
the paper by a variety in R™ we mean the zero set of a k-generated ideal having
the property of zeros, k > 1.

Definition 2.11 (cf. [T], [AVG]). Denote by Var(k,m) the space of all varieties
described by k-generated ideals. Given N € Var(k, m) denote by (N) the orbit of
N with respect to the group of local diffeomorphisms. The multiplicity (or Tjurina
number) of N is the codimension of (N) in Var(k,m).

To make this definition precise one should associate with N a map germ H :
(R™,0) — (R¥,0) whose k components are generators of the ideal of functions va-
nishing on N. Then the orbit (V) can be identified with the orbit of H with respect
to the V-equivalence, see [AVG]. Recall from [AVG] that the V-equivalence of two
map germs H, H : (R™,0) — (R¥,0) means the existence of a local diffeomorphism
® and a germ M of a map from R™ to the manifold of non-singular k x k matrices
such that H = M - H(®).

A variety N € Var(k,m) is called a complete intersection singularity if & is the
depth of the ideal of functions vanishing on N. (In the holomorphic category this
means that & is the codimension of N in C™). If N is not a complete intersection
singularity then its multiplicity is co. This follows from the fact that the set of k-
tuples of function germs generating an ideal of depth # k has infinite codimension
in the space of all k-tuples of function germs.

In view of Definition 2.11 we define the symplectic multiplicity of a variety in a
symplectic space as follows.

Definition 2.12. Let N be a variety in a symplectic space (R?",w). Let (N) be
the orbit of N with respect to the group of local diffeomorphisms and let (INV)sY™P
be the orbit of N with respect to the group of local symplectomorphisms. The
symplectic multiplicity of N is the codimension of (N)¥™P in (N).

To make this definition precise take, as above, a map germ H : (R?",0) — (R¥,0)
whose components generate the ideal of functions vanishing on N. Let (H)y be
the orbit of H with respect to the V-equivalence and let (H)y symp be the orbit of
H with respect to the V-symplectic-equivalence. The V-symplectic-equivalence is
defined in the same way as the V-equivalence; the only difference is that we require
that ® (the change of coordinates in the source space) is a local symplectomorphism.
The codimension of (N)®™P in (N) is the codimension of (H)v symp in (H)v.

The classical Darboux theorem implies another equivalent definition of the sym-
plectic multiplicity of N C (R?",w): it is the codimension of the orbit of w with
respect to the group of local symmetries of NV in the space of all closed 2-forms.
Therefore Theorem A implies the following statement.

Theorem D. (corollary of Theorem A). The symplectic multiplicity of a quasi-
homogeneous variety in a symplectic space (R?™, w) is equal to the codimension of
the orbit of the algebraic restriction [w]|n with respect to the group of local symme-
tries of N in the space [A%c1osd (R2”)]N

Example 2.13. Let A% be the curves in a symplectic space (R?",wy) defined in
section 2.9. In section 2.5 we proved that the algebraic restriction co[Ax]® + --- +
cx—1[Ag]F~1 is diffeomorphic to [Ax]P if and only if ¢; = -+ = cp—1 =0and ¢, #0.
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Therefore by Theorem D the symplectic multiplicity of the curve A% is equal to .
This holds for all ¢ < k (the curve A’,j corresponds to the zero algebraic restriction,
i.e. to the case ¢cp = -+ =cp_1 = 0).

2.13. The dimension of the space [AQ’Closed(RQ")]N. In view of results of the
previous subsections it is worth to present several general results on the number

S(N) — dim [AQ,Closed (RQnﬂ N
Theorem 2.14. Let N be a quasi-homogeneous variety in a symplectic space of
dimension 2n such that s(N) < oo. The symplectic multiplicity of N does not
exceed s(N). It is equal to s(N) if and only if N is contained in a non-singular
Lagrangian submanifold.

Proof. The first statement is a corollary of Theorem D. The second statement
follows from Theorems B, D and the following statement: if a € [A%<losed(R?")] N
and a # 0 then the orbit of a with respect to the group of symmetries of N
has dimension > 1. To prove this statement it suffices to note that in the quasi-
homogeneous coordinates (see Definition 2.6) the flow x; — e~ *itx; preserves N
and brings a to a family of algebraic restrictions a; such a; — 0 as t — oo. (]

It is easy to prove that if NV is a stratified submanifold of dimension > 2 (i.e.
at least one of the strata has dimension > 2) then the space consisting of the
pullbacks to the regular part N™®9 of N of all possible closed 2-forms on R?" is
infinite-dimensional. Since two 2-forms on R?" with the same algebraic restriction
to N have the same pullback to N™8 (see Proposition 2.1) then we obtain

Proposition 2.15. If N is a stratified submanifold of dimension bigger than 1 then
s$(N) = 0.

Within 1-dimensional stratified submanifolds N consider at first the case that
N is a complete intersection singularity.

Proposition 2.16 (real-analytic category; corollary of results by Greuel [Grl]).
Let N C R?" be a one-dimensional complete intersection singularity with finite
Tjurina number (multiplicity) 7(N). If N is quasi-homogeneous then s(N) = 7(N).

In fact, Greuel proved a much more general statement in the holomorphic ca-
tegory [Grl]: if N C C* is an isolated complete intersection singularity of di-
mension m then the Milnor number of N is equal to the dimension of the space
[A™(CF)]n /d([A™~H(C*)]n). Greuel also proved [Grl] that for any quasi-homo-
geneous isolated complete intersection singularity the Milnor number is equal to
7(N). In the case m = 1 these results of Greuel imply that for any N satisfying the
assumptions in Proposition 2.16 one has 7(N) = dim [A*(R?")]y/d([A°(R*™)]y).
Now we use one more time the quasi-homogeneity of N. By Theorem 2.7 one
has H%(N,R?") = {0}. This implies that the space [A'(R?")]y/d([A°(R?")]n) is
isomorphic to [AZlosed(R?™)] . Consequently s(N) = 7(N).

We do not know a direct proof of Theorem 2.16. We neither know if the assump-
tion that IV is quasi-homogeneous can be removed. Our results in section 4.1 show
that it can be removed if N is a planar curve.

Conjecturally s(N) < oo for any 1-dimensional stratified submanifold N C R2".
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Example 2.17. Let Ny,..., Np,p > 2 be non-singular 1-dimensional submanifolds
of R?" such that dim(ToNy + --- + ToN,) = p. Let N = Ny U---UN,. The
ideal of functions vanishing on N is k-generated with &k = p(p — 1)/2 + 2n — p.
One has k > codimN = 2n — 1 unless p = 2. Therefore if p > 3 then N is not a
complete intersection singularity and the multiplicity of IV is co. On the other hand
$(N) < oo for any p. Our results in section 7 imply that two closed 2-forms have
the same algebraic restriction to IV if and only if they have the same restriction to
the p-space ToN1 + - - - + Ty Np,. Therefore s(N) = p(p —1)/2.

2.14. Calculation of the set [Symp(R*")] ~+ The space [AZ (RQ")]N can be cal-
culated using Proposition 2.3, see section 6.1. In this subsection we present a simple
way for transitions [AZ (RQ”)]N — [AZclosed(R2m)] N [Symp(RQ")]N. At first let
us distinguish the case where two or all of these spaces coincide.

Proposition 2.18. Let N C R?". If N is contained in a non-singular 2-dimen-
sional submanifold then [A*9sd(R>™)| = [A*(R*™)] . If N is contained in a

non-singular n-dimensional submanifold then [Symp(R?")], = [A%closed(R2™)]

N N
The first statement follows from Proposition 2.4 and the fact that any 2-form on
a 2-manifold is closed. The second statement follows from Theorem 2.19 below.

This transition [A%closed(R2m)] N [Symp(R?")] 18 equivalent to distinguish-
ing closed 2-forms 6 on R?" whose algebraic restrictions to N C R?" is realizable
by symplectic structure, i.e. [f]y = [w]n for some symplectic form w.

Theorem 2.19. Let N C R?". Let r be the minimal dimension of non-singular
submanifolds of R*™ containing N. Let M be one of such r-dimensional submani-
folds. The algebraic restriction [0y of a closed 2-form 6 is realizable by a symplectic
form on R?" if and only if rank(0|1,ar) > 2r — 2n.

Theorem 2.19 is almost obvious corollary of Theorem 1.2, Proposition 2.4 and
the following lemma.

Lemma 2.20. Let N C R™. Let W C ToR™ be the tangent space to some (and
then any) non-singular submanifold containing N of minimal dimension within such
submanifolds. If w is a p-form with zero algebraic restriction to N then w|w = 0.

Proof. Fix a non-singular submanifold M containing N of minimal dimension within
such submanifolds (then W = TyM). By Proposition 2.4 the form w|ras also has
zero algebraic restriction to N and consequently it can be expressed in the form
a + df, where « and (§ are forms on M vanishing at any point of N. Since N is
not contained in any non-singular hypersurface of M then any function vanishing
on N has zero 1-jet at 0. It follows that d3(0) = 0 and then (w|7ar)(0) = 0. O

Now we give an algorithm for the transition [A?(R®")], — [AZclosed(R2m)]
under the assumptions that N is quasi-homogeneous and the space [AQ(RQ”)] N 18
finite-dimensional. (See section 6.1 where this algorithm is realized for the case
N = S5). Take any basis ay,...,a; of [A*(R**)] and consider the algebraic
restrictions day, ..., dax € [A*(R®")] . Let p be the dimension of the vector space
over R spanned by these algebraic restrictions. The case p = 0 is not excluded.
Change the order in the tuple aq,...,ax so that

(a) the algebraic restrictions das, ..., da, are linearly independent.
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Replace now the algebraic restrictions a;,p < i < k by a; +Z§:1 ki;ja; with suitable
ki; € R so that

(b) dapyr =---=day =0.

Theorem 2.21. Let N be a quasi-homogeneous subset of R?™ and let a1, ..., a; be
a basis of [A*(R®")] satisfying (a) and (b). Then ayyq,...,ax is a basis of the
space [AQ,closed (RQn)] N
Proof. To conclude that the algebraic restrictions ap11,...,ar span the space

[AQ’CIOSQd (RQ")] ~ We do not need the assumption that NV is quasi-homogeneous. In
fact, the algebraic restriction to N of any closed 2-form w can be expressed in the
form [w]ny = c1a1 + - - - + crag, and taking the differential of this relation we obtain
0=ciday +---+cpday. By (a) c1 =+ =¢, =0, i.e. [w]y € span(apy1,...,ak).

The quasi-homogeneity of N is required in order to prove that api1,...,ar €
[AQ’CIOSGd(RQ")] n» 1-e. that the algebraic restrictions a;», can be represented by
closed 2-forms. In what follows i = p+ 1,...,k. Take any 2-forms w; represent-
ing a;. Since N is quasi-homogeneous then by Theorem 2.7 the cohomology group
H3(N,R™) vanishes. This means that any closed 3-form with zero algebraic re-
striction to IV, in particular the 3-forms dw;, is a differential of some 2-form with
zero algebraic restriction to N. Therefore dw; = d@;, where [0;]y = 0. The 2-form
w; — w; is closed because dw; = dw;. It represents the algebraic restriction a;: since
[&Z]N = 0 then a; = [wi}N = [wi - LTJZ}N O

3. PROOF OF THEOREMS A, B, AND C

In section 3.1 we reduce Theorem A, (i) to the case that the symplectic forms wy
and w in this theorem satisfy the condition (wg —w1)(0) = 0. In this case Theorem
A, (i) can be easily proved by the homotopy method (section 3.2). Theorem B is
proved in section 3.3 using Theorem A, and Theorem C is proved in section 3.4
using Theorem B. Throughout the proof we use the following lemma.

Lemma 3.1. Let w be a closed 2-form on R™ with zero algebraic restriction to
N C R™. Let M C R™ be a non-singular submanifold containing N of minimal
possible dimension within such submanifolds. There exists a closed 2-form 6 on R™
such that 8|7y = w|Tar, [0]ny =0, and 6(0) = 0.

Proof. Let u = w|rp. By Lemma 2.20 one has p(0) = 0. Let m : R2® — M be a
submersion which is identity on M. Let § = 7*u. Then 6 is a closed 2-form which
vanishes at 0 and whose restriction to TM coincides with that of w. Since [w]y =0
and w|rar = 0]7ar then by Proposition 2.4 we obtain [0]y = 0. a

3.1. Reduction of Theorem A, (i) to the case (wy —w1)(0) = 0. Take a non-
singular submanifold M as in Lemma 3.1. By this lemma there exists a closed
2-form 6 such that 0|7y = wolra — wilra, [fly =0 and 6(0) = 0. Set @ = wy +6.
Then wy, w1, have the following properties: (a) @ is symplectic (since 8(0) = 0);
(b) Olram = wolra; (¢) @y = [wi]ln, (@ —w1)(0) = 0. By Theorem 1.1 there
exists a local diffeomorphism preserving M pointwise (and consequently preserving
N pointwise) and bringing @ to wg. Therefore Theorem A, (i) for the forms wg and
wy will be proved if we prove it for the forms w; and @.
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3.2. Proof of Theorem A, (i) in the case (wgp — w1)(0) = 0. We will prove the
existence of a family of diffeomorphisms ®; preserving pointwise N and bringing
the form wy = wo + t(w1 — wp) to the form wy, for any ¢ € [0,1]. This family will
be found within families satisfying the ODE d;;f = Vi(®¢), Do = id, where V; is a
family of vector fields on R?" vanishing at any point of N. (The latter implies that
®, preserves N pointwise). Let Ly be the Lie derivative along a vector field V.
The requirement ®;w; = wy is equivalent to the condition Ly, w; + % = 0. Since
wy is a closed 2-form we obtain the equation

(31) d(‘/f J(WO + t(wl - wo))) =Wy — W1

with respect to the family V; under the constraint that V; vanishes at points of V.
Since N is quasi-homogeneous then by Theorem 2.7 wg — wy; = df, where ( is a
1-form vanishing at any point of N. Therefore to solve (3.1) it suffices to solve the
equation

(32) Vi J(UJQ + t(w1 - WO)) =A.

This equation can be treated as a square system of linear equations parameterized
by a point z € R?" close to 0 and ¢t € [0,1]. The assumption (wg — wy)(0) = 0
implies (wp + (w1 — wp))(0) = wo(0). The form wy is symplectic and consequently
the 2-form (wg + t(w1 — wp)) has maximal rank 2n for any ¢ at any point z close
to 0. Therefore for any such ¢t and x the matrix of the linear system (3.2) is non-
degenerate and consequently (3.2) has a unique solution V;. It vanishes at any point
of N since so does the 1-form 3.

3.3. Proof of Theorem B. The “if” part of Theorem B follows from Proposition
2.4. Let us prove the “only if” part: if [w]y = 0 then N is contained in a non-
singular Lagrangian submanifold. Fix a non-singular submanifold M and a closed
2-form 6 as in Lemma 3.1. Since §(0) = 0 then the form w — # is symplectic. The
manifold M is isotropic with respect to w — 6. By Theorem A (i) there exists a
local diffeomoArPhism sending w — 0 to w preserving N. It sends M to a non-singular
submanifold M which contains N and which is isotropic with respect to w.

3.4. Proof of Theorem C. We have to prove the following two statements:

1. If M C (R*,w) is a non-singular submanifold containing N and such that the
restriction w|ras has zero k-jet, k > 0, then there exists a closed 2-form @ on R?"
with zero k-jet such that [w]y = [@]n;

2. If @ is a closed 2-form on R?*" with zero k-jet, k > 0, such that [w]y = [N
then there exists a non-singular submanifold M C R?" containing N such that the
restriction w|rps has zero k-jet.

To prove the first statement fix a submersion 7 : R?” — M which is identity on
M and set @ = 7* (w|rar). Then @ is a closed 2-form on R?" with zero k-jet. The
forms w and @ have the same restriction to 7'M and by Proposition 2.4 the same
algebraic restriction to N. Therefore w is a required closed 2-form.

To prove the second statement consider the form (w —@). It is symplectic and it
has zero algebraic restriction to N. By Theorem B N is contained in a non-singular
submanifold M such that (w—&)|7ra = 0. Since @ has zero k-jet then its restriction
to T'M and consequently the restriction of w to T'M also has zero k-jet.
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4. SYMPLECTIC CLASSIFICATION OF SINGULAR
PLANAR QUASI-HOMOGENEOUS CURVES

By a singular planar quasi-homogeneous curve in R2" we mean a curve given in
suitable coordinates by the equations
(4.1) N = {H(.%‘hxg) =T>3 = 0} - RQH
where the function germ H(xz1,z2) satisfies the following conditions:
1. H(0) =0, dH(0) = 0;
2. the property of zeros: the ideal of functions on R? vanishing at any point of the
set {H = 0} is generated by H;
3. the function H(x1,z2) is quasi-homogeneous polynomial. This means that there
exist positive numbers A1, Ao (weights of quasi-homogeneity) and a positive number
d (degree of quasi-homogeneity) such that H(x1,22) is a linear combination of
monomials z7'z5? satisfying the condition a3 A; + aghe = d.

The classical examples are the simple function germs Ay, Dy, Eg, E7, Eg, see
[AVG]. In section 4.1 we prove that the vector space [A*?°%d(R®")] =~ can be
identified with the local algebra of the function H(x1,23). In section 4.2 we use
this result and Theorems C and D to give a simple way of calculating the index
of isotropness and the symplectic multiplicity of any planar quasi-homogeneous
curve. In sections 4.3 - 4.4 we use the method of algebraic restrictions to present a

complete symplectic classification of the Ay, Dy, Eg, E7, Eg singularities.

4.1. The space of algebraic restrictions and the local algebra of H. The-
orem 4.2 below generalizes Example 2.2.

Definition 4.1. (see [AVG]). The factor space A°(R?)/(VH) is called the local
algebra of H and the dimension of this factor space is called the multiplicity of H.

Theorem 4.2 (cf. Theorem 2.16). Let N = {H(z1,22) = >3 = 0} be a planar
quasi-homogeneous curve where the function H = H(x1,x2) has a finite multiplicity
w and let the tuple f1, fo,..., fu be a basis of the local algebra of H L such that

f1(0) # 0, f>2(0) = 0.

(i) [AQ’CIOSEd(RQ”)]N is a p-dimensional vector space spanned by the algebraic re-
strictions a; = [fidxy Ndxs|n, i=1,..., .

(it) Ifn > 2 then [Symp(R>")| = [A2<losed(R?™)] . The manifold [Symp(R?)]
consists of algebraic restrictions of the form {clal +-cpay, C1 F 0}.

The second statement is a corollary of the first one and results in section 2.14.
The first statement follows from Lemma 4.3 below and Proposition 2.4.

Lemma 4.3. Let H(x1,22) be a quasi-homogeneous polynomial with the property
of zeros. A 2-form f(x1,x2)dx1 A dxo has zero algebraic restriction to the curve
{H(z1,22) =0} if and only if f € (VH).

Proof. Since the function H has the property of zeros then for some function germs
A(x1,2), By (21, 22), Ba(x1, 22) one has

fdxy Ndxo = HAdxy Ndxs +d (H(Bld.ifl + BQdJ?Q)) .

Lafter factorization of these function germs by the ideal (VH).
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It is easy to see that this condition is equivalent to the condition f € (H,VH),
where (H, VH) is the ideal generated by the H and its first order partial derivatives.
It is clear that any quasi-homogeneous polynomial belongs to its gradient ideal,
therefore (VH,H) = (VH). O

Remark. If H is not quasi-homogeneous then, as we see from the proof of Lemma
4.3, the space [A>9°%d(R?")] = can be identified with the space A°(R?)/(VH, H).
The dimension 7 of the latter space is called the Tjurina number (or the multiplicity)
of the curve {H = 0} (see Definition 2.11). By Saito theorem [Sal] 7 < p. 2

4.2. The index of isotropness and the symplectic multiplicity. The index
of isotropness and the symplectic multiplicity are defined in sections 2.11 and 2.12.

Theorem 4.4. Let N = {H(z1,22) = z>3 = 0} be a singular planar quasi-
homogeneous curve in a symplectic space (R®" w). Let u be the multiplicity of
the function H.

(i) The index of isotropness of N does not exceed (1 — 1) unless N is contained in
a non-singular Lagrangian submanifold (in the latter case the index is o).

(ii) The symplectic multiplicity of N does not exceed p. It is equal to p if and only
if N is contained in a non-singular Lagrangian submanifold.

The second statement is a direct corollary of Theorems 2.14 and 4.2. (It is also
a direct corollary of Theorems B and 4.2). The first statement follows from the
following corollary of Theorems 2.5, C and Lemma 4.3 allowing to calculate the
index of isotropness for any planar quasi-homogeneous curve.

Notation. Given a 2-form w on R?" denote by F,, = F,(x1,72) a function germ
such that the pullback of w to the 2-plane x>3 = 0 has the form F,dz; A dzs.

Theorem 4.5 (Corollary of Theorems 2.5, C and Lemma 4.3).

Let N be as in Theorem 4.4. The index of isotropness of N is the maximal p such
that F, € (VH) 4+ MP, where M denotes the mazimal ideal in the ring of function
germs on R? (if F,, € (VH) then p = oo, if F,,(0) # 0 thenp=0).

Proof of Theorem 4.4, (i). If N is not contained in a non-singular Lagrangian sub-
manifold then by Theorem B [w]y # 0 and then by Proposition 2.4 and Lemma
4.3 one has F,, ¢ (VH). Since M* C (VH) (see [AVG]) then F, ¢ (VH) + MH*
and by Theorem 4.5 the index of isotropness does not exceed (p — 1). O

The following theorem gives a simple way for calculation of the symplectic mul-
tiplicity of any planar quasi-homogeneous curve.

Theorem 4.6. Let N be as in Theorem 4.4. The symplectic multiplicity of N
is equal to dim A°(R?)/(VH,F,), where (VH,F,) is the ideal generated by the
function germs OH/0x1,0H/0xs, F,.

Example 4.7. Consider the curve

C: {pip2—p3=0, 1 =p3, 2 =0} C (R*,wy = dp1 Adq1 + dps A dgp).

2This means that if H is not quasi-homogeneous then the multiplicity of the curve {H = 0}
is smaller than the multiplicity of the function H. The number p — 7 is called the degree of
non-quasi-homogeneity of H, see [V].
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This is a planar quasi-homogeneous curve diffeomorphic to the curve Dy: in the
local coordinates x; = pi,T2 = p2,T3 = @1 — ps3, T4 = @2 it takes the form
H(z1,79) = 2329 — 73 = 23 = 4 = 0. In the same coordinates the form wq takes
the form dz 1 A(dws+3x5dze)+dreAdxy. The restriction of this form to the 2-surface
x3 = x4 = 0 is 3z3dx1 A dvo. The ideal (VH,323) = (2172, 23 — 323, 22) coincides
with the ideal (7122, 2%,23). By Theorems 4.5 and 4.6 the index of isotropness of
C is equal to 2 and the symplectic multiplicity of C' is equal to 3.

The proof of Theorem 4.6 consists of several steps. At first we use Theorems D
and 2.5 reducing Theorem 4.6 to the following proposition.

Proposition 4.8. Let H(z1,x2) be a quasi-homogeneous polynomial of finite mul-
tiplicity having the property of zeros. The codimension in the space [AQ(R2)] (H=0}
of the orbit of the algebraic restriction [F(x1,x2)dxy Adwa){g—oy with respect to the
group of symmetries of the curve {H = 0} is equal to the dimension of the factor

space A°(R?)/(VH,F).

Notation. Given an algebraic restriction a € [A%(R?")]  denote by T'(a) the
tangent space at a to the orbit of a with respect to the group of symmetries of N.

Proposition 4.9. Let H be as in Proposition 4.8 and let a € [A*(R?)] (H=0}" Then
dimT'(a) = dim (A°(R?)-a).

If a is represented by 2-form F'(z1,x2)dz1 A dxo then by Theorem 4.2 one has
codim (A°(R?)-a) = dimA°(R?)/(VH, F). Therefore Proposition 4.9 and Theo-
rem 4.2 imply Proposition 4.8 and consequently Theorem 4.6. The proof of Propo-
sition 4.9 requires certain techniques related to quasi-homogeneous algebraic re-
strictions, therefore it is postponed to section 5.

4.3. Symplectic A-D-E classification. Continuing results of section 2.9 we give
a complete solution of Problem A with N = {H(z1,22) = >3 = 0} where
H(x1,x2) is a function representing one of the classical singularities Ay, Dy, Eg, E7,
Es, see Table 1. Theorems A and 2.5 reduce Problem A to classification of algebraic
restrictions of the space [A2 (RQ)] (H=0} with respect to the group of symmetries

of the curve {H = 0} C R?. This classification involves functions and families of
functions given in the second column of Table 1.
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H(.T1,LE2) Fi(a:l,xg), i:(),l,...,,u

Ak:xllwrl*x% F():l‘

k>1 Fi=xi,i=1,....,k—1
F.=0

Dk::v?ng:vg*l Fo=1 .

k>4 Fi=bxi+ab, i=1,...,k—4

Fr_s = (£1)*z, 4 bak =3,
Fk72 = 55126_37 Fk—l = x§_27 Fk =0

EGZ.T?—:EEI Fo=1, F} = x5 + bx1, F2=$1+b$%7
Fs = JI% + bxrixs, Fy = x122, F5 = 1’11’%, Fs=0

E7:1‘?—1,‘11‘g Fy =1, F1:112—|—b131, F2:i1’1+b1‘§,
F3 = ZE% =+ bx1a72, Fy = t+z120 + bmg,
F5=:Eg, FGZCC%7 F7=0

Eg:.T?—:Eg Fo = +£1, F1 = xo + bx, ngazl—i—blx%—i—ngg
F3 = im% + brixs, Fu = *x122 + bmg,
F5 = :E% + baﬁx%, Fs = xm:%, Fr = :tl'lltg, Fs =0

Table 1. Classification of the algebraic restrictions to Ay, Dy, Es, E7, Es.

Theorem 4.10. Fiz a function H = H(z1,x2) in Table 1. Let F; = [Fidzi A
dxo) =0y, where the functions F; are given in the row of H.

(i) Any algebraic restriction a € [AQ(RQ)]{H:O}
normal forms F;, 1 =0, ..., u, where pu is the multiplicity of H.

is diffeomorphic to one of the

(i1) The singularity classes defined by to the normal forms Fy,...,F, are disjoint;
(i4i) The singularity class defined by the normal form F; has codimension i;
(iv) The parameters b,by,be in the normal forms are moduli.
The second statement is proved in section 4.4, the other statements — in section
5. Let us transfer the normal forms F; to symplectic normal forms following the
algorithm in section 2.8. Fix any symplectic form, for example,
wo =dp1 Ndqy + -+ + dpp A dgp.

If n > 2 then the algebraic restriction [Fj(z1,x2)dx; A dzs]n can be realized by
the symplectic form w; = Fydxy N dxo + dxy A dxs + dro Adry + das Adxg + -+ - +
dxon_1 N dre, which can be brought to wy by the change of coordinates

T1 = p1, T2 = P2, T3 =q1 — f(fz Fi(p1,t)dt, x4 = qo,

T5 =P3, L6 =(q3,---, T2n—1 = Pn, L2n = qn-
The given change of coordinates brings N =(4.1) to the form

. P2
(42) N*'= {H(phpz) =q —/0 Fi(p1,t)dt = q>2 = p>3 = 0} C (R*",wp) .

Theorems A, (ii), 2.5 and 4.10 imply the following complete symplectic classification
of the Ay, Dy, Eg, Er7, Eg singularities.

Theorem 4.11. Fiz a function H = H(x1,x2) in Table 1. Any curve in the sym-
plectic space (R?™ wp), n > 2, which is diffeomorphic to the curve N : H(z1,22) =



18 W. DOMITRZ, S. JANECZKO, AND M. ZHITOMIRSKII

z>3 = 0 can be reduced by a symplectomorphism to one and only one of the normal
forms N%, i = 0,...,, given by (4.2), where F; are the functions in Table 1 and
w is the multiplicity of H. The parameters b,b1,by are symplectic moduli. The
codimension of the symplectic singularity class defined by the normal form N in
the class of all curves diffeomorphic to N is equal to i.

If n = 1, i.e in the 2-dimensional case, the symplectic classification is much
simpler. Theorems 4.2, (ii) and 4.10 along with Theorem A, (ii) imply the following

Theorem 4.12. Let H(x1,x2) be one of the functions in Table 1. All curves in
the symplectic plane (R?, dp Adq) which are diffeomorphic to the curve {H = 0} are
symplectomorphic unless H = Eg. Any curve in (R?, dpAdq) which is diffeomorphic
to Eg : {3 — 23 = 0} is symplectomorphic to one of the curves p> & ¢° = 0.

Remark. It is easy to prove that the curves p?4¢® = 0 are not symplectomorphic.
The statement of Theorem 4.12 also follows from the works [V] and [Gi]. It is also
contained in the works [IJ1], [IJ2] along with other results on classification of curves
in R? with respect to volume-preserving diffeomorphisms.

4.4. Distinguishing normal forms (proof of Theorem 4.10, (ii)). The nor-
mal form N? in Theorem 4.11 corresponds to the normal form F; in Theorem 4.10.
Using Table 1 and Theorems 4.5 and 4.6 it is easy to calculate the index of isotrop-
ness and the symplectic multiplicity of all singularities, see Table 2. They do not
depend on the parameters of the normal forms except for the case D,@ 2<i<k—4,
when the index of isotropness is different for b # 0 and for b = 0.

As we see from Table 2, either the index of isotropness or the symplectic multi-
plicity distinguishes all normal forms except for the following two couples: (o) Eg
and Eg; (8) ES and ES. To distinguish these normal forms we will distinguish the
corresponding normal forms for algebraic restrictions:

(@) [(#3 + bxrzo)day A daa)ig—oy and [axizadey A duolip_oy, H =z} — a3;
(B) [(23 + bxya3)day A das){p—oy and [z123dz1 A dag)iy—oy, H = a3 —a3.

These couples can be distinguished as follows. Let a = [F(x1, z2)dx1 Ad2a] (=0},
where H is any quasi-homogeneous polynomial. Consider the ideal (VH, F'). We
will say that this ideal is associated with a. The associated ideals are invariantly
related to algebraic restrictions: if a,a € [A2 (RQ")]  are diffeomorphic then the as-
sociated ideals are diffeomorphic. This follows from Lemma 4.3 and the observation
that any diffeomorphism sending a 2-form F'dz; Adzs to F dx1 Adzxo sends the ideal
generated by F' to the ideal generated by F. Therefore to distinguish the couples
(), (B) it suffices to distinguish the couples of associated ideals. In the case («)
the associated ideals are I5" = (23, @3, 23 + bayx2) and 19 = (z3, @3, z122).
In the case (8) they are Iél) = (3,23, 23 4 bx123) and Iéz) = (3,23, 2123). Tt is
easy to prove that I((,él) is not diffeomorpic to IC(?) and [ él) is not diffeomorpic to

I [(32) (to prove this it suffices to consider the 2-jets of functions in the ideals 7, C(yl) and

12 and the 2-jets of functions in the ideals I[gl) and Ig)).
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Normal index of sympl. Normal index of sympl.
form isotr. multip. || form isotr. multip.
AL i i

0<i<k-—1 E? 0 0

AF 00 k Ei 1 2

DY 0 0 E? 1 3

D} 1 2 E? 2 4

D}, b£0: 1 |i+1 | B7 2 5
2<i<k—4 |b=0:1 E? 3 5

DF 3 1 k—2 || B7 4 6
DF2 k—3 k—2 | B 00 7

D,z ! k—2 k=1 |[&D 0 0

Dk o0 k Egl 1 2

EY 0 0 Eg 1 1

EL 1 2 E3 2 4

E2 1 3 Ej 2 5

E3 2 4 Ey 3 6

E3 2 1 ES 3 6

ES 3 5 EY 4 7

ES o0 6 E3 o0 8

Table 2. Symplectic invariants of Ay, Dk, Es, E7, Eg singularities.

5. PROOF OF PROPOSITION 4.9 AND THEOREM 4.10

Throughout this section, including formulations of the statements, H = H(x1, z2)
is a quasi-homogeneous polynomial with respect to the weights A1, A2. Any quasi-
homogeneity should be understood as that with respect to the weights A1, Ao. We
also assume that H has the property of zeros and a finite multiplicity pu.

Proposition 4.9 is proved in sections 5.1 - 5.3. The main ingredients are the
structure of the algebra of infinitesimal symmetries of the curve {H = 0} (sec-
tion 5.1) and the quasi-homogeneous algebraic restrictions (section 5.2). The same
ingredients are used for the proof of Theorem 4.10, statements (i), (iii), (iv) in
sections 5.4 - 5.6 (Theorem 4.10, (ii) is already proved in section 4.4).

5.1. The infinitesimal symmetries of the curve {H = 0}. An infinitesimal
symmetry of the curve {H = 0} is a vector field tangent to this curve. The space
of all infinitesimal symmetries is an algebra with respect to the Lie bracket. It will
be denoted by Symm™ ({H = 0}). 3 Consider the following Euler vector field £
and the Hamiltonian vector field H related to H via the volume form dxq A dzs:

E = >\1$18/8(E1 + )\2:528/8962, H = (8H/8:c2)8/8:v1 — (8H/8:c1)8/8:52
The following lemma was used in many works, see for example [A1], [L].

Lemma 5.1. Any vector field V € Symm™ ({H = 0}) has the form V = g1 E+goH
for some functions g1, gs.

Proof. Since H has the property of zeros then V(H) = RH for some function
R. One has E(H) = 0 - H, where ¢ is the degree of quasi-homogeneity of H.
Let Vi =V — RE/6 Then Vl(H) = 0. Let Vj = A@/@xl + 38/8.132, then
(Adzg — Bdx1) AdH = 0. Since H has a finite multiplicity then the form dH has

3another notation for the same algebra is Derlog({H = 0}), see for example [Sa2].
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the division property (see, for example [M]) and this relation implies Adzo— Bdx; =
R1dH for some function R;. This can be written in the form V; = —R; - H. We
obtain V. =R; - H — RE/S. O

By the following lemma the Hamiltonian part of the algebra Symm™ ({H = 0})

leads to the symmetries preserving any algebraic restriction in [A%(R?)] (=) I

what follows Ly denotes the Lie derivative along the vector field V.

Lemma 5.2. L3 (a) =0 for any g € A°(R?) and any a € [A*(R?)] (H=0}"

Proof. Let F(x1,x2) be any function. Let 0 = L3 (Fdzq Adz2). We have to prove
[0]¢zr=0y = 0. Note that H]|dzy Adwy = dH. This implies 0 = d(gFH |dxy Adxs) =
d(gFdH) = d(—Hd(gF)). |

Recall that T'(a) denotes the tangent space at a to the orbit of an algebraic
restriction a. Lemmas 5.1 and 5.2 imply the following statement.

Proposition 5.3. Let a € [AQ(R2)]{H:0}. Then T(a) = {Ly4p(a), g€ A°(R?)}.

5.2. Quasi-homogeneous algebraic restrictions. Now we will calculate the
tangent space T'(a) more explicitly. This requires working with quasi-homogeneous
algebraic restrictions. The possibility to define quasi-homogeneous algebraic re-
strictions follows from the following lemma.

Notation. Given a function F' = F(x1, z2) denote by F' (®) the quasi-homogeneous
part of degree § of its Taylor series with respect to the weights A1, Ao.

Lemma 5.4. If [Fdxy A dxs](g—oy = 0 then [FOdzy A dxs) (=0} = 0 for any .

Proof. Follows from Lemma 4.3 and the observation that 0H/0x, 0H/Oxs are also
quasi-homogeneous polynomials with respect to the weights A1, As. (I

Lemma 5.4 allows to define quasi-homogeneous algebraic restrictions as follows.

Definition 5.5. Let ' = F(x1,72) and a = [Fdzy A dxo]{g—o}. The algebraic
restriction a(®) = [F(‘S’)‘l’kz)dml Adxs] =0y will be called the quasi-homogeneous
degree ¢ part of a. If a = a(® then a is called quasi-homogeneous of degree §.

Why FO-21=22) not F() in the definition of a(®)? This is so in order to have

Lemma 5.6. If an algebraic restriction a € [A*(R?)]
of degree § then Lg(a) =6 - a.

{H=0} 8 quasz—homogeneous

Proof. Let a = [Fdx1dxs]{f—oy. Calculate the Lie derivative
EE (Fda:l A dl‘g) = d(E J del A\ dﬂig) = EEFdxl A dﬁCQ + FEE(dxl N dﬂig)

It remains to note that Lg(dziAdxs) = (M +A2)dxiAdze and LgF = (60— —X2)F
since F' is quasi-homogeneous of degree § — A1 — As. O

Lemma 5.7. For any a € [A*(R?)] the sum ) 5cp a'® is finite.

{H=0}

Proof. Obviously a(® = 01if § < A; + Ay or if § # a3 \; + as\s for some positive
integers a1, as. Therefore we have to prove that a(® = 0 for sufficiently big 4.
Let 6 > A\ + Ao + p, where  is the multiplicity of H. Then a(® has the form
[F'dxy Adxa]{ =0y, where the function F" has zero p-jet. Any such function belongs

to the gradient ideal (VH), see [AVG]. By Lemma 4.3 one has a(?) = 0. O
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5.3. Proof of Proposition 4.9. In view of Proposition 5.3 let us calculate the Lie
derivative L4 (a) for quasi-homogeneous ¢ and a.

Lemma 5.8. Ifa € [AQ(R2)]{H:O} and g € A°(R?) are quasi-homogeneous of
degrees 81 and 02 then Lyp(a) = (81 + 02)ga.

Proof. For any w € A%(R?), and g € A°(R?) and any vector field V' on R? one has
Loyyw =g (Ly(w))+ (Ly(g)) w. Therefore Lyp(a) = g-Lr(a)+ (LE(g)) - a. One
has Lg(g) = d2g. By Lemma 5.6 Lg(a) = d1a. O

Consider the linear operator
Q: [NR)] gy — [V R)] gy Qo) = > 0-al.
seR
It is well-defined by Lemma 5.7. Lemmas 5.3 and 5.8 imply
Proposition 5.9. T'(a) = Q (A°(R?) - a).
Since a(® = 0 (moreover a® = 0 for § < A; + \2) then the operator Q is

non-singular and consequently dim7'(a) = dim (A°(R?) - a).

5.4. Proof of Theorem 4.10, (i). The normal forms in Theorem 4.10 follow from
Propositions 5.10 and 5.11 below. To formulate these propositions it is convenient
to use the following notation.

Notation. Denote by o(d) the subspace of the space [A%(R?)] (H=0}
algebraic restrictions without quasi-homogeneous terms of degree < §.

consisting of

Proposition 5.10. Let ay,...,a, be a basis of the space [A2 (Rz)] (H=0) consisting
of quasi-homogeneous algebraic restrictions of degrees 61 < 09 < --- < 6,. Let
a=cra1+---+cyay. If as belongs to the affine space g-(crai1+- - -+cs—1a5-1)+0(ds)
for some function g such that g(0) = 0 then a is diffeomorphic to an algebraic

restriction in the affine space cray + -+ + cs—1a5—1 + 0(Js).

Proof. Let us show that a symmetry ¥ of the curve {H = 0} reducing a to the
required normal form is contained in the flow ®* of the vector field gE. Since
¢(0) = 0 and the degrees of quasi-homogeneity of a>, are not less than J, then by
Lemma 5.8 one has Lypa € Lyp(cia1 + -+ + ¢s—1a5-1) + 0(ds). Lemma 5.8 and
the assumption of Proposition 5.10 imply Lyra € dsas + 0(05). It follows

A(@Y) a/dt € (®1)* (55as + 0(3)).

Note now that for any ¢ the diffeomorphism ®! preserves the x; and the zo-axes
and since g(0) = 0 then ®! has identity linear approximation. These properties
imply that ®! preserves the affine space dsas + 0(ds) and consequently

d(®")*a/dt € §sas + 0(3s).

Since ®g = id it follows (®%)*a = a+tdsas + 0(ds). Let tg = —cg/ds. Then U = Pto
is the required symmetry. O

To prove Theorem 4.10,(i) for all singularities except Dy it suffices to use the
following corollary of Proposition 5.10.
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Proposition 5.11. Let ay,...,a, be a basis of the space [AQ(RQ)] (H=0}
of quasi-homogeneous algebraic restrictions of degrees §1 < 69 < .-+ < 0,. Any
algebraic restriction of the form a = cpap + - - + cpa, with ¢, # 0 is diffeomorphic
to an algebraic restriction of the form a = cpap + Cpr1apt1 + - -+ + Cua,, where
¢ =0 foralli>p+1 such that a; € A°(R?) - a

consisting

Proof. By Lemma 5.4 and the assumption §; < ;41 any algebraic restriction in the
space 0(d5) is a linear combination of asy1,...,a,. Therefore to prove Proposition
5.11 it suffices to prove that if a;, = g - a, for some function g then the algebraic
restriction «a is diffeomorphic to an algebraic restriction in the affine space craq +

-4 cs—1as—1+0(d5). This follows from Proposition 5.10 since g(0) = 0 (if we had
¢(0) # 0 then by Lemma 5.4 a, and a, would be proportional). O

The proof of Theorem 4.10,(i) requires, except Propositions 5.10 and 5.11, the
following lemma.

Lemma 5.12. Let a = [27"25°dxy A dxo)gg—oy and ¢ # 0. Then c - a is diffeo-
morphic to +a. If the curve {H = 0} admits a symmetry (x1,22) — (—x1,22)
or (x1,2z2) — (21, —x2) which changes the sign of the monomial x*x5? then the
algebraic restrictions +a are diffeomorphic.

Proof. The first statement follows from the fact that the group of symmetries of the
curve {H = 0} includes the scale transformations (xq,z2) — (t*z1,t*229). The
second statement is obvious. d

Theorem 4.10, (i) for the Ay, Fg, E7, Eg singularities (respectively Dy, singulari-
ties) is a direct corollary of Proposition 5.11 (respectively Proposition 5.10), Lemma
5.12, the obvious implication

geN°(R?) . f = [gdxy A dxo] (=0} € A (R?) - [fdxy A dxo] =0
and the relations in the last column of Table 3. In this table we use the notation

[f(@1,22)] = [fdz1 A dz2]{m=0}.

H A1, A2 Basis of [A2 (R2)] (H=0} Relations following
from Lemma 4.3

xf*lfxg 2,k+1 [1],[961},...,[96’1“1]

wiws —ab™ | k—2,2 | [1], [ o, ., [, [« ] (3] = (blw1] + [25]) - 25"
(2571, [25%2), ., 2577 (b eR,j >1);
e=[(k—-1)/2] [z5%) = 222 [a1]

x% - LE% 4,3 [1]7 [‘TQL [371]7
[3], [z122], [z123)]

af — z123 3,2 (1], [z2], [21], [23] (23] = 321 - [41]
[z122], [23], 23]

:E? - l‘g 5,3 [1]7 [mﬂv [1'1], [mg}v
[z122], [43], [2123], [2123]

Table 3. From Propositions 5.10, 5.11 to Theorem 4.10, (i).
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All relations in the last column of Table 3 are obvious corollaries of Lemma 4.3.
In the second column of Table 3 we give the weights A1, A2 of quasi-homogeneity
of the function H. In the third column we present a basis of the space [A?(R?")] N
satisfying the assumption of Proposition 5.11 for all singularities except Dj with
even k. For the latter singularities the basis in Table 3 satisfies the assumption of
Proposition 5.10. The construction of such basis, for any H, is very simple. One
has to take the monomial basis fi,..., f, of the local algebra of H, to calculate
the degrees of these monomials with respect to the weights A1, A2 and to rearrange
them so that the degrees form a non-decreasing sequence. Then, replacing f; by
the algebraic restriction [f;] we obtain a required basis.

Example 5.13. Counsider the case H = Dy, = xf:z:g—:vg_l. Decompose an algebraic
restriction a € [A%(R?)] (H=0} by the basis in Table 3:
(5.1) a=co[l] +cifza] + -+ cralzi |+ a - [z1].

Propositions 5.10, 5.11 and Lemma 5.12 imply that if the coefficients ¢; and «
satisfy the condition given in the first column of Table 4 then a is diffeomorphic to
the normal form in Theorem 4.10, which we present again in the second column of
Table 4. Note that the first column contains all possible cases.

co # 0 Fo : [1]
C():"':Cz;l:(],ci;ﬁo,igk—ﬁl fz[bfvl‘f'xé}
o= =cia=0,a#0 Fo—s + [(ED* T +bay 7]
co=-=cha=0,0a=0,c4-3#0 Fr—z : [25 7]
co=-=ck3=0,0#0,ck 2#0 Fir i [25 "]
co=:=cp2=0a=0 Fi 1 [0]

Table 4. The correspondence between the normal forms in Theorem 4.10
for the case H = Dy, and the coefficients in (5.1).

5.5. Proof of Theorem 4.10, (iii). Leta € [A?(R?)] (H=0}" Take a basis [f1], ..., [fu]
of [AQ(RQ)]{HZO} as in Table 3. Let a = ¢1[f1] + -+ + ¢u[fu]. Tracing the proof
of Theorem 4.10,(i) we can check that the normal form F; holds if exactly i of the

coefficients ¢y, ..., ¢, are equal to 0 (see Example 5.13 where this follows from Table
4). By Theorem 4.10, (ii) “if” can be replaced by “if and only if”.

5.6. Proof of Theorem 4.10, (iv). Any normal form with parameters in Theo-
rem 4.10 has the form ag + b1a; + - - - + bsas where a; are algebraic restrictions, b;
are parameters, s < 2. To prove that the parameters are moduli we have to prove

(5.2) a; €T (ap +bray + - - + bsay) .

Proposition 5.9 allows to calculate this tangent space explicitly and to check (5.2)
for each of the normal forms in Theorem 4.10. As an example consider the most
difficult case — the only normal form with two parameters — the normal form

.7:2 = [.Tl -+ bll’g —+ ngg]
for the case H = Eg = 23 — 23. We continue to use the notation [f] = [fdz1 A

dx2]{g—oy from the previous subsection. We have to prove

(5:3) [23], [23] & T(F2).
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By Proposition 5.9 one has

(5.4) T(F) = {3 r-lg- R, g A®Y)},

where (") denotes the quasi-homogeneous part of degree r with respect to the we-
ights A\ = 5, A2 = 3. Lemma 4.3 implies the relations

xlexg‘]:g = a:‘fx224.7:2 =2123F, =0
for any a > 0, and the relations
1 Fy = by[z122] + bo[z123], 20 F = [m120] + by 2],
T2 Fy = [2122], 2120Fs = by[m123), 23 F = [2123).
These relations and (5.4) imply
T(F») = span (5[z1] + 6b1[23] + 9bo[23], 8[z122] + 9b1[23], [z123], [2123]).
2 3

Since the algebraic restrictions [x1], [x172], [3], [3], [1123], [x123] are linearly inde-
pendent (see the last row of Table 3) it is clear that (5.3) holds for any by, bs.

6. SYMPLECTIC S5-SINGULARITIES

Denote by (Ss5) the class of varieties in a fixed symplectic space (R?",w) which
are diffeomorphic to

(6.1) Ss={x e R¥™2%: 27 — 22 — 22 = w923 =254 =0.}

We will use the method of algebraic restrictions to obtain a complete classifica-
tion of symplectic singularities in (S5). In section 6.1 we calculate the manifold
[Symp(R?")]s, and classify its algebraic restrictions. This allows us to decompose
(S5) onto symplectic singularity classes, section 6.2. In section 6.3 we transfer the
normal forms for algebraic restrictions to symplectic normal forms. In section 6.4
we give an equivalent definition of the symplectic singularity classes in canonical
terms. Some of the proofs are contained in sections 6.5, 6.6.

6.1. Algebraic restrictions and their classification. One has the relations
(62) [d(l’g:ﬂg)h\] = [$2d$3 -+ l'gdl’Q]N =0
(6.3) [d(2} — 23 — 23)]n = 2 [z1d21 — zadzs — x3d2s)N =0

Multiplying these relations by suitable 1-forms we obtain the relations in Table 5.

Relation Proof
1. [:Ezdxz A dl’g]N =0 (62) A dxo
2. [.Z‘gd.%‘z A\ dﬂ,’3]N =0 (62) A dxs
follows from rows 1. and 2. since
3. idea Nd =0
[Il X2 xS]N [x%]N _ [x% + x%}N

4. [z1dz1 A dz2]n =0 (6.3) A dzo along with row 2.

2 - (6.3) A zodxq
2 [wadey N dwz]y =0 (since [z2z3]n = 0)

2 - (6.2) A x3dxq
- [w5day A\ dwz]n =0 (since [z2xs]n = 0)
7. [x1dz1 Adzs|y =0 (6.3) A dzs along with row 1.
8. [xgdﬁn A d.iEg]N = 7[$3d171 A dmgh\] (62) A dx1
9. [:Iigdflil A dl’g]N = —[I2d1’1 A dll:Q}N (63) A dx1
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Table 5. Relations towards calculating [A*(R™)] N for N =S5,

Table 5 and Proposition 2.3 easily imply the following statements.
Proposition 6.1. Any 2-form with zero 1-jet has zero algebraic restriction to Ss.
Proposition 6.2. [A%2(R?")]gs is a 6-dimensional vector space spanned by the al-
gebraic restrictions to Ss of the 2-forms

01 = diCl AN dl’g, 02 = d(EQ A dng, 03 = d.’bg A d.’El, 04 = {EQd(El A diCQ,

o1 = ngxl A dfﬂQ, 09 = ZL’leL'Q A dl’g.

Proposition 6.2 and results of section 2.14 (Theorems 2.19 and 2.21) imply the
following description of the space [A21°5¢d(R?")] g5 and the manifold [Symp(R?"]s, .

Theorem 6.3. The space [A>1°5°4(R2")| g5 has dimension 5. It is spanned by the
algebraic restrictions to S5 of the 2-forms

91,...,947 05:()’1—0'2.

If n > 3 then [Symp(R?")]s, = [A%1os¢d(R2")]|gs. The manifold [Symp(R*)]s, is
an open part of the 5-space [A%°1°°4(R%)]gs consisting of algebraic restrictions of
the form [c1601 + -+ + c505]s, such that (c1,ca,c3) # (0,0,0).

Remark. The fact that dim[A2<°%d(R?")] 45 = 5 follows from Proposition 2.16
since S5 is a complete intersection singularity of multiplicity 5.
Theorem 6.4.

(i) Any algebraic restriction in [A%1°%°d(R2")]| g5 can be brought by a symmetry of

Ss to one of the normal forms [Ss]* given in the second column of Table 6;

(ii) The codimension in [A%°1°4(R2")|gs of the singularity class corresponding to
the normal form [Ss]® is equal to i;

(ii) The singularity classes corresponding to the normal forms are disjoint;

(iv) The parameters c,c1,co of the normal forms [Ss]%, [S5]?,[S5]® are moduli.

Class Norm.a ! form.s f.or cod | p®™ | ind | Canonical
algebraic restrictions definition
(Sr)o [55]0 : [02 + c101 + c203]s, 0 9 0 ww #0
o > 4 (e1,e2) #(0,0) ker wlw % €, 63,
(Ss)2 [55}2 : [92 + 004]55 2 3 0 w|W # 0,
2n >4 ker wlw € {¢7,05,05}
(Ss)S [55}3 : [94 + 005]55 3 4 1 w|W = 0,
2n > 6 Win #0
(S5)° [S5]° : [0]s, 5 5 oo | [wln=0
2n > 6

Table 6. Classification of symplectic S5 singularities. cod — codimension of the classes;
w*¥™— symplectic multiplicity; ind — the index of isotropness; W - the tangent space to a
non-singular 3-dimensional manifold containing N; ¢, 45, ¢35 — the lines in W associated

to the tangent lines to the strata of N.
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6.2. Symplectic singularity classes. In the first column of Table 6 by (S5)! we
denote a subclass of (S5) consisting of N € (Ss) such that the algebraic restric-
tion [w]n is diffeomorphic to some algebraic restriction of the normal form [Ss]*.
Theorem A, Theorem 6.4 and Proposition 6.3 imply the following statement.

Proposition 6.5. The classes (S5)® are symplectic singularity classes, i.e. they
are closed with respect to the action of the group of symplectomorphisms. The class
(S5) is the disjoint union of the classes (Ss)°, (S5)?, (S5)3, (Ss5)3. The classes (Ss)°
and (Ss)? are non-empty for any dimension 2n > 4 of the symplectic space; the
classes (S5) and (S5)° are empty if n = 2 and not empty if n > 3.

The following theorem explains why the given stratification of (S5) is natural.

Theorem 6.6. Fiz i € {0,2,3,5}. All stratified submanifolds N € (Ss)* have the
same (a) symplectic multiplicity and (b) index of isotropness given in Table 6.

Proof. The part (a) follows from Theorems D and 6.4 and the fact that the codi-
mension in [A2<195¢d(R2™)] s of the orbit of an algebraic restriction a € [S5]’ is equal
to the sum of the number of moduli in the normal form [S5]* and the codimension in
[A2:closed (R2n)) o of the class of algebraic restrictions defined by this normal form.

The part (b) for the normal form [S5)® follows from Theorem B (or from Theorem

C). For the normal forms [S5]° and [S5]? it follows from Theorem C and Lemma
2.20. For [S5]? the part (b) follows from Theorem C and Proposition 6.1. |

6.3. Symplectic normal forms. Let us transfer the normal forms [S5]? to sym-
plectic normal forms using Theorem A, i.e. realizing the algorithm in section 2.8.
Fix a family w® of symplectic forms on R?" realizing the family [S5]® of algebraic
restrictions. We can fix, for example

Wl = O + 101 + 203 +dxy Ndxy +drs Ndxg+ - - -+ dxo,_1 ANdxoy,, (617 Cg) =+ (O, 0)
w? =0y + cly + dzy Adzy + dos Adxg + -+ + drop—1 A dzop;

w3 =04+ cls +dxy ANdag+drs Ndas +des Adag +der Adrs + - - -+ dTop—1 A dTon;
wd = dxy Ndxry + dxo N drs + dxs N\ drg + dxy ANdxg + - - + dxo,_1 A droy,.

Corollary 6.7. Let w be a symplectic form on R?",n > 3 (resp. n = 2). Fiz, for
i=0,2,3,5 (resp. fori=0,2) a family ®° of local diffeomorphisms which bring
the family of symplectic forms w* to the symplectic form w: (®*)*w' = w. Consider
the families Si = (®%)~1(S5). Any stratified submanifold of the symplectic space
(R2", w) which is diffeomorphic to S5 can be reduced by a local symplectomorphism
to one and only one of the normal forms Si,i = 0,2,3,5 (resp. i = 0,2). The
parameters of the normal forms are moduli.

Of course the normal forms S¢ depend on the choice of the diffeomorphisms ®¢ in
Corollary 6.7 and of the symplectic forms w* realizing the algebraic restrictions. For
example, if w is expressed in Darboux coordinates, w = dp1 Adqy + - - - + dp, N\ dg,
then a suitable choice of w* and ®* leads to the following normal forms:

S§: pf—p5—a5 =0, pagz = 0, q1 = c1p2 + C2g2, P23 = q>3 =0, (c1,¢2) # (0,0);
S3: P —p3—4¢5 =0, paga =0, q1 = p3, p>3 = g3 = 0;

S8 pi —p3 —p3 =0, pap3 =0, q1 = Pp3/2, g2 = P1p3, q>3 = P> = 0;

S3: P —p3 —p3 =0, pap3 =0, g>1 = p>4 =0,
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6.4. Canonical definition of the classes (S5). The classes (S5)! can be distin-
guished geometrically, without using any local coordinate system. Let N € (S5).
Then N is the union of 4 non-singular 1-dimensional submanifolds (strata). Denote
by ¢1(N),...,£4(N) the tangent lines at 0 to the strata. These lines span a 3-space
W = W(N). Equivalently W (N) is the tangent space at 0 to some (and then any)
non-singular 3-manifold containing N. The classes (S5)° can be distinguished in
terms of the restriction w|y, where w is the symplectic form, and the following
three lines in the 3-space W associated with the lines ¢1(N), ..., £4(N):

07 = L1(N) = (t1(N) @ Lo(N)) N (L3(N) & La(N));
0 = G5(N) = (1 (N) @ £3(N)) 1 (E2(N) & 4(N));
Uy = L3(N) = ((1(N) @ La(N)) N (L2(N) @ L3(N)).
The constructed lines 7, 05, 05 are well-defined 1-dimensional subspaces of the 3-

space W because W is spanned by any three of the lines ¢1(N),...,¢4(N). For
example, for N = S5 =(6.1) it is easy to calculate

(6.4) (1(N) = span(0/0x1), {5 3(N) = span(d/0xy £ 0/0x3).

Theorem 6.8. A stratified submanifold N € (S5) of a symplectic space (R®",w)
belongs to the class (Ss) if and only if the couple (N,w) satisfies the condition in
the last column of Table 6, the row of (Ss)°.

Remark. One can ask why this is a theorem, not the definition of (S5)’. Of course
we could use the last column of Table 6 as the definition of the classes, but this
way of exposition is not “honest”: the geometric characterization of the classes was
obtained as a result of analysis of normal forms for algebraic restrictions.

Proof of Theorem 6.8. The conditions on the pair (w, N) in the last column of Table
6 are disjoint. This fact and Theorem 6.4, (i) reduce Theorem 6.8 to the following
statement: the condition given in the last column of Table 6, the row of (S5)*, are

satisfied for any N € (S5)*. This statement is a corollary of the following claims:

1. Each of the conditions in the last column of Table 6 is invariant with respect to
the action of the group of diffeomorphisms in the space of pairs (w, N);

2. Each of these conditions depends only on the algebraic restriction [w]y;

3. Take the simplest 2-forms w® representing the normal forms [S5]’ for algebraic
restrictions: w® = 0y + 101 + 263, w? = s+ cls, w3 = 0,4+ ch5, w® = 0. The pair
(w = w', S5) satisfies the condition in the last column of Table 6, the row of (S5)°.

The first statement is obvious, the second one follows from of Lemma 2.20. To
prove the third statement it suffices to note that in the case N = S5 = (6.1) one
has W = span(9/0x1,0/0x4,0/0x3) and the kernel of the restriction to W of the
2-form 65+ ¢1 01 + c203 is the line spanned by the vector 9/0xz1 +¢20/0xe — ¢10/0xs.
This line coincides with one of the lines (6.4) if any only if ¢; = ¢ = 0. O

Theorem 6.8 allows to distinguish the classes (S5)° U (S5)? and (S5)% U (S5)° in
simple geometric terms: N € (S5)3 U (S5)% if and only if w|y = 0. The geometric
distinguishing of the classes (S5)® and (S5)° follows from Theorem B : N € (S5)°
if and only if N it is contained in a non-singular Lagrangian submanifold. The
following theorem gives a simple way to check the latter condition without using
algebraic restrictions. Given a 2-form ¢ on a non-singular submanifold M of R?"
such that ¢(0) = 0 and a vector v € ToM we denote by L,o the value at 0 of the Lie
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derivative of o along a vector field V' on M such that v = V(0). The assumption
o(0) = 0 implies that the choice of V' is irrelevant.

Theorem 6.9. Let N € (S5) be a stratified submanifold of a symplectic space
(R?", w). Let M? be any non-singular submanifold containing N and let o be the
restriction of w to TM?3. Let vi € £} be non-zero vectors. The symplectic form
w has zero algebraic restriction to N if and only if (0) = 0 and Lyro(vs,v3) =
Lyzo(v,v7) = Lyzo(vi,v3) = 0.

6.5. Proof of Theorem 6.4. We will prove statements (i) and (iv). Statements
(ii) and (iii) follow from Theorem 6.8 which was proved in section 6.4 (using only
the part (i) of Theorem 6.4). The first statement of Theorem 6.4 follow from the
following lemmas.

Lemma 6.10. If (¢1,co,c3) # (0,0,0) then the algebraic restriction of the form
[c1601 + -+ + ¢505]s, can be reduced by a linear symmetry of Ss to an algebraic
restriction of the same form with co = 1.

Lemma 6.11. The algebraic restriction of the form [c404 + c505]s, with (c4,c5) #
(0,0) can be reduced by a linear symmetry of S to an algebraic restriction of the
same form with ¢4 = 1.

Lemma 6.12. The algebraic restriction of the form [c101 4602+ ca83+1104+1205]s,
can be reduced by a symmetry of Ss to the algebraic restriction [c161 4 02 + c205] s, -

Lemma 6.13. The algebraic restriction of the form [02 + c4bs + c505]s, can be
reduced by a symmetry of Ss to the algebraic restriction [0z + c404)s; -

Proof of Lemmas 6.10 and 6.11. If ca # 0 in the case of Lemma 6.10 or ¢4 # 0 in
the case of Lemma 6.11 then the required normal form are clear due to the scale
symmetries of S5 of the form z; — kz; and the involution z; — —x. It is easy to
check that a suitable permutation of some of the four strata of Ss brings the case
co = 0 (resp. ¢4 = 0) to the case co # 0 (resp. ¢4 # 0). O

To prove Lemmas 6.12 and 6.13 we use the non-linear symmetries of S5 generated
by the Euler vector field E = 210/0x1 + x20/0x + x20/0x3.

Notation. Denote by \Ilg the flow of the vector field z;F, j =1,2,3.

Lemma 6.14. Let a; = [0;]s.,i = 1,...,5. The algebraic restriction (W;)*ai has
the form given in Table 7 in the row of a; and the column of ¥;.

77 A A
aq aiq ay + 3ta4 ay + tCL5
as | a2 — 2ta5 as ag
as as as + ta5 as + 3ta4
Qy ayq aq ayq
as as as as

Table 7. The algebraic restrictions (¥%)*a;.

Lemmas 6.12 and 6.13 are immediate corollaries of Lemma 6.14. In fact, Table
7 implies that if ¢; # 0 (respectively co # 0) then the algebraic restriction c1a; +
as + coa3 + cqa4 + csas reduces to the form cia; + as + coag by the symmetry
Ut o U§ (respectively WY o U5) with suitable ¢ and s. The table also implies that
the algebraic restriction as + cqa4 + c5as reduces to as + cqaq by the symmetry ¥§
with a suitable .
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Proof of Lemma 6.14. The calculation of algebraic restrictions (¥%)*a; is based on
the observation that if w; is a 2-form representing the algebraic restriction a; then
by Proposition 6.1 (\Ilé)*al- depends only on the 1-jet of w and the 2-jet of ¥;. For
example j2\I'§ DT — X —&—tx%, To — To+tx1T9, T3 — x3+txr123 and consequently

jl((\Ifi)*(IQ = [d.’EQ A d.’£3 + 2tl‘1dl‘2 A dl‘g - t.’ﬂgdﬁcl A d.’ﬂg + tZQd.’ﬂl A dxg}ss

Using the relation [radrs)s, = —[xsdza]s, (since [zaxs]s, = 0) we obtain that
(P!)*as = ay — 2tas. The other boxes in Table 7 can be filled in by similar simple
calculations (using some relations in Table 5, for example [z1dz1 Adxs)s, =0). O

Now we will prove statement (iv) of Theorem 6.4. The fact that the parameters
¢ and cp are moduli in the normal form [S5]° and the parameter ¢ is a modulus
in the normal form [S5]? follows from the reduction Theorem 2.5 and the structure
of the group of linear symmetries of S5 treated as a stratified submanifold of R?
— it is easy to see that it consists of the scale transformations x; — kxz; and the
permutations of the strata.

Remark. The existence of two moduli in the symplectic classification of stratified
submanifolds N € (S5) follows from the existence of two moduli in the classification
of 5-tuples of lines (one-dimensional subspaces) in a 3-space with respect to the
group of linear transformations of this space. One should associate to N the 3-
space W(N) and the lines ¢1(N), ..., £4(N), kerw|w C W(N), see section 6.4.

It remains to prove that ¢ is a modulus in the normal form [S5]%2. As above,
Theorem 2.5 allows us to treat S as a stratified submanifold of R3. Any symmetry
® of Sy preserving each of the four strata has the form z; — kx;, therefore ®
brings the algebraic restriction [fs 4 ¢ - 04]s, to an algebraic restriction of the form
[k%05 + 1404 + 1505)s,. Therefore it suffices to prove that c is an invariant with
respect to the symmetries of S5 of the form

(6.5) Q: 1 — w1+ d1(x), v2 — 22+ P2(x), 3 — 23+ ¢P3(T),
where ¢; are functions with zero 1-jet. Using Table 5 we obtain

g3 0 %y
8331 (9,%2 81'1 8373
(the number 7 also can be calculated, but we do not need it). Now, to prove that ¢
is a modulus, we have to show that r = 0 for any symmetry ® of S5 of form (6.5).
The fact that ® preserves the strata 1 = x5, 23 = 0 and z; = +z3, 292 = 0 implies
that ¢3 belongs to the ideal (23,23 — 23) and ¢o belongs to the ideal (z3, 23 — 23).

It follows that 6‘3?3;2 (0) = 8??213 (0) = 0 and consequently r = 0.

6.6. Proof of Theorem 6.9. By Proposition 2.4 and Lemma 2.20 it suffices to

prove that if a closed 2-form o on R3 vanishes at 0 then o has zero algebraic

restriction to S5 = {27 — 23 — 2% = xaz3 = 0} C R? if and only if

(6.6) *U(U27”3)

Let 0 = Ag(z)dzy Adxg+ Aj(x)dxs Adas + As(x)dzs Adzy. Then, by the closeness
of o, one has 3A1 (O) + 5 dA2 (O) + 5 8A3 (0) = 0. Using (6.4) it is easy to calculate that
the mtersectlon of this condltlon and (6.6) gives

0A; 04 0As3 _ 0Ay 0As
81‘1 (0) o 8$2 <0) * 81‘3 (0) - 6.1‘3 (O) + 6332

¢*[92+C'04]55 = [92+(C*T)94+7:'05]557 r=

*U(v;vi‘) = Cvga(vi‘,v;‘) =0.

(6.7)

(0) = 0.
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Let us show that (6.7) is equivalent to the condition [o]y = 0. By Proposition

6.1 [o]n = 0 if and only if [jlo]y = 0. The functions 23 — 23 — 23 and z2x3 have
zero 1-jet. Therefore [o]y = 0 if and only if there exist r1,...,7rs € R such that

jlo = d(x? — 23— 23) A (ridey +rodeg +r3das) +d(w2w3) A (radey +rsdee +redas).

This relation is a system of 9 linear equations with respect to 6 unknowns r1, ..., rg.
It is easy to check that it is solvable if and only if the condition (6.7) holds.

7. CLASSIFICATION OF SYMPLECTIC REGULAR UNION SINGULARITIES

By a regular union singularity in R2® we mean the union
(7.1) N=NU---UNg, s>2

of germs of s non-singular submanifolds of R?" (in what follows - strata) such that
the dimension of the space

(7.2) W =TyNi + - + TyN,

is equal to the sum of the dimensions of the strata, i.e. the sum (7.2) is direct.
If the number of strata and their dimensions are fixed then all such N are diffeo-
morphic. The set [Symp(RQ”)} n can be explicitly described (section 7.1). Using
this description and Theorem A we classify all symplectic regular union singulari-
ties with three 1-dimensional strata (section 7.2), with two 2-dimensional isotropic
strata (section 7.3), and with two 2-dimensional symplectic strata (section 7.4).

7.1. Algebraic restrictions. At first we describe the space [AZclosed(R2)]
Throughout subsection 7.1 N is an arbitrary regular union singularity (7.1).

N

Theorem 7.1. Two closed 2-forms w1,ws have the same algebraic restriction to
N if and only if they have the same restriction to the tangent bundle to each of the
strata N; and wy and wo have the same restriction to the space W.

It follows that [A%closed(R2m)] v 1s a finite dimensional vector space if and only if
each of the strata IV, is 1-dimensional. Theorem 7.1 makes clear how to parameterize
the space of algebraic restrictions, see sections 7.2, 7.3, 7.4.

The minimal dimension of a non-singular manifold containing N is the sum of
the dimensions of the strata. Therefore Theorem 2.19 implies:
Proposition 7.2. Let m = dim Ny+---+dim N,. Ifm < n then [Symp(R?") N=
[AZ2closed(R2Y) v If m > n then an algebraic restriction [w]y € [AZCd(R2)] v
belongs to [Symp(R?")] . if and only if rank w(0) > 2(m —n).

Note that Theorem A, Theorem 7.1 and Proposition 7.2 reduce the problem
of classification of symplectic regular union singularities with isotropic strata to
simple linear algebra problems, see sections 7.2 and 7.3.

Theorem 7.1 and Theorem C imply the following corollary on the index of
isotropness of a regular union singularity.

Proposition 7.3. Let N be a regular union singularity (7.1) in a symplectic space
(R?", w). Let W C ToR?" be the space (7.2). If w|lw # 0 then the index of isotrop-
ness of N is equal to 0. If wlw = 0 then it is equal to the minimum of orders
of vanishing of the 2-forms w|rn,, i = 1,...,s. In particular, if the strata N; are
isotropic then the index is either 0 (if wlw #0) or co (if wlw =0). .
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Proof of Theorem 7.1. Fix a non-singular submanifold M containing IV of dimension
dim N1+ ---+dim Ng. Theorem 7.1 follows from Proposition 2.4 and the following
statement: a closed 2-form o on M has zero algebraic restriction to N if and only
if () o|lrn, =0i=1,...,s and (b) o(0) = 0. The implication [o]y =0 = (a),
(b) follows from Lemma 2.20. In what follows we prove the implication (a), (b) =
[o]y = 0. It is easy to show that (a) and (b) imply that o is a differential of a
1-form « such that (c) « has zero 1-jet and (d) a|rny, = 0,7 = 1,...,s. Therefore
it suffices to prove that (c¢) and (d) imply [a]ny = 0. To prove this statement take

local coordinates mgl), . ,%(7111 yee ey Ty ,x,(ﬁ) on M such that the stratum N; is
described by vanishing of all coordinates except xgl), . ,ngl)l (here m; = dimlV;).

It is easy to see that any 1-form « satisfying (c¢) and (d) belongs to the ideal in the
external algebra of differential forms generated by 0-forms (functions)

x;gyl)mg])’ j#i7p:17"'7miaq217"'7mj7
which vanish at any point of N, and 1-forms
(73) .131(711) $1()12)dl'gj), ]7é’t, pl,pgzl,...,mi, q:l,,m]

By Proposition 2.3 it remains to prove that the 1-forms (7.3) have zero algebraic
restriction to V. This follows from the relation

o) 2 deld) = d (Ig) L) zgﬁ) — 20 2D dal) — 2) - 2D dald.
7.2. Regular union of 3 one-dimensional submanifolds. By Theorem 7.1 the
algebraic restrictions of closed 2-forms to a regular union N of three 1-dimensional
submanifolds can be identified with 2-forms on the 3-space W spanned by the
tangent lines ¢1, {2, £3 to the strata of N. The action of the group of symmetries of
N reduces to the action of the group of linear transformations of W preserving the
set {1 U ¢ U 3. Therefore the problem of classification of algebraic restrictions to
N of closed 2-forms reduces to the following simple problem of linear algebras:

Let ¢1,¢5,¢3 be linearly independent 1-dimensional subspaces of a 3-dimensional
space W. One has to classify 2-forms o on W with respect to the group of linear
transformations preserving ¢; U o, Ul3.

It is easy to prove that in this problem there are exactly 4 orbits, of codimension
0,1,2,3. The orbit of codimension 0 consists of non-zero 2-forms whose kernel does
not belong to any of the 2-spaces ¢1 4+ {3, {1 + {3, {2+ {3. The orbit of codimension 1
consists of non-zero 2-forms whose kernel belongs to one of these 2-spaces but does
not coincide with any of the lines ¢1,¢5,¢3. The orbit of codimension 2 consists
of non-zero 2-forms whose kernel coincides with of the lines ¢1, {5, ¢3. The orbit of
codimension 3 is one “point” — the zero 2-form.

Theorem 7.1 allows to bring this simple classification to the classification of
algebraic restrictions given in the first column of Table 8, where

N*: zixg = 2123 = TaZg = T34 =0

is the normal form with respect to the group diffeomorphisms serving for all regular
unions of three 1-dimensional submanifolds. The algebraic restriction to N of any
closed 2-form w is diffeomorphic to one and only one of the algebraic restrictions
a’. The normal form a’ holds if and only if the pair (w, N) satisfies the condition
given in the last column of Table 8. The orbit of a® with respect to the group of

symmetries of N* has codimension i in the space [AZclosed(R2™)] N
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Normal forms for Symplectic normal forms | Geometric condition
algebraic restrictions
0
’ J[:lj;;ldﬁ;]*‘]\fiimgdxl-y N®: gz =pi+p2, wlw # 0,
p1g1 = qip2 = p2q2 =0, | kerw|g ¢ ToN; + ToNj,
p>3 =¢q>3 =0 for any i,7 € {1,2,3};
N':g2=p1, wlg # 0,
al = [dl‘gdl‘1 + dI1dI2]N* P1q1 = q1p2 = p2p1 = 0, kerw\w C ToN; + TUNj,
pP>3 = Qq>3 = 0 kerw\w 75 ToNi,Ton
for some 4, j € {1,2,3};
N? ©pign = qp2 = | wlg #0,
a? = [dr1dzs] . p2p1 =0, p>3 = g>2 =0 | kerw|w = ToN;
for some i € {1, 2,3}
N? pip2 = p2p3 = w|W =0.
a® = [0] v p3p1 =0, p>a =g>1 =0

Table 8. Classification of symplectic regular union singularities with three 1-dimensional
strata. W denotes the 3-space spanned by the tangent lines at 0 to the strata.

This classification of algebraic restrictions can be transferred to the following
symplectic classification using Theorems A and D and Proposition 7.2, 7.3.

Theorem 7.4. Any regular union singularity N with three 1-dimensional strata in
the symplectic space (R*",wy = dpy Adqy + -+ + dp, Adg,), n > 3 (resp. n =2)
is symplectomorphic to one and only one of the varieties N°, N1, N2 N3 (resp.
NO N N?) given in Table 8. The normal form N° has symplectic multiplicity i.
It holds if and only if the pair (w = wo, N) satisfies the condition in the last column
of the table. The index of isotropness of N°, N', N? is equal to 0, of N> — to co.

7.3. Regular union of two 2-dimensional isotropic submanifolds. In this
subsection we obtain symplectic classification of all regular union singularities N
with two 2-dimensional isotropic strata. (In this case we will say that N is isotropic).
Like in the previous subsection, Theorem 7.1 reduces the classification of algebraic
restrictions to the following problem of linear algebra:

Let L1, Lo be transversal 2-dimensional subspaces of a 4-dimensional space . One
has to classify 2-forms o on @) which annihilate L; and Lo with respect to the group
of linear transformations preserving L1 U Lo.

It is easy to show that in this classification problem the rank of ¢ is a complete
invariant — two 2-forms with the given above properties are equivalent if and only if
they have the same rank. By Theorem 7.1 we obtain the classification of algebraic
restrictions in Table 9, where

(74) N*: T1T3 = T1X4 = T2X3 = T2X4 = T>5 = 0

is the normal form with respect to the group diffeomorphisms serving for all regular
unions of two 2-dimensional submanifolds. The algebraic restriction to N of any
closed 2-form annihilating the tangent bundles to the strata of N is diffeomorphic to
one and only one of the algebraic restrictions a®. The orbit of a* has codimension
7 in the space of algebraic restrictions to N* of closed 2-forms annihilating the
tangent bundles to the strata of N*. The normal form a’ holds if and only if the
pair (w, V) satisfies the condition in the third column of Table 9.
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Normal forms for Symplectic normal forms Geometric codim
algebraic restrictions condition
N7 {p>3 = ¢>1 = 0}U
{p>1=q>3 =0}
NT: (for 2n > 6 only)
al = [d$1d$3}N* {ng =q>1= O}U rank w|W =2 1
{p>1=¢2=g>4 =0}
N%: (for 2n > 8 only)
a* = [0]n~ {p=3 = g1 = 0}V wlw =0 4
{p1 =p2 =p>s = g1 =0}
Table 9. Classification of symplectic regular union singularities with two 2-dimensional
isotropic strata. W denotes the 4-space spanned by the tangent planes at 0 to the strata.

a’ = [dzidrs + dzadzs] . rank wlw =4 0

Using Theorem A and Proposition 7.2, 7.3 we can transfer the obtained classi-
fication of algebraic restrictions to the following symplectic classification.

Theorem 7.5. Any reqular union singularity N with two isotropic 2-dimensional
strata in a symplectic space (R*™, wy = dp1 Adqy +- - - +dp, Ndgy,) is symplectomor-
phic to one and only one of the varieties N°, N*, N* in Table 9. The orbit of N* has
codimension i in the class of all reqular union singularities with two 2-dimensional
isotropic strata. The normal form N* holds if and only if the pair (w = wo, N)
satisfies the condition given in the last column of Table 9. The index of isotropness
of N, N is equal to 0, of N* — cc.

7.4. Regular union of two 2-dimensional symplectic submanifolds. In this
subsection we classify regular union singularities with two 2-dimensional symplectic
strata in a symplectic space (R?",w). Note that in this case the index of isotropness
of N is equal to 0. The symplectic classification of such N involves the following
invariant. Recall that two germ of submanifolds N;, No of a symplectic space
(R?", w) are called w-orthogonal if w(v,u) = 0 for any vectors v € ToN1,u € Ty Na.

Definition 7.6. The index of non-orthogonality between 2-dimensional symplectic
submanifolds N; and Ny of a symplectic space (R?", w) is the number

(w A w)(vy,ve,u1,us)

=a(Ni,N2) =1~
« Oé( 1, 2) 2.w(’[}171}2)'w(u17u2)

where vy, v9 is a basis of Ty N7 and uy, us is a basis of ToNs.
The following obvious statement explains this definition.

Proposition 7.7. The index a(N1, Na) is well-defined, i.e. it does not depend on
the choice of the bases of TyN1 and ToyNo. It is equal to 0 if and only if there exists
a non-zero vector u € ToNy such that w(v,u) =0 for any v € ToNs. It is equal to 1
if and only if the 4-form w A w has zero restriction to the space @ = Ty N1 + ToNs.

In other words, a(N7, N2) = 0 if the space Ty N7 has non-trivial intersection with
the w-orthogonal complement to Ty N> in the space Q. In particular, if N7 and Ns
are w-orthogonal then (N7, No) = 0.

Proposition 7.8. Let N = N; U N> be the reqular union of two 2-dimensional
symplectic submanifolds of a symplectic space (R*™,w). Let a be the index of non-
orthogonality between N1 and No. If N1 and No are not w-orthogonal then the
algebraic restriction [w|n is diffeomorphic to the algebraic restriction

a® = [dl’l AN dl‘g + d1173 A dl‘4 + d(l?l A dzg + Oédl’g AN d’I4]N* ,
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where N* = (7.4). If N1 and N2 are w-orthogonal then [w|n is diffeomorphic to
the algebraic restriction

at = [dxy A dxg + dzs A daa) g .

The orbit of a* has codimension 4 in [AQ’CIOSQd(RQ”)]N*.

Theorems A, D and Propositions 7.7, 7.8 imply the following corollary.

Theorem 7.9. Let wy = dpi ANdq1+- - -+dp, Ndq,. Let N = Ny UNs be the reqular
union singularity with two 2-dimensional symplectic strata in the symplectic space
(R?" wy). If Ny and Ny are not wg-orthogonal then N has symplectic multiplicity
1 and s symplectomorphic to the variety

N {q1 = p2,p1 =p>3 = q>3 =0} U {p2 = aq1,p>3 = ¢>2 = 0},

where a is the index of non-orthogonality between N1 and No. If Ny and Ny are
wo-orthogonal then N has symplectic multiplicity 4 and is symplectomorphic to

Nt {p1=q =p>3 =q>3 =0} U {p>2 = g>2 = 0}

If n > 3 then any of the normal forms is realizable and if n = 2 — any except the
normal form N'.

It follows that the index of non-orthogonality distinguishes all normal forms
except N+ and N° — for each of them the index is equal to 0. These normal forms
can be distinguished as follows. Intersect the w-orthogonal complement to the
tangent space to N7 with the tangent space to Ns. If the index of non-orthogonality
is equal to O then the dimension of the intersection is either 1 or 2. It is 1 if N is
symplectomorphic to N® and it is 2 if N is symplectomorphic to N-*1.

Proof of Proposition 7.8. By Theorem 7.1 the algebraic restriction to N* = (7.4)
of any closed 2-form can be expressed in the form

(7.5) [W]n = [f(z1, z2)dz1 A dae + g(23, 24)d23 A dog+

+Cld£C1 A dxg + ngl‘l A dI4 + ngl‘g AN dl‘g + C4d$2 A dx4]N* .

Therefore [w]y is diffeomorphic to (7.5). The condition that the strata are symplec-
tic with respect to w depends only on the algebraic restriction [w]y and is equivalent
to the condition f(0) # 0, g(0) # 0. This condition allows to reduce f(x1,22) and
g(x3,24) to 1 by a symmetry of N* of the form (21, z2) — (¢1(21,22), p2(x1,22)),
(x3,24) — (V1(23,24), V2(x3,24)). We obtain the normal form

[dxy Adxs 4+ das Adxy + crdxy Adxg + cadzy Adey + czdrg A des + cadag A dag] n-

with real parameters c1, co, c3,cs. The condition that the strata are w-orthogonal
is also a property of the algebraic restriction [w]y+. It holds if and only if ¢; =
¢y = c3 = ¢4 = 0. In this case we obtain the normal form al. If the strata are
not w-orthogonal then at least one of the numbers ¢y, - , ¢y is different from 0.
The case ¢; = 0 can be transferred to the case ¢; # 0 by one of the symmetries
(21,2, 23,24) — (—x2,21,23,24), (T1,Z2,23,24) — (21,22, —24,23). The scale
symmetry (21,9, 23,%4) — (cflxl,clxg,x37x4) reduces ¢; to 1. Now we can
reduce ¢2 and ¢z to 0 by the symmetry (z1, xo, 3, 24) — (T1—C3%2, T2, T3—CoZy, Tyq)-
We obtain the normal form a®, and it remains to note that in this normal form «
is exactly the index of non-orthogonality between the strata of N. O
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