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Abstract: The paper is devoted to a stochastic partial differential equa-
tion for the forward curve of the bond market, in the Musiela parameteriza-
tion and the Heath-Jarrow-Morton framework. Special attention is paid to
the existence and positivity of the solutions.

1 Introduction

The paper is devoted to stochastic partial differential equation

ar)(©) = (G0 + Fltr)(©)) ar + Gyt r)(az o), €20

which appears in the theory of bond market, see Section 3. In the most
studied case Z; are independent Brownian motions. Existence, asymptotics
of solutions as well as stochastic invariance have been discussed, in particular,
in Musiela [19], Bjork [2]|, Vargiolu [27], Filipovic [9], ,Tehranchi [25] . The
case where Z; are Lévy processes is much less investigated and is the object
of the present paper. To the best of our knowledge only papers by Filipovic
and Tappe [10], and Rusinek [22], [23], were devoted to those more general
equations.

In the first two sections we derive the equation from some financial as-
sumptions. In Section 3 we investigate existence of the solutions. Our results
are similar to those of Filipovic and Tappe but we work in different function
spaces. Also, in the case of finite-dimensional noise, our conditions are more



explicit. Then, in Section 4 we investigate positivity of solutions, a prop-
erty important in applications. We show in particular, that if the noise is
one-dimensional with jumps bounded from below then, under rather mild
conditions on volatility, the equation preserves positivity. The final section
treats equations with linear volatility. It has been observed by Morton in his
PhD thesis that if the noise is Gaussian then solutions necessarily explode.
We provide a large class of Lévy disturbances for which solutions do not
explode. We show, in addition, that in the Gaussian case, when the linear-
ity is random, then the non-exploding solutions exist provided the random
coefficient behaves in a special way.

2 HJM Condition

Denote by P(t,0), 0 <
at time 0, and by (R
Functions f(¢,0), 0 <

t < 6, the market price, at time ¢, of a bond paying 1
(t), t > 0) the short rate process offered by a bank.
t < 0, defined by the relation

P(t,0) = e J fto)de < g

are called forward rate functions. It is reasonable to assume that f(t,t) =
R(t),t > 0.
In Heath, Jarrow and Morton [12] it was assumed that

df(t,0) = a(t,0) dt + (o(t,0), dW (1)), (1)

where W is a d-dimensional Wiener process with covariance (). According
to the observed data, the (random) function f(¢,6) should be regular in
for fixed ¢ and chaotic in ¢ for fixed #. The latter property is implied by the
presence of W in the representation, and the former is implied by regular
dependence of a(t,6) and o(t,6) on 0 for fixed ¢.

For practical implementation of the bond market models it is useful to
replace the Wiener process W by a Lévy process Z defined on a filtered proba-
bility space (2, F, (F;), P) and taking values in a possibly infinite-dimensional
Hilbert space (U, (-,-)y). Thus we assume that the dynamics of the forward
rate functions is given by the equation

df(t,0) = a(t,0)dt + (o(t,0),dZ(t))y, t<0. (2)



For each 6 > 0, a(t,0), o(t,0) are predictable processes. One extends a,
o and P putting

a(t,0) =0, o(t,0):=0 fort>46 (3)

and )
P(t,0) :=elo B®ds  for ¢ >, (4)

Let us note that if ¢ < 6§ then
t t
f(t,6) = f(0,9)+/ als,0) ds—i—/ (0(s,0),dZ(s))u
0 0

and if 6 < ¢ then

R(e):f(e,e):f(o,9)+/o a(s,9>ds+/0 (0(s,0),dZ(s))v.  (5)

Let us recall (see e.g. Peszat and Zabczyk [20]), that any Lévy process Z
on a Hilbert space U admits the representation

Z({t)=at+W(t) + /0 /{| o y(m(ds,dy) — dsv(dy))

t
+ // ym(ds,dy),
0 J{ylu>1}

where 7 is the Poisson random measure corresponding to Z and v is the jump
intensity measure of Z. Moreover,

/ w2 A L(dy) < oo,
U

z,Z(t))

and the exponential moments E e~ v, x € U, are finite, if and only if,

/ e~ @WUy(dy) < +oo.
{lylu>1}

Finally

Y



where

J(z) == —(a,z)v + 5(Qxz, z)y + Jo(x),
e = [ e =1+ (o ghugren] #(dy)

Let b be the Laplace transform of the measure v restricted to the complement
of the ball {y: |y|y < 1}, that is,

(6)

bo)i= [ euay)
{lylu>1}

and let B be the set of those x € U for which the Laplace transform is finite.
Thus B = {x € U: b(x) < oco}. We intend now to prove a theorem from
Jakubowski and Zabczyk [14], which states “if and only if” conditions under
which the discounted price processes are local martingales with respect to the
probability P. We will regard the coefficients o and o in (2) as, respectively,
H = L*([0,T]) and L(U, H)-valued, predictable processes given by

a(t)(0) = a(t,0), 0€0,T], ot)x(0) = (o(t,0),2)y, z €U, 6 € [0,T).

For our purposes it is convenient to introduce the following condition on the
jump intensity measure v:

Vr > 0 the function b is bounded on {z € B: |z|y < r}. (7)

Let

~

P(t,0) = e W B&Spr g) t>0 (8)

be the discounted price of the bond.In the theorem below J: U +— R is given
by (6).

Theorem 1 Assume that predictable processes a and o have bounded trajec-
tories and that (7) is satisfied.

(i) If the discounted price processes given by (8) are local martingales then

forall <T,

o
/ o(t,v)dv € B, P-a.s. for almost all t € [0,0). 9)
t



(17) Assume (9). Then the discounted price processes (8) are local martin-
gales if and only if

/teoz(t,v) dv = J(/tea(t,v) dv), (0]

VO <T, P-a.s. for almost all t € [0,0).

Remark 1 We call (10) the HJM Condition. Let D be the derivative opera-
tor acting on functions defined on U. Note that the theorem says that under
very mild assumptions the discounted price processes are local martingales
if and only if (10) holds, or equivalently if and only if

a(t,h) = %J (/tea(t,v)dv) - <DJ (/teg(t,v)dv) ,a(t,0)>U.

Thus the dynamics of the forward rate functions is given by

0
df(t,0) = <DJ (/ U(t,v)dv) ,U(t,0)> dt + (o(t,0),dZ(t))yu.
t U
Note that the drift term is completely determined by the diffusion term.

Remark 2 In the particular case of Z being a Wiener process with covari-
ance () one arrives at the Classical HIM Condition

/te&(t,v)dv = %<Q /tg o(t,v)dw, /te o(t,v) dU>U

introduced in Heath, Jarrow and Morton [12]. Clearly the condition above
holds if and only if

0
t,0) = t,0 t,v)d
at.0) = (Qo(t.0), [ alt.v)dv)
for every 0 <T', P-a.s. for almost all ¢ € [0, 6].

Remark 3 Formulae similar to (10) have been obtained earlier in Bjork et
al. [4], Bjork, Kabanov and Runggaldier [5], and Eberlein and Raible [8].



3 HJMM equation

An important link between HJM modeling and stochastic partial differential
equations is provided by the so-called Musiela parametrization. Assume that

and for t > 0, £ > 0 and u € U define

r(t)(&) = f(tt+8), a@)(§) = alt,t+&), (b(t)u)(§) = (o(t,t+&), uu.

We will call r the forward curve. Next, let S(t)p(§) = ¢(§ + t) be the shift
semigroup. Then

r(t)(§) = f(t,t+¢€)
:f((),t—i—f)+/0 Oz(s,t+€)ds+/0 (o(s,t+¢&),dZ(s))u

t

=r0)(t+¢&) + /0 a(s)(t — s+ &)ds + /0 b(s)(t — s+ &)dZ(s)
= S®)r(0)(&) + i S(t = s)a(s)(§)ds + i S(t = s)b(s)(€)dZ(s).
Thus
r(t) = S(t)r(0) + /0 S(t — s)a(s)ds + /0 S(t—s)b(s)dZ(s)
is a mild solution to the equation
dr(t) = (a%r(t) + a(t)) dt + b(1)dZ (L),
where a% denotes the generator of (S(t), ¢t > 0). Identifying the L(U,R)-

valued processes b(-)(€), & > 0, with the U-valued process (denoted also by
b(-)(€), &€ > 0) we note that if the HIM Condition is satisfied, then

ar)(©) = (err©) + (see.07 ([ “bn (nan) >) a
£ b(0)(€)dZ (1) (1)

= 2 (v + ([ ran) ) ae+ srerazin

6



Let the volatility b depend on the forward curve r, say b(t)(§) = G(t,7(t))(€),
and let

P(t© = {Gter)(e. 07 [ Glerean))

:(%J (/0g G(t,r(t))(n)dn> |

Then the forward curve process becomes a solution of the so-called Heath—
Jarrow-Morton—Musiela equation

dmmaz(%mmo+mem@Q&+Gmmm@Mﬂw (13)

(12)

4 Existence of solutions

In this section we deduce the existence of a solution to (13) from Theorem 9.7
of Peszat and Zabczyk [20]. We assume that the driving noise Z is a finite-
dimensional, say R%valued, square integrable martingale. Thus U = RY,
and Z is a sum of a Wiener process and a compensated jump process, and
therefore

(Qz,2)

9 = 52 [ e =1k e i), (149)

where () is a symmetric non-negative definite matrix and the jump measure
v satisfies [, |y|°v(dy) < oo. Here we denote by (-, -) the scalar product on
R? and by |- | the corresponding norm. We have the following elementary
fact.

Lemma 1 (i) If z € R? is such that f{‘y|>1} lylel* v (dy) < oo, then J is
differentiable at z and B

DJ(z) =Qz+ / (1- e_<z’y>) v(dy).

Y
Rd

(i1) If = € R? is such that [4, |y|*e"Mu(dy) < oo, then J is twice differen-
tiable at z and

D*J(z) = Q + / y@ye “Vu(dy),
Rd
where y ® ylv] = (y,v)y, v € R

7



We assume that G is of composition type, that is,

Gt.r(1)(©)[] = (9t & r(1)(€)),2),  t.E€[0,+00), z€RY, (15)

where g: [0, +00) x [0, +00) xR +— R, We identify G(t,)(£) with the vector
g(t,&,9()) in RY

Given v > 0 we consider the equation on the state space H, :== H, @©
{constant functions}, where H, := L? ([0, +00), B([0, +00)),e?*dE). Note
that H,, equipped with the scalar product (¢ +u, o +v)u, = (¢, ¢) g, +uv,
Y, € H,, u,v € R, is a real separable Hilbert space.

Let S be the shift semigroup. Then for ¢ € H,,

+o0o +o0o
S0, = / (€ + DPesde = / ()P T0dy < e M,
0 t

and hence the following lemma holds.

Lemma 2 S is a Cy-semigroup on H. and H,. Moreover,

Lt

SO Loy my < e ISOe@,my =1, £=0.

By the Hoélder inequality, for every « > 0, the space H, is continuously
embedded into L' := L'([0, +o0), B([0, +00)),d¢) and [, <y~ Y2|4|p, for
all v € H,. We can formulate our first existence theorem.

Theorem 2 Let Z be an Re-valued square integrable mean zero Lévy process
with jump measure v, and let G be given by (15). Assume that there are
functions g € H, and h € H, N L> such that

(1) Jy el by (dy) < oo,

(i1) for all t,§ € [0,400) and u,v € R,
|g(t7 7u)| < §(§)7 |g(t7§7u) - g(tvéa U>| < E<§>|U - U"

Then for each vy € H,, and for each ro € H.,, there is a unique solution
r to (13) in H,, respectively in H.,, satisfying r(0) = ro. Moreover, if the
coefficient g does not depend on t, then (13) defines (time homogeneous)
Feller families on H., and on H.,.



Clearly (13) can be written as a time homogeneous equation of variables
X = (r,t) on the state space H, x R. Therefore the theorem is a direct
consequence of Lemmas 1 and 2, and the lemma below to formulate which it
is convenient to introduce the following notation:

Ki(J,9):= sup |DJ(2)], Kao(J,9):= sup [|D*J

> ) <Z)HL(Rd,Rd)'
z: |2|<|gl 1 z: |2|<[g] 1

Clearly, if assumption (i) of Theorem 2 is satisfied, then by Lemma 1, J
is twice differentiable at an arbitrary z with |z| < |g|p and K;(J,7) < oo,
1=1,2.

Lemma 3 Under the assumptions of Theorem 2, for every t > 0 one has

G(t,-): Hy — Lug) (R H,) and F(t,-): H, — H,. Moreover, the following
estimates hold:

(i) For allt >0 and ¢ € H,,
[F(t, ) o, + GO g e,y < (KT(L9) +1) 915,
(17) For allt <0 and v, o € H,,

IG () = Gt @)y w1,y < il 16— L,
F(t,0) — F(t, 9)lg, < K — ol

where K = (Bl (262, 3) 3%, +2K,(1.3))

(t3i) For allt>0 and ¢, p € H,,
[F(t,9) = F(t, o), + 1G(69) = Gty @iy < K 10— ¢l
where K := 2 <|E|%oo + |E|12qv> (1 + 2K,5(J, §)|§|%,W + 2K1(J,§)>.

Proof Taket >0 and ¢ € H,. Then

G ymsny = | Lot & 0EDPs < Il



Next, for G(t,1)(n) treated as a vector in R,

] [ aian = gl (16)

Hence by the first assumption of the theorem and Lemma 1, for every £ > 0,
fo n)dn belongs to the domain of the derivative of J

os( [ 5G(ze,w(n)dn) < Ki(9) <o

and (i) follows.
To see the Lipschitz continuity note that for v, o € H, and ¢t > 0,

IG(E0) = Gt oM ety < [ IREFIVE) = p(6) e
Thus C(¢, @) := ||G(t,v) — G(t, SO)”%(HS)(Rde’Y) can be estimated by
A7t — o3, if,p€ H

hly v — of? if ¢, 0 € R,
2 (Rl + Bl ) (Il +1¢?) if v € Hy, o eR.

Since for ¢ € H, and ¢ € R, [ — ¢l3 = [[3, + [¢]?, we have

[Pl7elt) = ol3, if b, p € H
C(¢ 80) < 712 712 ) .
2 (B3 + B3 ) 10— ol i, € H,.

We show the Lipschitz continuity of F. Let ¢, € H, and t > 0. Clearly
[F(t, ) = F(t, 0)|3, < 2(11 + 1),

where I; is equal to

DJ ( / e w><n>dn) —DpJ ( / "o, so)(n)dn)
o1 ([ et orman) 2

2

e7§d§

/0 RGN

and

I = / TG )(E) - Gt o) E)P e,

10



By (16),

0o 13 2
1 < K(J.9) / 96 ( / |G<t,w><n>—G<t,so><n>|dn) ede

0

< K,(7.3) 7, / Gt ) () — Gt o) ()P
< K»(J,9) 917, IG(t,9) = Gt o)y meir)

and
I, < Ki\(J,9) |Gt ) — G(t, ‘p)H%(HS)(]Rd,H.y)'
O

Remark 4 Note that if ry — ¢ € H, then the solution r(¢),t > 0 is a
cadlag process in H, and r(t) —c € H, t > 0. Indeed, the stochastic term
f(f S(t—s)G(s,r(s))dZ(s) can be written as f(f S(t—s)dM(s), where M(t) =
fot G(s,r(s))dZ(s) is a square integrable martingale in H.,. Since, by Lemma
2, S is a semigroup of contractions on H, we infer by the Kotelenez theorem;
see Theorem 9.3 in Peszat and Zabczyk [20]|. Next, if Z is a Wiener process,
then by the factorization one obtains the continuity of r in H,; see Theorem
11.6 of Peszat and Zabczyk [20].

4.1 Existence in a special case

We restrict our attention to the special case of (13), in which Z is two-
dimensional and G is, as in Section 4, of composition type. In fact we assume
that Z = (W, L) where W is a standard real-valued Wiener process, and L is
an independent square integrable real-valued Lévy martingale with Laplace
exponent

log Ee L) = / (e — 1+ zy) v(dy), /yzz/(dy) <oo. (17)
R R

Note that in the notation from the previous subsection, d = 2 and

2,2

J(z1,22) = 51 + /R (7% — 1 + zoy) v(dy). (18)

11



Therefore we are concerned with the following equation:

dr(t)(€) = (8%7”(0(5) + F(T)(f)) dt + g (1, &, r(1)(€))dW (1)

+ 92(¢, &, r(8)(£))dL(2),
where g;: [0, +00) x [0,+00) x R+— R, i =1,2, and

(19)

13
F(60)(E) = g1 (1,E,0(E)) /0 g1 (t,m, ()
+t€.006) [

Note that G(t,v)[z1, 22](§) = g1 (¢, &, ¥(€))21 + g2(t, &, ¥(§)) 22

Theorem 3 Assume that v is supported in [—m, +o0) for some m > 0, and
that go(t,&,u) > 0 for all t,€ > 0 and u € R. Moreover, we assume that
there are functions g € H, and he H., N L*> such that for all t,§ € [0, 400)
and u,v € R,

|gi(ta§7u>| < g(f)? |gi(t7£au) - gi(t7£7v)| < E(f) |’LL - U|7 L= 172

Then for each ro € H, and each ro € H.,, there is a unique solution r to (19)
in H,, respectively in H., satisfying r(0) = ro. Moreover, if the coefficients
g; do not depend on t, then (19) defines (time homogeneous) Feller families
on H, and on H,.

y (1 — vl m(tm,w(n))dn) v(dy).

Proof The proof follows the ideas of the proof of Theorem 2. Only the
fact that we do not assume that fR y2eldlilvly (dy) < oo should be explained.
This assumption is compensated by the fact the g, is non-negative and v has
support in [—m, +00). In fact we have the following version of Lemma 3. Its
proof is left to the reader. [J

To formulate the result we need the following analogues of K;(J,g) and
K5(J,g). Let

J(z) = / (e — 1+ zy) v(dy)
and let
Fi(Jg) = sw |[J()|, K(lg= sw |J(@)].

0<z<gl;1 0<z<|gl;1

Note that K;(J,g,) < 00, i = 1,2.

12



Lemma 4 Under the assumptions of Theorem 3, for every t > 0, one has
G(t,"): H, — Lus)(R* H,) and F(t,-): H, — H,. Moreover,

(i) For allt >0 and ¢ € H,,
F (), + NGO e wery < 2000, (1+ 193 + K2(T,9))
(i1) For allt <0 and i, € H,,

1G(t,v) — G(t, ¢)||L(HS)(R27H7) < 2|E|L°° | — <P|H7 5

_ _ N2
where K = [y~ (1+ gl + 2K, 9)[glh, +2K:(.9)) "
(t3i) For allt>0 and ¢, p € H,,
F(t ) — Pl @), + 1G6) — Gl weny < K 16— ¢l

where

K =8 (1R + 3, ) (1+ 19l + 25 9)lgl%, +2K0(T.9))

5 Positivity

We call a function v: [0, +00) — R non-negative if () > 0 for almost
all £ > 0. Clearly, in all models, the forward curve functions should take
non-negative values. We present here sufficient conditions on the coefficient
G and the noise Z under which (13) preserves positivity, that is, for every
non-negative initial value r(0) the functions r(¢), ¢ > 0, are-non negative.

We restrict our attention to the special case of (13) considered in Sec-
tion 4.1. To simplify the exposition we consider only the time independent
coefficients ¢;, 1 = 1, 2.

Theorem 4 Assume that g1(£,0) = 0 for & € [0,00) and that one of the
following conditions holds:

(1) g = (g1, 92) satisfy the assumptions of Theorem 2, v is supported on
[—m, M] for some m, M >0 and |g2(§, w)| <uM~tAm™" for all€ >0
and u > 0,

13



(1i) v is supported on [—m,+00) for some m, g1 and go satisfy the as-
sumptions of Theorem 3, and 0 < go(&,u) < um™ for all € > 0 and
u > 0.

Then (16) preserves positivity, that is, for every non-negative r(0) € H,,
functions r(t), t > 0, are non-negative.

By Theorems 2 and 3, for any r(0) € H, there is a unique solution
(r(t), t > 0) starting from r(0). Moreover, see Remark 4, r is a cadlag process
in H,. In the proof we will use the following theorem from Milian 18| dealing
with the preserving positivity by the equation

dX = (AX + F(t,X))dt + B(t, X)dW (20)

driven by a Wiener process W taking values in a Hilbert space U. In its
formulation the state space H = L*(O,B(0O), p(£)d¢), where O is an open
domain in R? and p is a non-negative weight, A generates a Cy-semigroup S
on H and F: [0,4+00) x H— H, B: [0,+00) x H — Lug)(U, H).

Theorem 5 (Milian) Assume that:
(1) The semigroup S preserves positivity.
(12) There is a constant C' such that for allt,s >0 and x,y € H,
[(F(t,z) = F(s,y)| + | B(t, 2) = B(s,Y)|| 1.5y w.1)
<C(t—sl+lz—yln).
(7i1) For everyt > 0 and for all non-negative continuous x, f € H satisfying

(f,x)g =0 one has (F(t,z), f)g > 0 and (B(t,x)v, f)g =0 for every
vel.

Then (20) preserves positivity.

Remark 5 The original Milian theorem is a little more general. In particular
it covers also the case of W being a cylindrical Wiener process. Also it shows
that (iii) is necessary for preserving positivity. The assumption of Lipschitz
continuity in ¢ can be easily replaced by uniform continuity.

The problem of preserving positivity and the so-called comparison prin-
ciple have been studied by several authors; see e.g. Aubin and Da Prato [1],
Goncharuk and Kotelenez |11], Jachimiak [13], Kotelenez [17].

14



Proof of Theorem 4 First of all not that the semigroup S preserves pos-
itivity. Let D(z)(§) = g2(§,x(§)) and let us approximate L by a sequence
{L,} of processes satisfying |AL,(t)] > 1/n, t > 0, n € N. We assume
that L,, converges P-a.s. to L uniformly on each compact time interval. The
existence of such a sequence follows from the Lévy—Khinchin decomposition.
Let r,, be the solution to the problem

dr = ((%T + F(r)) dt + B(r)dW(t) + D(r)dL,, 7,(0)=r(0). (21)

Since 1, converges to r it is enough to show that (21) preserves positivity. To
do this note that L, has only isolated jumps. Between the jumps positivity
is preserved by Theorem 5, as the driving process is Wiener. Assume that
the solution is positive till the jump at time 7. Then

ra(T)(€) = ra(7=)(&) + 92(&, (7 =)(8)) (Ln(7) — Lan(7—)) -
Hence, if (a) holds, then
ra(T=)() + 92(&, 7n(7=)(8)) (Ln(T) — Ln(7—))
> rn(T=)(€) — (m V M) [g2(&, rn(T—)(£))] = 0
and, if (b) holds, then
ra(T=)(&) + 92(&, 7 (7=) (&) (Ln(7) — Ln(7—))
> 1 (T=)(€) — mg2(&,ra(7-)(€)) = 0,

and the result follows. [

Example 1 Let Z = (W, L) be as in Theorem 4, and let the jump measure
v of L be supported on [—m,+o0) for a certain m > 0. Let g;(&,u) =
hi(§)vi(u), i = 1,2. Assume that:

(1) v;, i = 1,2 are bounded and Lipschitz continuous, h;, i = 1,2 are
bounded and belong to H,,

(i7) v1(0) = 0, hy and vy are non-negative, 0 < wvo(u) < u/(mlhe|r) for
u > 0.

Then the assumptions of Theorem 4 are satisfy and (19) defines Feller family
preserving positivity.

15



An important example of a jump measure supported on [0, +00) is given
below.

Example 2 Given o > 0 let v(d§) = X{5>0}§_1_5e_°‘5. Then, there is a
constant ¢ = c(«, ) such that for z > 0,

J(z) = c [of”ﬁ — (z+a)’1+ﬂ] if 0<pg<1;
e [(z4a) " —a ] if 1<p<2

6 Linear volatility

As in the section concerning special case we assume that Z = (W, L), where
W is a standard Wiener process in R, and L is a real-valued Lévy martingale
with Laplace transform (17). Moreover we assume that the volatility G is a
linear function of r, that is,

G(t,¥)[21, 22](€) = g1(t)(§) 21 + g2(£)Y(€) 22, 21,22 €R, £, >0.

Above ¢g; and g are predictable random processes independent of £. Then
(19) becomes

ar(1)(e) = (a%r@)(a) LR r)(@) at + g (t)r(£) (€)W (1)
+ ga(r(H(E)AL(),

(22)

where

3
F(t)(€) = g0 () /0 ()

+at0(©) [ v (1 — exp {—y92<t> / E¢<n>dn}) v(dy).

We will always assume that ry is a non-negative function. Let u(t)(§) =
foé r(t)(n)dn be a primitive of r(¢). Then

(2 e 1 @D
du(t><s>—<5g (&) + L 1 (1) <t>>> .
+ ga (U)W (D) + (Ot OAL(?)
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where

J(z) = /R (7 — 14 zu) v(dy). (24)

We assume that the jump measure v of L satisfies [, |y|*v(dy) < oc.

6.1 Pure jump case

Assume that g; = 0. To simplify we assume that go = 1. Then

du(t)(€) = (a%u(t)(f) v <u<t><§>>) dt (L. (25)

To ensure the positivity we assume that v is supported on [—1, +00).
In order to solve (25) and consequently the HIMM equation for r we solve
the following auxiliary problem:

do(t) = J(v(t))dt + v(t)dL(t), v(0) = &. (26)

Clearly J: [0,400) — R is Lipschitz continuous if its derivative is bounded.
This is guaranteed by the assumption

v has support in [0, +00) and / yr(dy) < oo. (27)
0

Proposition 1 Assume (27). Then:

(i) For each non-negative & > 0 there is a unique non-negative solution
(v(t)(&), t > 0) to (26). Moreover, for each t, v(t)(€) depends continu-
ously on &, P-a.s.

(1) There ezists a version of v differentiable in & and

0

ggt (D) = el A (28)

where A is a positive cadlag process.

Proof By Protter [21], Theorem 37, p. 308, the unique solution to (26)
depends continuously on &. Since J"(z) = [, y*e ¥v(dy), = = 0, J'is

17



locally Lipschitz, by Protter [21], Theorem 39, p. 312, the solution v is

differentiable in £ and ve(t)(§) = %v(t)(é’) satisfies

dvg(t)(€) = J' (0(t=)(€)) ve(t=)(€)dt + ve(t—)(§)AL(t) = ve(t—)(§)dX (#),
where

X(t):L(t)+/0 J' (v(s=)(€)) ds.

By Doléan’s formula (see e.g. Protter |21]),

ve(t)() = X0 T (1 + AX(s)) e 20,

s<t

Since AX(s) = AL(s) and fo J' (ve(s=)(€)) ds = f(f J' (ve(5)(€)) ds,

ve(t)(€) = ofo ' (v()(€)ds o L(1) H (1+ AL(s)) e 216,

s<t

OJ

Proposition 2 Assume (27). Let v(t)(§), t > 0, & > 0, be the solution to
(26). Then

u(®)(§) = v(t)(t +uo(§)), =0, £=0,

is the unique solution to (25).
Proof We claim that
0 ~
Ao0)(t+ (€)= (ot + () + T (e)(+ unle)) )
+ v(t)(t + uo(&))dL(t).
Let ¢: [0,400) % [0, +00) +— R be a differentiable function of both variables.
Given £ > 0 consider the process (v(t)(¢(¢,€)), t > 0). Then for any partition

O=ty<ti <...<ty=t,

v(t) (P(t, €)) —v(0) (¥(0,8)) = I + I,

18



where

L= (0 (tns) (P(tas1,€)) = v (tarr) (Bt 6))) 4

n

I = Z (U (tn+1) (d}(tmﬁ)) -V (tn) (¢(tna§>>> :

But

L = Z [U£ (tn-l—l) (¢<tn+lv€)

é(w(tnaf) - (n—i-la )) (¢( n+1, ) @Z)(tmg)))]
= sz (ts1) (b1, ) + & ($(tn, €) = Y(tntn, £)))

X Y (b + N(tnr — 1), §) (tng1 — tn),

where ¢ and 7 are such that |£] < 1 and || < 1. Taking into account
continuous dependence of ve on the second variable (see Proposition 1) we
obtain I, — fot ve(8)(Y(s,€))ds as n T oo. Since v satisfies (26),

=Y ([ e wea st [ i) v ) az)

n

and therefore

t
L= [ 700006 )ds + [ vls-)0(s.9)4L(6),
0
[J As a corollary we obtain the following basic result.

Theorem 6 For any nonnegative rqy, the unique solution r to (25) is given
by

r()(€) = a%u(t)(g) - %U@)(t T uol€)) = ve(t)(t + uolE))rol),

where ve has representation (28).

6.2 Gaussian case

This section is concerned with the Gaussian case. Namely, we assume that
the jump case in (22) vanishes, and consequently L = W is a standard Brow-
nian motion. To shorten the notation we write g;(t) = h(t). We assume that
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h is a predictable process satisfying EfOT h2(t)dt < oo, VT > 0. Therefore
(22) becomes

3
dr(t)(§) = (a%r(t)(f) +h2(t)r(t)(§)/0 T(t)(n)dn) dt

+ h(t)r(t)(E)dW (t),
r(0)(&) = ro(&)-

We assume that 7y is a non-negative function. Set

Mi(t) = exp {—% /Ot B2(s)ds + /Ot h(s)dW(s)} |

The theorem below shows that Eq. (29) can be solved explicitly. However
the solution may blow up in finite time.

(29)

Theorem 7 Then unique solution to (29) is given by

-1

r<t><s>=§€[( /0t+§7“o(77)d77> ! /Oth%s)Mh(s)ds]th(t). (30)

Proof Let us denote by u(t) the following primitive of r(t), u(t)(§) =
foé r(t)(n)dn. Then r(t)(&) = a—g(t) (€) and consequently we have the following
equation on wu:

du Pu - ,0u u

9, ou  ,u?
__{(8_§+h ?>dt+hudW}.

u?(t)(§)

5 ) dt + h(t)u(t)(&)dW (1),

3
u(0)(€) = /0 ro()dln.

In order to solve this equation we use the ideas from the previous subsection.
Namely, u(t)(&) = v(t)(t + u(0)(§)), where v(t)(£) is the unique solution to
the stochastic Bernoulli problem

av(t)(©) = 120 "D ar 1 heyn©aw ), vy = ¢
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Let us fix £. We solve the equation using the substitution z(s) = 1/v(s)(&).
By Ito’s formula,

_ (- 28U2(8) 1, 1 s)v3(s) | ds
dz(s) = ( O+ 52 ))d
_ U%S)h(s)v(s)dms)

— h¥(s) (—% + z(s)) ds — h(s)=(s)dW ().

To solve the equation we use the variation of constants formula. Thus we
look for a solution in the form z(s) = ¢(s)zo(s), where z is a solution to the
homogeneous equation

dzo(s) = h?(s)z0(s)ds — h(s)z(s)dW (s).

Then
dz = d(czg) = ' zpds + cdzy = ' zpds + h*zds — hzdW.

_h%s)
2 z(

o) e {5 [ 1dn = [Thmawin =4

Taking into account the initial value condition z(0) = 1/£ we obtain

6= (€= 5 [ mannan) 1

which gives the desired formula. [

This leads to the condition ¢(s) = . Clearly, for z, we can take

Corollary 1 As a direct consequence of (30), the set D of all (t,€) for which
the solution blows up is given by

_ {(t,g); %/Ot B2(5) My (s)ds — </Ot+5 ro(n)dn) _1}.

—1
Since ro > 0, the processes t — (fg+£ ro(n)dn) , where & > 0 is fized, and

-1
<f(;+5 ) , where t > 0 s fized, have decreasing trajectories.

C’learly, the process 27" fo h2(s)My(s)ds, t > 0, is increasing and starts from
0. Therefore, if fo ro(n)dn = +o00 and P (fo h*(s)ds > ()) = 1, then with
probability 1, for any & there is a time t such that (t §) eD.
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Let ¢: R — R be a bounded non-negative Lipschitz function satisfying
6(1) # 0, 6(0) = 0 and

m(¢) := sup

< 00. (31)

Let X be a solution to the equation
dX = ¢(X)dW, X(0)=1.

Note, that X is not identically 0 as ¢(1) # 0. Clearly, X = M) with non-
negative process

_ (X))
h(t) = X t>0
From (31), P-a.s. h%(s)M(s) < |¢(§((3)‘2 < m(¢), t > 0. Hence,
i _ tm(o)

5 [ s

2
and we have the following consequence of Theorem 7.

Theorem 8 Let T > 0. Then for each non-negative initial value ry € L' :=
LY([0, +00), B([0, +00),dE) satisfying || < #W)’ the process r given by

(30) has trajectories P-a.s. in C([0,T); L') and is a unique strong solution
to (29) on the open interval [0,T). Additionally, if ro € C([0,4+00)), then
recC ([O7T)7 CI?([O, +OO))7 P-a.s.
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