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Abstract

We present tensor-product divergence-free and curl-free wavelets, and define as-
sociated projectors. These projectors permit the definition of an iterative algorithm
to compute the Helmholtz decomposition in wavelet domain of any vector field. This
decomposition is localized in space, in contrast to the Helmholtz decomposition cal-
culated by Fourier transform. Then we prove the convergence of the algorithm in any
dimension for the particular case of Shannon wavelets. We also present a modification
of the algorithm which allows to apply it in an adaptive context. Finally, numerical
tests show the validity of this approach for any choice of wavelets.

Introduction

In many physical problems, like the simulation of incompressible fluids (Stokes problem,
Navier-Stokes equations [2, 17]), or in electromagnetism (Maxwell’s equations [16]), the
solution has to fulfill a divergence-free condition. The implementation of relevant numeri-
cal schemes often requires orthogonal projection on the set of divergence-free vector valued
functions.

The Helmholtz decomposition [10, 2] consists in decomposing a vector field u €
(L?(R™))", into the sum of its divergence-free component ug;, and its curl-free compo-
nent uq,1. More precisely, there exist a stream-function v and a potential-function p such
that:

u = Udjy + Ucurl (01)

with
ugiy = curl ¢, (div ugiy =0) and uey = Vp, (curl ugy =0) .
Moreover, the functions curl 1) and Vp are orthogonal in (L?(R™))". The stream-function
1 and the potential-function p are unique, up to an additive constant.
This decomposition arises from the orthogonal direct sum of the two spaces Hg;y o(R™),
the space of divergence-free vector functions, and Hc;10(R"™), the space of curl-free vector

functions. In short:
(L*(R™))" = Haiy 0 (R™) &+ Heurlo(R™) .
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This decomposition is straightforward in (L?(R™))" thanks to the Leray projector (the
orthogonal projector from (L?(R™))" onto Hgiy o(R™)) which can be explicitly described
in Fourier domain. The Helmholtz decomposition (0.1) also exists for more general open
sets  [10, 2].

The objective of the present paper is to propose an orthogonal Helmholtz decompo-

sition in wavelet domain of any vector field. Since wavelet bases are localized both in
physical and Fourier spaces [11], the advantages of such a decomposition will be, contrar-
ily to the one based on the Fourier transform, first to be local in physical space, second
to be available on the whole domain R", as well as on bounded domains. Moreover, an
accurate wavelet Helmholtz decomposition will be provided by a small number of degrees
of freedom, thanks to nonlinear approximation properties of wavelet bases [4]. This last
property will be of great interest, for instance in Direct Numerical Simulations (DNS) of
turbulence [9].
In this context divergence-free wavelet bases have been originally designed by Lemarié
[12], and investigated along with curl-free wavelets for the decomposition of Hg;y o(R™) and
H.u10(R™) by Urban in [20]. Since divergence-free and curl-free wavelets are biorthogo-
nal (and not orthogonal, see [13]) bases, the associated projectors do not provide directly
the Helmholtz decomposition of a vector field. Therefore we have originally proposed an
iterative algorithm in [7], of which we have proved the convergence in dimensions 2 and
3, using Shannon wavelets [8]. In order to achieve the wavelet Helmholtz decomposition
in any dimension, we propose in this article a new formulation for the divergence-free and
curl-free wavelets. This re-formulation will lead to an expression of the Leray projector in
the wavelet domain, analogous of its expression in the Fourier one: all these ingredients
will allow proving the convergence of the algorithm for Shannon wavelets, and to verify it
experimentally for a large class of wavelets.

The article is organized as follows: in Section 1 we construct biorthogonal wavelet
bases of Hgiy0(R™) and Hey0(R™), with their associated projectors. As the projectors
associated to divergence-free wavelets are oblique, we define in Section 2.1 an iterative
algorithm providing the wavelet Helmholtz decomposition of any vector field in dimension
n. We prove the convergence of this algorithm in Section 2.2 in the case of Shannon
wavelets. In Section 3, we modify the expression of the wavelet bases, to make their use
possible in an adaptive scheme. Section 4 is devoted to numerical tests, in order to observe
the convergence of the wavelet Helmholtz decomposition on 2D and 3D vector fields.

1 Divergence-free and curl-free wavelets

Divergence-free wavelets were defined by P.G. Lemarié in 1992 [12]. K. Urban used them
in the numerical resolution of the Stokes problem [19], and extended the principle of their
construction to derive curl-free wavelets [20]. These constructions are both based on the
existence of biorthogonal wavelet bases (see [3, 14]) linked by differentiation. In particular,
we will use the following result from [12]:

Proposition 1.1 Let (le) be a multiresolution analysis (MRA) of L*(R), with associated
wavelet Y1 and scaling function p1. Then there exists a MRA (Vjo), with associated wavelet



Yo and scaling function pq, satisfying:
i(z) = 4¢o(z) and  ¥i(z) = @o(z) — wolz—1) (1.1)

By this theorem, we have at our disposal two Riesz bases of L?(R):
(V1) = 27201272 — k)))

and (1/’0,j,k)j ez Telated by derivation. Hence a function decomposed into the first basis

J,k€EZ

Y15 with coefficients (d; ), has for derivative the function with coefficients (2772d; ;)
into the second basis 9y ; . Conversely an indefinite integral of the function of coefficients
(d; 1) into the second basis vy ; 1, has for coefficients (2_j_2dj,k) in the first one.
Contrarily to the wavelets proposed in Lemarié’s and Urban’s works, we will prefer to use
divergence-free and curl-free anisotropic wavelet bases, which means tensor-products of
one dimensional wavelet bases [5, 7]. We will recall in the following the main ingredients
for the definition of these wavelets and their associated projectors.

1.1 Anisotropic divergence-free wavelets

1.1.1 The two-dimensional case

Anisotropic divergence-free wavelets in two dimensions are constructed by taking the curl
of wavelets in the tensor-product AMR (VJ1 ® le):

27241 (2911 — K)o (27220 — ko)
—2014pg (27121 — Ky )aby (27229 — k)

Here, j = (j1, j2) € Z? is the scale parameter, and k = (k1, ko) € Z? the position parameter.
For j,k € Z2, the set {\Iljhll’} forms a Riesz basis of Hg;, 0(R?). In order to complete this
family to a basis of (L?(R?))2, we introduce the complementary functions:

2j11/}1(2j1$1 — k1)¢0(2j2$2 — kg)
2024pg (210 @1 — k)1 (2229 — ko)

This choice ensures that, for fixed j and k, the complementary function \Ifgnk is orthogonal

?,IIZ(@'D@) = Zcurl (V1 (2 @1 — k1)Y1 (2220 — k) =

U (w1, 79) =

to the divergence-free wavelet \IJJd‘ll’ The exponent M (and further N') stands for “nor-
mal”. Note that imposing this constraint of orthogonality yields a unique solution for
the complementary function, contrarily to the several possible choices for the “natural”
supplementary spaces introduced by K. Urban in [21].

To decompose any vector field u into this new basis, we begin with the standard
tensor-product wavelet decomposition of u in the MRA (V) @ V) x (V) @ V}1):

u= Z Z (dijx ‘I’jl,k + da ‘I’JZk)

JEZ2? ke7?
where, for j, k € Z?:
(20 — k)vo(27220 — k
\Ijjl’k(lll,xQ) — 01( 1 1) O( 2 2)
\112 (1‘1 xg) = 0 . .
IS Yo(2 21 — k1)1 (27222 — ko)




are the tensor-product wavelets for each component (in L* normalization).
We can now express u into the divergence-free wavelet basis and its complementary wavelet
basis:

u= Z Z (ddivj,k ‘I’ilﬁl + d‘ﬂj,k ‘I/‘;J:tk) (12)
jez? kez?

which gives directly the coefficients dgiyjk and dy;j k:

2J2 . 271
daivijk | _ | 2211273 2771 12772 dy j (1.3)
d‘)”t' K 271 272 d2 K '
g 2271 42272 2271 42272 >

Remark 1.1 Since the choice of the complementary wavelets \Ifgtk s not unique, it influ-
ences the values of the coefficients dgivjx and dyjx. We will see in Section 2.2 that this
choice also influences the convergence of the wavelet Helmholtz decomposition. Of course,
if u is divergence-free we retrieve dyji = 0.

1.1.2 The three-dimensional case

As in dimension two, the 3D anisotropic divergence-free wavelets are constructed by taking
the curl of standard tensor-product wavelets:

0 20241 (2701 — k1 )10 (2720 — ka)tho (2733 — k)
‘I’iilzl(xl, o, 1‘3) = icurl 0 = —2j11/}0(2j11‘1 — k1)¢1(2j2$2 — k2)¢0(2j3$3 — kg)
P1p1io 0
' Vo1 0 ' ' '
‘1’31711‘(,2(%1,1‘2,1‘3) = icurl 0 = 2]3w0(2]11‘1 — k1)¢1(2]21‘2 — k2)w0(233x3 _ k3)
0 —2724h (201 — k1 )1ho (2720 — ko)1 (2733 — k)
, 0 —2734py (201 — K1 )P0 (272 — ka)to (27303 — k3)
W3 (21, w2, 23) = jeurl| Yoy = | 0 ' ’ ‘
0 2714po (21 w1 — K)o (272 wg — ko)1 (2% w3 — k3)

Indeed this family is linearly dependent (273 ‘I/Jd‘ﬁ’ Lyon \113111:’2 + 272 \1133“1:’3 = 0), and we have
to choose two functions among the three above, to form a basis of Hdivo(Rg). In any case,
we choose as the complementary wavelet a function which is orthogonal to the other three:

214py (270 @y — K )ypo (272 — ko )to (2733 — k3)
‘I’;{tk(l‘l,l‘g,l‘g) = 2]'2w0(2311l‘1 — k1)1/)1(222$2 — k‘g)wo(QJél‘;g — k‘3) (1.4)
2734po (271 w1 — k1)2po (2729 — ko)th1 (27323 — k3)

Again, to compute the decomposition of a vector field into this new basis, we introduce the
1 0 0 0 1 0 0 0 1
tensor-product wavelets of the AMR (V;, @ Vi @ V) x (Vi @V, @ Vi) x (Vi @V @ V),



componentwise:

V1(270 21 — k1)vho(272 9 — ko)tho (27323 — k)
\Iljl’k(xl,xg,xg) = 0
0

0
VS (21,29, 23) = | Yo(2 @1 — k1)1 (2222 — ka)tho (2323 — K3)
0

0
‘Ilfjg,k(xlvx%xii) =10 ) ) )
Yo (21w — ky)apo (27229 — ko)1p1 (27323 — k3)

with j = (j1,J2,/3) € Z* and k = (k1, kg, k3) € Z°.

Let 5
u=> > > dijk ¥k

i=1 jeZ3 keZ3

be the decomposition of u into the above basis. To compute the coefficients of u in terms
of the divergence-free vector wavelets and their complementary wavelets:

div1 div?2 div3 N
u=y > (ddivl,j,k Uik +daivaik Y5k~ +daivaik Yik© + dujk ‘I’j,k> (1.5)
je73 kez3
we add the condition:
27 dgiv1jk + 27 daivajx + 2% dagivajk =0

to have as many equations as unknowns. This leads to the following system for the change
of coordinates [5]:

M dyor i1 ] i 272 _ 291 T
div 1,j,k 2771 12272 12773 2271 12272 12973 0 d1J K
o 273 . 271
daiv 2.j,k 0 2271 12272 12273 2271 42272 42273
= } _ dysie | (1.6)
Ao o R B 0 9
d1V3,J,k 22]1 +22]2+22g3 2211 +2232+22g3
291 2i2 273 d3jx
L d‘)”tj,k | L 22714229242253 2271 42272 42273 2271 42272 42273



1.2 Generalization to the n-dimensional case

The first and natural idea for the general form of divergence-free wavelets in dimension n
is to introduce:

\Ijiilzi(mth) s ,.Tn) =
0

0
line ¢ — 2ji+11/}0(2j11‘1 — kl) . 1/}0(2]'1—11%71 — ki,1)¢1(2jixi — ,ICZ)
Yo/ w1 — Ki1) - Po(2a — ki) (1.7)

linei+1 — | =272 wy — k1) ... vo(2iw; — k)1 (27 i1 — Kig1)
Yo(27+2xivo — Kita) .. ho(27mmn — kin)
0

0
for 1 < i < n (for i = n, the line n + 1 is shifted to the first line and the index j,y1 is
replaced by j1). Taking n — 1 vector wavelets out from these n wavelets allows to form a
basis of Hgiyo(R™). Note that these functions are no longer derived from the curl operator
since the curl operator takes a complicated form for n > 4.

The complementary functions are chosen to satisfy an orthogonality condition with the
divergence-free wavelets of same index (j, k):

2j1¢1(2j11‘1 — k1)¢0(2j21‘2 — ]{32) . 1/}0(2j”$n — ]{Jn)

@?k(xl,xg,...,$n) = jSl/)o(lel‘l —kl)...wl(jSJ}i—k‘i)...wo(2j"$n—k‘n) (18)

2j"¢0(2j11‘1 — k1)¢0(2j21‘2 — ,ICQ) . 1/}1(2j”$n — kn)

Like in dimensions two and three, the anisotropic divergence-free wavelet transform will be
related to the standard anisotropic wavelet transform. Each component u; of a vector field
u is decomposed in the tensor-product wavelet basis of the MRA (VJ? ®-- ®Vﬁ ®-- -®V£):

ui(21, .. 2n) = Z dijx o2 @y — ky) . 1 (2 — ki) - bo (20, — k)
j’kEZn
The divergence-free and complementary coefficients of u are given by:
n
u=> > D davige R+ D dojac Uik (1.9)
=1 jeZ3 keZ3 jez3 kezs

to which we add the relationship between divergence-free coefficients:

n
> 27 gy i =0
i=1



(with the convention 27/n+1 = 27J1) chosen
system below is orthogonal to the others:

such that the last row of the matrix in the

232 0 0 O —2Jn 271 d(ili]\:k
_9J1 273 0 0 272 dglj\,’k
0 _9J2 9Ja 273
_ 973 275 _
: ‘. E " . . ) . ddiv .
0 e 0 —2Jn—2 27n 0 2Jn-1 ngl.],k
0 0 - 0 —2Jn-1 271 27n a3
| 9-ii—jz  Q—ia—is  9—js=ia 9=in-2=jn-1 9Q=jn-1—Jn 9—in—i1 () | B
(1.10)
Unfortunately, this matrix cannot be made orthogonal for n > 4 even with the choice of
the last line orthogonal to the others. However for n = 3, the matrix of coordinate change
is still orthogonal:
272 0 —9J3 9j1 272 0 —9J3 9j1
_9j1  9J3 0 272 ] . 1 —9j1 93 0 }
M= 0 —9j2 971 9j3 | with M = 22j1 4 92j2 4 92j3 0 —9j2 95
273 2J1 972 0 273 271 972
(1.11)

This lack of orthogonality for n > 4 makes the inversion of the matrix more difficult. This
is the reason why we will construct another divergence-free wavelet basis in which this
matrix will be orthogonal. Moreover we will see in Section 3.1 that this new construction
will be fruitful for a generalization of the method to isotropic and quasi-isotropic wavelets.

The method that we propose now is inspired by the expression of the Leray projector
in Fourier domain. We recall that the n-dimensional Leray projector P in Fourier space
takes the form:

_ — - _ 2 4 - =
Udiv 2 _ae g & 3 w2
_ : €17 & HE
P(u) = = (1.12)
ti 313 G £ast :52 =
T _81&n _S28n _Sn—l18n _ Sn N
awn | L T e L N I S

where 4y, denotes the Fourier transform® of the k-th component wu, of u, on R™.

By analogy, we introduce the following expressions for the divergence-free wavelets

'The Fourier transform of a function f € L'(R) is noted f(¢) = ff;o f(z) e ™dx, we recall that
f— \/% f defines an isometry on L?(R).

272
273

dyjx
dojx

dnflj,k
dnjx




(with the same notation as before): for 1 <i <mn,

—wiw1P1(wirr — k1)Yo(wews — k2) ... Yo(wnxn — kn)

—wiwi—lwo(wlxl - kl) cee wo(wi—zxi—z - ki—2)¢1 (wi—lﬂfz‘—l - ki—l)
Yo(wizi — ki) .. Yo(wpxn — ky)

2
\I,jilll,z(xh o 7xn) _ % (Zéyﬁi We) ¢0(W1$1 - kl) .- -¢o(wi—1$7:—1 - kv;—l)wl(wiﬂfi - kv)
wo (wz'+1$z'+1 - /f7:+1) cee 1?0 (wnxn - kn)

—wiwir1Po(wizy — k1) .. bo(wizi — ki) (wir12i41 — kig1)
Yo (WiraTiza — kiva) ... Yo(wnZn — kn)

—wiwpo(wrzr — k1) ... Yo(Wn—1Tn-1 — kn—1)V1(wnTr, — kn)

where w; = 27 and |w|? = Y"1 | 2%,
The complementary vector wavelet is chosen as before with renormalization:
o Lgn
Jk |w| Jk
For this choice of functions, the matrix expressing the standard coefficients d;; i in terms
of the divergence-free coeflicients dgiy; j ik in the system (1.10), is now given by:

_ ) -
1— 2, _wam —&ntl 2L
[w]? [w]? -
2
_ wiw2 1 ws . . _ Wnw2 w2
|w]? |w]? W el
M = : R - : : (1.13)
_wiwn  _ wawn _Wnoi@n o _ @no owy
|w]? wl |w]? Wl ol
w1 wa Wn_1 wn, 0
R [l ] ] i

and this is a symetric orthogonal matrix (M ! =! M = M).

Note that these new divergence-free wavelets are linear combinations of (1.7). Then,
the projections onto the divergence-free spaces generated by divergence-free wavelets of
same index (j, k) are the same in both cases. The interest of this new formulation for the
basis functions lies in the easy inversion of the matrix M (1.13). It allows to deduce the
divergence-free and complementary wavelet coefficients from the standard ones without
solving a system.

1.3 Curl-free wavelets

The construction of curl-free wavelets in two dimensions is given by considering the
gradient of the tensor-product wavelets of the MRA (lel ® VJIQ)

2o (21 a1 — k)1 (2222 — ka)

1 . .
curl _ J1 _ J2 _ — . . .
i (1,02) = 3V (V12 = by (2222 — k) 224p1 (2 w1 — k)0 (222 — k2)



These vector wavelets form a basis of the space chrm(RQ). We complete it to a basis of
(L?(R?))? by adding the complementary functions:

2j21/}0(2j11‘1 — k1)¢1(2j2$2 — ,ICQ)
—2j11/)1(2j1.1‘1 — k‘l)wo(Qle‘g — k‘g)

The decomposition of any vector field into this wavelet basis can be obtained from the
standard decomposition into the canonical wavelets:

u=>3 >, (dld,k VYt dojx ‘P;%j,k)

JEZ? ke7Z?

UM (21, 22) =

with

UT (21, 22) = ’ Bﬂo(lexl — k)i (222 — ko) o 0
2 ’

zia(r 72) = ’ P1(2 @y — k1 )o (27222 — k2)

The new decomposition:

u=> > (dcurlj,k L4 +de,k‘l'§‘,{<) (1.14)
JEZ? keZ?
is thus given by:
272 _od1
[ Anr } = | P 2t [ dyjx ] (1.15)
dcurlj,k 77 21 77 77 22 27 d2,j7k
2491 4-2272 2271 42272

Remark 1.2 One can notice the similarity between the divergence-free and curl-free trans-
forms, emphasized by the equality of matrices (1.3) and (1.15).

In the same way, three-dimensional curl-free wavelets are constructed by taking the
gradient of tensor-product wavelets of the MRA (lel ® VJI2 ® V]é)

1 . ) .

‘Ilcurl(l‘l,l‘g) = ZV (¢1(2J1$1 — k1)¢1(2j21‘2 — k2)¢1(2j3$3 — k?g))
2j1w0(2]1 ) 1(2J2x2 _ 2) (233553 _ 3)
= 2j21/11(2]1331 k1)ho (2222 — ka)ih1 (2323 — k3)
203901 (2701 — k)1 (2720 — ko) tho (2733 — ki)

These wavelets generate a basis of the space chrlo(Rg) which will be completed into a

basis of (L?(R3))? with the following complementary functions (linearly dependent since
S, 20w - 0)

2j21/}0(2j11‘1 — k1)¢1(2j2l‘2 — k2)¢1(2j3$3 — kg)

‘I’ﬁl(ﬂflvﬂf%w:&) = | =209y (20 @y — K)o (272mg — ko) (27215 — k)
0
\Ifﬁf(xl,xg,xg) = 233w1 (231l‘1 — k1)¢0(2]2l‘2 — k2)¢1(2]31‘3 — k‘3) (1.16)

—2024)y (2101 — k)1 (2229 — ko)vo (233 — k3)

—2034)g (211 — k1 )1 (22 @ — ko)1 (2733 — k3)
2714py (2 wy — Koy )1 (2720 — k2)vo (27323 — k3)




The operation for obtaining the coefficients associated to \I/N " and \Ifcurl from the stan-
dard wavelet coefficients uses the same matrix (1.11) as for the dlvergence free wavelet
transform.

In dimension n > 4, we will call wavelets that are a gradient of a potential function

curl-free. Therefore the n-dimensional curl-free vector wavelets are constructed by taking
the gradient of the tensor-product wavelets of the MRA (V]ll ®--® Vﬁl)

U @y, m,) = iv (V1 (221 — k1) .. 01 (2, — k)
2j1¢0(2j1$1 — k1)¢1(2j21‘2 — kg) . 1/}1(2j"13n — ]{Jn)

= éji¢1(2j1$1 — k1) o(2ia — ki) 01 (2, — k) (1.17)

2Imahy (2911 — Ky )by (27229 — ko) .. b (27my, — k)

In this case, the complementary wavelets (which will correspond to imperfect divergence-
free wavelets) are defined like the anisotropic divergence-free wavelets, simply by exchang-
ing the 0’s and the 1’s in the wavelet indices .

2 Orthogonal wavelet Helmholtz decomposition: convergence of an it-
erative algorithm

The objective now is to compute the Helmholtz decomposition of any vector field u, using
divergence-free and curl-free wavelets. More precisely, let P be the Leray projector and Q
the orthogonal projector onto the curl-free vector functions; we want to rewrite equation
(0.1) as

u=Pu+Qu , Pu=ugy, , Qu=ucnmu (2.1)
such that ug;, and ugy will be expanded into the divergence-free and curl-free wavelet
bases:

ugiy = Pu = Z ddle k‘llle and Ueyl = Qu = Z dcurlJ klljcurl (22)
J.k j.k

However, the divergence-free wavelet basis as well as the curl-free wavelet basis are not
orthogonal bases, therefore their associated projectors are oblique and depend on the
choice of the supplementary spaces Hyy = Span{¥n} and Hyr = Span{¥/} introduced in
Section 1. Below we will introduce an iterative algorithm to provide such a decomposition.

2.1 Iterative computation of divergence-free and curl-free components of any
vector field

The iterative algorithm will be based on the following two non-orthogonal decompositions:
(L2(Rn))n = Hgivo ® Hn and (LQ(RH))n = Hx @ Hewlo (23)
and we will let, for a vector field u € (L?(R"™))",

u=Pg,u+Qnu (2.4)

10



be its decomposition into the divergence-free wavelet space plus its complement in Hgy,
and
u=Pyu+ Qcuriu (2.5)

be the decomposition into the curl-free wavelet space and its complement Hys.
Iterative algorithm :

The decomposition (2.4) allows to extract the divergence-free part of the field u,
whereas the decomposition (2.5) allows to extract its curl-free part, both in an approx-
imate way. We propose to apply them successively until the residue become sufficiently
close to 0. We expect the convergence of the residue to proceed as indicated in figure 1.

Haivo
Hn
u®
0
uf
div
Hn
0/ 1
UN u
1 ~ 0 — 12
Udiv , Up =u
u?
ul ul H
rot rot rot 0

Figure 1: [Idealistic schematization of the convergence process of the algorithm with Hy =
vect{\llitk} and Hy = vect{\I'Jj-\’[k}.

Using the same notation as above, and starting from u" = u, the first step of the

algorithm gives:

1/2

u - uO - PdivuO - Q‘ﬁuo

u! = ul/2 — Quuul/? = Py ul/?

Then the next steps are defined by:

ul = PNQmuO

(2.6)
utl =Py Quu? Vp>1
The sequence u? defined like this satisfies:
v’ = Pyiy 0’ + Qw1 Quu” + Py Quu? (2.7)
——

P P p+1
Wiiv Ueurl u

11



Asymptotically, if the sequence (u?),en converges to 0, then the decomposition (2.1) holds

with:
“+oo +00
L p d _ p
Udiv = Uy, an Ucurl = Ul
p=0 p=0

Ideally, this algorithm will converge in the same way as the sequence (u?) tends to 0 in
Figure 1: in the next chapter, this convergence will be demonstrated in every dimension,
for the particular case of Shannon wavelets which have infinite support but whose Fourier
transforms are optimally localized. This convergence has also been tested and observed
on various two-dimensional and three-dimensional fields (regular or irregular, random or
arising from numerical simulations) with spline wavelets [5].

However, a brief analysis of figure 1 gives a clear idea of what it is crucial for convergence:
the closeness of the spaces Hy spanned by the set {\Ifgtk}, and Hys spanned by the set

{‘Ilj\{(} to respectively Heyo and Hgivo. Hence, the oblique wavelet projectors Pg;, and
Qcurl have to be as close as possible to the original orthogonal projectors P and Q.

2.2 Convergence of the algorithm

The wavelet algorithm of Section 2.1 was originally designed in dimension two and three
[7]. We prove its convergence for the Shannon wavelets, and for all dimensions.

The Shannon wavelet ¢ is compactly supported in Fourier space, thus it has infinite
support in physical space:

~ _sin2w(z —1/2)  sinw(x —1/2)
¢(§) =€ &2 X[—2m,—n]U[r,27] (6) ) 1/1(1‘) - 7T($ — 1/2) - 7T(x — 1/2)

where x stands for the characteristic function, i.e. xg(z) =1if x € E,xg(z) =0if z ¢ E.
The corresponding scaling function is:

()5(5) = X[~m,7 (5) ) 90(33) -

Then R ' ' ' '
Vi, k € Z, supp(v; ) = [—20 T m, —20 7] U [20 7, 20T ]

Theorem 2.1 Let u in (L?(R"))", and let the sequence (uP),>q be defined by (2.6):
u =u and W =PyQuu?, p>0 (2.8)

where Qm and P are the complementary projectors associated respectively to divergence-
free wavelets (2.4) and curl-free wavelets (2.5). We assume that the wavelet 11 used
for constructing the divergence-free and curl-free wavelets of Section 1.2 is the Shannon
wavelet.

Then the sequence (uP) satisfies, in L? norm:

p
i< (55) i

12



and converges to zero in L?.
Moreover, the Helmholtz decomposition (0.1) of u is given by:

Udiv = E Pdiv up’ Ucurl = E chrlQ‘J’Iup

peEN peEN

Proof: Let 11 and 19 be two wavelets linked by derivation like in Proposition 1.1 of Section
1. Then for j, k € Z:

— Jj — 4w ——

- 2 -
1/}1 (23 . —,IC) =4 El/)o(QJ . —k), Wthh giVGS ¢l,j,k f ¢O,g k

with w = 27.
For each j € Z™, we consider the level j of the wavelet decomposition of a vector field u:

Uj1 = Y pezn ik V1 (T1)V0 o ks (T2) - D0 e (T0)

= | Ui = Y pezn dijk Yok (T1) U1k (T0) -0,k (T0)

Ujn = D peezn A1jk Yok (T1) o001 ket (Tne1)V1 0 kn (T0)

Applying the Fourier transform yields for 1 < i < n, with w; = 27:
- 4w —— _—
5= Y — dijx Yojim (&) ogike (&)« D0 gon (En)

Then we obtain the complementary part (the residue after the oblique projection on the
divergence-free wavelet space) by applying the orthogonal matrix (1.13) to the wavelet
coefficients, and considering the last component:

kezn

ﬁw/\k (E1)%0.joks (€2) - - W0 g o (€n)

=2 (Z k> 20 g1 kr (€1) -+ P oy (60) - - Vo ()

kezZmn

w' —_— —_— —_—
210,50k (€1) - P01 k1 (En=1) P01, k()
-~ . A~

Qx u; may be express in terms of u;j:

(Qm uj) , = WP (%) 2im1 @i 2kezn digie V0,510 (€1) -+ Y0,k (€0)

2 J - (2.9)
= oPE > i Sity

13



. - A~
and we can write: Qmu; = Anuj, where
wi
|w|2&1
wa
lw]2€n

Similarly, we can express the Fourier transform of Py uj as Apyay with:

& s
Ay =Id—| e .
P <t ok 210

Since the wavelet basis we use for the projection Pjs differs from the one we use for
the projection Qg, the level j of the wavelet decomposition u; corresponds to two different
projections of u when considering either Par, or Qo. As a result, usually we can’t write:

Py Qouy = Ay Amu; (2.11)

For simplicity, we consider the special case where the component uj is the same for the
two decompositions. Then equality (2.11) holds. For Shannon wavelets, this condition is
satisfied.

We assume now that the function 1//)\1 is a Shannon wavelet. Then, the wavelet levels
u; of the vector function u have almost disjoint compact supports. Hence u the level j
of the wavelet decomposition is stable under the different projections. Expresswn 2.11 is
valid on u(¢) instead of uj under the condition that & € [, +(27im, 29 +1x).

Each iteration uPt! = PyrQ uP of the algorithm can be written in Fourier space:

—

u§’+1 = A/\/Amu?

where the matrix

UJQ
1 <t w? w2 1 5_11
AyAp= | Id— — | : [ 1...—”} x — | ¢ | x[&.. . &
= I R R Rl I R
! &
is of rank one. It has thus only one non-zero eigenvalue, noted A(¢), which can be computed
by:
_ _ 2
A(€) = trace(AyAm) = 1 — (Zl @-) <Z |w‘4§2>
Introducing ¢; = >, and «; = we obtain:

o le7

A =1-F(a)=1- (Z a?<3> <Z a?c;?)
=1 =1

14



Since we are using Shannon wavelets, supp(zzoﬂ-,k) = supp($17j7k) = +[2/7,27 7], There-
fore if & € supp(vo ;) for 1 < i < n, then |(;| € [m,27r]. We have also the constraint

>, a? =1, and the maximization of F' is no more than a Kantorovitch inequality, which
yields for a fixed (:

1 <min|Cz'\ n maX\Ci|>2 (2.12)

max F({,a) = - -
i,y 0 =1 =g max |G| min |G|

As F(¢,a) > 1, we have

1/1 2\ 9
Hence,
n —_— 9 o~
ji Ji+1 p+1 4P
Vé € Hli[w w2 Al [T < el uf(©)]
1=

As for Shannon wavelets, [[ul|3, = > jezn |uj]|3., by adding the different scale decompo-
sition, we obtain:

9
22 < 15 1”2

which leads to the result.
Finally the divergence-free components and the curl-free components arising from (2.7)
are added to form the divergence-free part and the curl-free part of u in the wavelet domain:

Udiv = Z Pdiv upu Ucurl = Z chrlQ‘ﬁ u?
peN peEN

Remark 2.1 In the algorithm (2.6), if we replace uP*™ = u? —ul, —u’ | by u’*! =
uw? —ul, —bul | with some b >0, i.e. if we replace Ay in (2.10) by:

&1 ) )

w w
Ay =1Id—b| : x[ L — ]
g' lwl& wl*6n

then the eigenvalue (&) is given by
AE) = 1-b F(Cai)
and verifies, using Shannon wavelets:
25
1——5b6< <1-
16 b< A& < b
The optimal choice for b is thus b= 32 and then [A(§)| < & =1—-b=2p— 1.

On the other hand, in numerical experiments of section 4, we will use spline wavelets,
and for these wavelets, the optimal b is 1.24. For b = 1.24, the convergence rate is equal
to 0.41 instead of 0.56 for b = 1. This means that spline wavelets are not as optimal as
Shannon wavelets and damage the term F((,«) in two ways: F((,a) behaves, first, as if
it was multiplicated by 0.48, and secondly, as if max |(;| = 2.7min |(;| (the spline wavelets
don’t verify this compact support condition, but the algorithm behaves as if they did so).

15



3 Generalization of the isotropic divergence-free wavelets construction

An important drawback of anisotropic wavelets, is that they are not well suited for adaptive
schemes. Indeed, if one refines the grid somewhere, then the anisotropic wavelets lengthen
across the whole domain instead of remaining localized (the refinement grid has to be
cartesian).

At this moment, it is preferable not to develop the total spectra of scale parameters
j € Z", but to restrict ourselves to anisotropic wavelets with a parameter j verifying
max(j) — min(j) < m with m equals to one or two, without affecting the convergence of
the wavelet Helmholtz algorithm to much. For this purpose, we need the scale function ¢
which, associated with 1, forms an MRA.

By doing this, we show that a slight modification of the isotropic wavelets (case m = 0)
originally designed by P.G. Lemarié [12] and used by K. Urban [20] allows one to discard
the arbitrary choice of the index i for which ¢; = 1 as a pivotal element to form the
divergence-free wavelets. The price to pay for this modification is that the divergence-free
wavelets are redundant — and even zero in some cases. There are (2" —1)n of them instead
of (2" —1)(n—1) to form a basis in dimension n. However, we profit from this redundancy
to add a linear relation on the wavelet coefficients. This construction permits to give a
clearer understanding of the divergence-free wavelet transform in the isotropic case.

3.1 Mixed isotropic/anisotropic divergence-free and curl-free wavelets

In the following, we will define generalized quasi-isotropic divergence-free wavelets by
considering two kinds of divergence-free wavelets, with limitations on the scale parameter j.
Let m > 0 be given, we will only consider scale indices j = (j1,72,...,7Jn) such that
max (1, j2, .-, Jn) — min(ji, j2, - - ., jn) < m. Then the family will be formed with:

e usual anisotropic divergence-free wavelets ‘I/jhll” with 1 <4 < n as in Section 1.2,

e modified isotropic divergence-free vector wavelets \1123"12, with e € {0, 1}"\{(0,...,0)},
(

1 <7 < n and with components of the type 77]'?,1121 e nj(i”,zn, with n) = ¢, n© = ®,
and jy; = max(j1,J2,...,jn) —m if g, = 0.

To construct these last functions, we will introduce linear combinations of componen-
twise wavelets that are a mix between isotropic and anisotropic wavelets:

0

U@, mn) = | nEV @0z — k) gl (20w — k) g (290 3, — Ky)

0
where, taking into account the derivation relations of proposition 1.1, for 1 <i <mn,

(&) — pe i g =1 — )Y _q8i [ (E0) (1 ED
My _{ wr if =0 , £=0,1, (771 ) (13)—4 (770 (.T) (1 52)770 (x 1))

16



The set {\IJEJk 1 <i<njkeZ"eec{0,1}"\{0,...,0)}, max(j1,72,--,Jn) —

min(j1, jo,...,Jn) < m, e, =0 = jy = max(ji1,j2,...,Jn) — m} forms a Riesz basis of
(L2(R™))".

The n-dimensional quasi-isotropic divergence-free wavelets are defined by: for 1 <i < n,
\I/gﬁ"ll(arl, ceey )

=| 4t (Zé;éi, eo=1 22j5) 77(()61)(2j1$1 — k1) .. 'nf'i)(?jixi — ki) .. '77(()671)(2%% —kn)

and the complementary wavelet by:

e\ ) (2 ay — ky) .S (20w — k) LS (20, — k)
‘I’gtj,k(ﬂfl, cey ) = |
2™ @y — ky) oS (@ — k) g (2, — k)
Remark that the case m = 0 corresponds to isotropic divergence-free wavelets as

proposed by P.G. Lemarié and K. Urban [12, 20] where we have made linear combinations
among the possible cases. Note also that \Ilgs K is no more orthogonal to \IJSB"IE, except if
E; = 1.

If we denote by (d; - j k) the wavelet coefficients of the standard wavelet decomposition
verifying the limitations on the scale parameter j as indicated previously, then we obtain
the divergence-free wavelet and complementary wavelet coefficients by solving the following
system for fixed j, k, e:

ddiviejk ddiviejk—e; diejx
Maiy | - + Z de : =1 - (3.1)
divn,zj,k Q5= ddiv n.ejk—e; dn,aj,k
dinejk dotejk—e; 0
with (e;)1<i<n the canonical basis of R®. With the notations w; = 2% and |sw|? =

> i c,—1w;, after normalization of the wavelets:

o 1 o 1
divi divi N
ejk = |€w‘2 ej, ko \IJEJk |€w“l’aj,k7

17

—iitiig nEY (20 gy — k). .. (ng@)(zjixi — ki) — (1= &) (2w — ks — 1)) ) (2, —

23 i 20y — k) (0 (20— k) = (U= enf™ (@ — ki = 1)) ol (@

k)

kn)



)

the expressions of My;, and M C(lfv are chosen as follows (the last line indicating the desired
linear relationship between the divergence-free wavelet coefficients is arbitrary):

_ ) -
1—¢ w wow Wnw w
4+—¢1 (1 — €1 —‘&JI'Q) —£&1 |52w\% c. —£&1 \5Z|21 51—‘5(‘})'
2
. wWiwg 1—e2 _ ) . o Wnw2 w2
e2feft 40—k e2 et €211
Mgy = . . . . . (3.2)
2
wiw waow 1—e w. w.
—EnQT‘Z _En|E2T‘7QL o4 n(l—EnW) En‘s—z'
w1 w2 Wn_
i E17e] €27 Enled] 0]
and
0 0 & T;jé 0 0
M@ _ | : : : : : : 3.3
div 0 ...0 e,z 0 0 (3:3)
0 enfpE
0 ...0 0 0 ... 0

where only column number i of M 0(1? is different from zero.

v

One can notice that for e; = 0,

1
diviejk = Zdi,sj,k

Then system (3.1) is equivalent to:

£1ddiv1,ejk dicjx (1 —e1)diejx dicjx—e;
: : 1 : 1 (i)
Mgy | - =" —= Mgy | - -7 Z Mgy
d d 4 1 d 4
Enldivn,ejk n,e j,k ( - 577,) n,e j,k i,6;=0 n,ej,k—e;
dyej 0 0 0

To solve system (3.1), we multiply the above system by the matrix:

_ 5 _
E1w wow Wn W w
(1-— —|Ew‘12) —E981 \aiﬁ —En&‘l—‘;;'; 51—‘55)|
2
wiw Eaw . WpWw w:
—eie2igp (L= 5p) —En€2iLP  E27a
(3.4)
2
_ WiwWn _ waWwn _ &EnWwWy, Wn
€1€n lew|? €2&n lew|? (1 lew]? ) En lew|
w1 w2 Wn
| C1a el Gl 0]

and we find that for ¢; = 1,
wj n
(A
ddgiviejk = dicjk — T3 E ewedy ¢ 5.k
lew y

and

Wy Wi
dyejx = Z —Z‘di,sj,k‘i‘ Z —4|5;‘(di,sj,k - di,sj,kfei)
1,£;=0

, lew
i,e;=1
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We proceed similarly as in Section 2.2 to establish the expression (2.9), then the Fourier

transform of Qo u.; satisfies:

2

Qmusjzw : X[ﬁlgn]ﬁs\J
2
8

We proceed similarly for the curl-free wavelet transform.
The n-dimensional quasi-isotropic curl-free wavelets are defined by:

\I/gljrllc(xlv R In)

2i1 . ge1-1 (77361)(2113;1 — k) — (1 — eSS 2y — Ky — 1)) o

T]gsl)(lel‘z — k}) .

Tlf”) (Zj" Tn —

k)

= | 24y @iy — k) (0 @ — k) — (1= =) 20— k= 1)) ) (20 — k)

2jn . 45n*1/,7§61)(2j1x1 _ kl) (E )(2th — k ) ( (()E")(Zjnxn _

and the complementary wavelets are defined for 1 <1i < n by:

\I/é\g (T, )

—2ji+jlsi51n(()€1)(2jlx1 k1) .. )(29‘55 —ki).. (5”')(27“;5” —kn)

- (Ze¢i75[:122jz)nfﬂ(zﬁxl—kl).. 0 (2w — ki) .o (20w, — k)

_2ji+jn€i€nn§51)(2j1x1 k1).. )(23‘x — k). (En)(anxn — k)

After renormalization of the wavelets (\Ilgljr

is divided by |ew| and W4
wavelet coefficients verify, for fixed j, k, e:

5_]k by |€w‘ ) the

AN 1,6k d/\/ Lejk—ei dicjx
Mcurl + g curl ' = (35)
N nejk i,e;= dnn £j.k—e; dn,sj,k
dcurl ej,k dcurl ej.k—e; 0
where the matrices M1 and M C(fl)rl for 1 < i < n are given by:
i (1 _ wi ) _ wawi Wnwi ge1—1 w1 i
&1 w2 £2€1 Tew]? e —&nfl \5w|2 Tew]
wiw (1 _ wh ) _ wnw ge2—1 w2
TEIE2T 2720 En€2Lp Tew]
My = (3.6)
2
_ wiwn _ wawn _ ) en—1 Wn
C1&nTegp? €28n T2 (1 = enrp) lew]
w1 w2 wn
L 1T £27e] Enled] 0]

19
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and

0 0 0 ]
( 0 ... 0 0
0 _ ;
MO =10 .0 - (3.7)
0 0 0
(0 ... 0 0 |

(@)

where only the line number i of M__, is non zero.
To solve the system of equations (3.5), we multiply it by matrix (3.4) and we find:

curlsJk E 52 zsj,k

which means that the Fourier transform of P u.; satisfies:

&1

—— 1 . w? w2l | —
Pyu.j = Id_|5w\2 N [51—...5n—” u.;j
&n

The expressions of the wavelet coefficients dpr;.jk are, for g; = 1:

n
%%
dNicjk = dicjk — 5 Z Eowedp 5k
lewl® =

and for g; = O:

n
w;
dNicjk = dicjk + 5 E Ewedy e k—e;
4|ew| —

3.2 Convergence of the iterative Helmholtz decomposition in the mixed iso-
tropic/anisotropic case

Theorem 3.1 In dimension n, the Helmholtz wavelet algorithm (2.6) defined in Section

2.1 converges using Shannon wavelets, if

1 | 25n2

" oma T

in the construction of the mized isotropic/anisotropic divergence-free and curl-free wavelets
(cf Section 3.1).

Proof: Assume that we are using Shannon wavelets, each level of the wavelet decomposition
(indexed by j € Z™ with max(j) — min(j) < m and by € € {0,1}" \ {(0,...,0)}) evolves
independently during the wavelet Helmholtz decomposition algorithm (2.6). Hence:

—

P+1
u; Au
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with

3 1
1 &
1 w? w2 1
A=1d-— | : x[al—l...s —"] x——| | x[e.. .l
lew|? i &1 " n lew|? w2
" én

This matrix is of rank one and has a single non-zero eigenvalue \, equal to the trace of A:

i 5’w4
—1— Chad]
) (E%)
A=1- L=¢F Lei(;
(il lewl? > (2 lewl?

which can be rewritten, if we distinguish the case ¢; = 1 and ¢; = 0 in the first sum:

- (S ko) (Sisher) - (So-w0he) (S )

For the first term, we use the Kantorovich inequality (2.12). We denote by p the second

e, with ¢ = &,

term:
n 2 n2
" (2“ " Vup ) (Z P ) -
then 9
—1—6—u A< —u (3.8)

As for i s.t. ¢, =0, w; <27 |ew| and for i s.t. g, = 1, w; < |ew|, p is bounded by

n n n n
_ _ ~ 1 1
w<?2 2m§ ¢2 § (=2 2mn2§ ECZ'Q § EQQ
=1 =1 =1 i=1

Again, the Kantorovitch inequality yields

25

22m2
P16

Since according to (3.8), a sufficient condition for the convergence is u < this condition

will be satisfied provided that

16’

1 250>

In
2In 2 7
Consequently the number m of additional wavelet transforms we have to apply after an
isotropic wavelet transform, is not excessive and allows to use the wavelet Helmholtz
decomposition in an adaptive scheme.

m >
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Remark 3.1 Again, as it was noted in remark 2.1, we may introduce a parameter b > 0
in the algorithm (2.6): uP™! = uP — ufhv — bulgurl. Then, according to the previous study,
the following bounds holds for the eigenvalue A(§), using Shannon wavelets:

25
L= b (L0277 <A <1-b

The algorithm converges for b sufficiently small. In practice, with spline wavelets, whatever
the value of b, the algorithm (2.6) diverges for isotropic wavelets (m = 0) and presents the
same profile as in figure 2.

4 Numerical experiments

The wavelet Helmholtz algorithm was applied to non divergence-free periodic vector fields
on the cube [0,1]" (n = 2,3), in order to observe the convergence rate of the iterative
algorithm. We used spline wavelets for the experiments: the basis functions (g, 1) are
splines of order two (i.e. piecewise polynomials of degree one), and the basis functions
(¢1,%1) are splines of order three (i.e. piecewise polynomials of degree two).

The reference [7] provides technical explanations for the implementation of the method.
We have already tested in [7] the convergence of the iterative algorithm, using spline wa-
velets of different orders, successfully applied to a large class of two and three-dimensional
fields. The observed convergence rates were about 0.5 (see also figure 2).

We will now compare the convergence rates obtained with several families of mixed
isotropic/anisotropic divergence-free and curl-free wavelets. We will apply the wavelet
Helmholtz algorithm to the 2D vector field

sin(27x) cos(2my) — 2sin(27wz) cos(2my)
— cos(2mx) sin(27my) — 2 cos(2mx) sin(27y)

discretized on 2562 grid points, and to the 3D vector field:

—sin(2nz) cos(2my) cos(2mz) + sin(27x) cos(2my) — sin(27x) cos(27z)
u = | —cos(2mx) sin(27y) cos(27z) + sin(27y) cos(27z) — cos(27x) sin(27y)
— cos(2mz) cos(2my) sin(27z) + cos(2mx) sin(27z) — cos(2my) sin(27z)

discretized on 322 grid points. Figure 2 shows the evolution of the residue ||u”|| 2 in terms
of the number of iterations p. In figure 2 we have used four different wavelet bases:

e two-dimensional isotropic (i.e. m = 0) functions, and this choice leads to the diver-
gence of the algorithm.

e two-dimensional anisotropic (i.e. m = +o00) functions,
e two-dimensional quasi-isotropic (with m = 1) functions,

e and three-dimensional anisotropic functions.
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T
10 ¢ 2 4 6 8 10 12 14 16 18 20
O 2-D isotropic wavelets (m=0) x 3-D anisotropic wavelets (m infinite)
¢ 2-D anisotropic wavelets (m infinite)
+ 2-D semi—anisotropic wavelets (m=1)

Figure 2: Convergence profiles of the Helmholtz algorithm with spline wavelets

These expriments clearly show that isotropic functions are not well suited to be used
in the wavelet Helmholtz algorithm. In all other cases (anisotropic and quasi-isotropic),
the algorithm converges. At the end of the execution, the accuracy depends on the spline
order of the used wavelets. The change of behaviour for the three-dimensional case in
the last steps is related to the spline approximation: the forcing of convergence by one
half-shifting of the velocity components was used in dimension two (cf [7]) but not in
dimension three.

Conclusion

In this article, we have constructed anisotropic divergence-free and curl-free wavelets in
dimension n, by generalization of the constructions in 2D and 3D. To obtain small orthog-
onal systems for the computation of related coefficients, we have modified the previous
constructions of divergence-free wavelets (and thus curl-free wavelets) by analogy with the
Leray projector written in Fourier domain. These new formulations have allowed us to
define an iterative algorithm for the wavelet Helmholtz decomposition of any vector field,
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and we have proved its convergence in the particular case of Shannon wavelets. Moreover
we have proved its convergence for quasi-isotropic wavelets. We have observed in numer-
ical experiments that the convergence rate of the method doesn’t depend on the space
dimension.

The interest of such wavelet Helmholtz decomposition is that it is localized in space
contrarily to a decomposition computed by Fourier transform. Moreover this algorithm
work in wavelet adaptive schemes, by using quasi-isotropic wavelets. This makes the
method very attractive for large dimensional problems and it opens new prospects, for
example for the direct simulation of turbulence using wavelet bases [5, 7]. Moreover, this
decomposition may be generalized to bounded and non periodic domains, using wavelets
on the interval in the construction of divergence-free and curl-free functions [20].

However, some questions remain open: the convergence of the iterative algorithm using
general wavelets, or how to speed up the convergence rate. For this last point, a solution
using wavelet packets has been investigated in [5].

These constructions also address the issue of numerical algorithms based on divergence-
free and curl-free wavelets for solving differential problems. Generalizations of such con-
structions to other linear differential problems prove useful and provide original wavelet
solvers (see [6]).
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