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Abstract

Let K be a real closed field, R a subring of I, and A, (K;R) the
algebra of subsets of ™ generated by sets of the form {(y1,...,yn) €
K™ : sgn P(y1,...,yn) = s} where s ranges over {—1,0,1} and P
ranges over the polynomials of n variables with coefficients in R. The
Tarski-Seidenberg projection theorem ([H3], Theorem A.2.2; [Tr],
Theorem A.1) is extended to the algebras A, (IC; R).

1 Introduction and the main result

Throughout the present paper, K will denote a real closed field, i.e. an
ordered field satisfying the equivalent conditions (2.1)—(2.4) of the next
section. Let sgn be the map of I into itself such that, for every x € K,

-1 ifx <0,
sgnz = ¢ 0 if v =0,
1 if x> 0.

For any subring R of K and n = 1,2, ... denote by R[Y1, ..., Y,] the ring of
polynomials of n variables over R, and by A, (K; R) the algebra ! of subsets
of K" generated by the sets

{1, yn) €K™ isgn P(yr, ..., Yn) = S}
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35E99.
Key words and phrases: real-closed field, polynomials over a ring, the signature of a
finite sequence of polynomials.
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and AN B € F whenever A, B € F.
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where P € R[Y1,...,Y,] and s € {—1,0, 1}. It is not difficult to prove that
every set belonging to 4, (KC; R) may be represented in the form

(1.1) A=MW1 9m) €K™ 580 Py, yn) = 8100}
Lo

where (J, and [, are finite, P, , € R[Y1,...,Y,], and s,, € {-1,0,1}.

Our aim is to present a detailed proof of the following projection theorem.

Theorem 1.1. Let IC be a real closed field, R a subring of IC, and l,n =
1,2,.... Let P : (1, ..., 2, Y15+, Yn) — (Y1,---,Yn) be the projection of
K™ onto K*. Then PxA € A,(K;R) for every A € Ain(K;R).

If (X,R) = (R,R), then Theorem 1.1 coincides with the Tarski-Seiden-
berg theorem from the Appendix to L. Hérmander’s book [H3]. In applica-
tions of the projection theorem to PDE, noticed by L. Hérmander ([H1],
proof of Lemma 3.9; [H2], proof of Theorem 5.4.1; [H3], proofs of The-
orems 12.3.1 and 12.9.2) and discussed also in [G] and [F|, one also has
(K, R) = (R,R). However, the ideas of various proofs of the projection the-
orem come from the papers [T1, 2], [S] and [C1, 2] related to mathematical
logic where the case of R = Z is of particular interest. See also Chapter
23 of [A-Z]. Our proof of Theorem 1.1 refers to the Appendix to [H3|, and
thus, indirectly, also to [C1, 2].

Theorem 1.1 is equivalent to the statement that whenever Py,..., P, €
R[Xy, ..., X, Y1,.... Y., s1,...,8m are constants belonging to {—1,0,1},

and

B={(y1, - yn) € K" : oy _apext 380 Pu(21, ., 20, Y1, -, Yn) = Sp
for every p=1,...,ml},

then
Be A, (K;R).

This means that the system of m equations

Sgnpﬂ(x17"'7ml7y17'--ayn>:Su, M:].,...,m,

with given (y1,...,yn) € K" and unknown (zy,...,x;) € K' has a solution
if and only if (y1,...,yn) € B for a suitable B € A,(K;R).

Theorem 1.1 is also equivalent to the following Polynomial Mapping The-
orem which for £ =R = R is stated in the Appendix A to [Tr].
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Theorem 1.2. Let QQ be a polynomial mapping of K' into K" such that

Q(xy,...,x;) = (Qx1,...,71),...,Qun(x1,..., 7)) where Q1,...,Q, €
R[X1,...,Xi]. Then Q(A) € A, (Ki;R) for every A € A(K;R).

Indeed, if
A= U ﬂ{ Ty,...,1) €K sgn B, (x1,...,2) =s,,} € A(K;R),
L op=1
then

UQ(ﬂ{xl,..., )e K sgnR”(xl,...,xl):sW})

—U{ yla"'>yn GICHIH ..... x;)eK! [Sgn(Qu(Ilj--- )_yu):O

forevery v =1,...,n,

sgn P, ,(z1,...,2) = s,, forevery p=1,...,m]} € A,(K;R),

by Theorem 1.1. Hence Theorem 1.1 implies Theorem 1.2. The converse

implication is obvious.

Theorem 1.3. Let R be a commutative ring. For every finite system of
polynomials P;,, € R[Xy,..., X, Y1,...,Y,] and numbers s;,, € {—1,0,1},
1 €1, pe M, there is a finite system of polynomials ij € RIYy, ..., Y,
and numbers 5;,, € {—1,0,1}, j € J, v € N;, such that whenever K is a

real closed field containing R as a subring and

A’C:U ﬂ {(z1,. - 2,91, -, Yn) e K.

i€l peM;
sgn P (21, .., 2, Y1y, Yn) = Sipt,

then

Pede = ({w,-- v) €K sgn Piu(wn, - yn) = §i0 )

j€J veEN;

Theorem 1.3 implies Theorem 1.1. In the case when R is the field of
rational numbers Theorem 1.3 was proved by A. Seidenberg in [S]. The
proof of Theorem 1.3 for general R may be obtained by the same algorithm
which is used in the proof of Theorem 1.1 and is presented in Sections 6
and 7.
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2 Real closed fields

An ordered field is defined as a field which is linearly ordered in a manner
compatible with the field structure. Let K, H be ordered fields. Then H
is called an ordered extension of K if K is a subfield of H and the order
induced on K by H coincides with the original order on . An ordered field
IC is called mazimal if there is no ordered field H strictly larger than /C such
that simultaneously H is an ordered extension of K and H is an algebraic
extension of K.
For every ordered field the following four conditions are equivalent:

(2.1) K is a maximal ordered field,
(2.2) the complexification of I is an algebraically closed field,
(2.3) every positive element of K is equal to the square of some element

of K and every polynomial over K of odd degree has a root in K,
(2.4) every polynomial over K, treated as function on /C, has the property

of passing through intermediate values, i.e. whenever P € K[X],

a€K,be K and a < b, then

{yeK : P(a) N P(b)<y<P(a)V P(b)} C{P(z) :z € K, a<z<b}.

Evidently (2.4) implies (2.3), and conversely (2.3) implies (2.4) by Propo-
sition 5 of Sec. VI.2.5 of [B]. The equivalence of (2.1)—(2.3) follows from
Theorem 3 of Sec. VI.2.6 of [B], called there the Euler-Lagrange theorem.
One can also refer to Chapter XI of [W] or to Chapter XI of [L] 2.

A field is called real closed if it is ordered and satisfies the equivalent
conditions (2.1)—(2.4). For every ordered field there is an algebraic extension
which is real closed; this algebraic extension is unique up to equivalence of
extensions, and is called the real closure of the given ordered field. See [W],
Sec. XI.82, Theorem 8. Examples of real closed fields are: the field of real
numbers and the field of real algebraic numbers.

In the subsequent sections we will refer only to (2.4) and the two propo-
sitions formulated below. For any polynomial P of one variable denote by
P’ the derivative of P defined algebraically.

Proposition 2.1. Suppose that KC is an ordered field, 0 £ P € K[X], a € K
and P(a) = 0. Then there is hy € K such that hg > 0 and whenever h € K
and 0 < |h| < hg, then P(a+ h) # 0 and

(2.5) sgn(P'(a + h)) = sgn(h)sgn(P(a + h)).

2In these references the equivalence of (2.1)—(2.4) is proved with the use of set-
theoretical tools permitted in the usual theory of fields, and not with the limited tools
of the axiomatic theory of real fields used in [T1, 2] and [C1, 2].
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Proof. Since P # 0 and P(a) = 0, one has
(2.6) P(a+h) = aph*+ap R4 - Fa,h™ = B¥(ap+apih+- - -+a,h"F)

for every h € K, where 1 < k < n, ag,ary1,...,a, € K and a; # 0.
Consequently,
(2.7) P'(a+h) = kaph*' + (k + Dag B + - + na,h™ ™
= " kay, + (k + 1)ageh + -+ na,h" ")
for every h € K. Let

|ax] klax|
(o] 4 +lanl) + 1 2((k + Dlaga] + - + nlan]) + 17

ho=1A 5
Whenever h € K and 0 < |h| < hg, then

sgn(kap+(k+1)agy 1 h+- - -+na,h" %) = sgn(kay,) =sgn(az)
= sgn(ag+agp 1 h+- - -+a,h™ "),

whence (2.5) follows, by (2.6) and (2.7).

Proposition 2.2 ([B], Sec. V1.2.6, Exercise 13). Suppose that K is a real
closed field, a € KC, b € K, a < b, and P € K[X]|. Then there is £ € K such
that a < £ < b and

P(b) = P(a) = (b—a)P'(£).

Proposition 2.2 states that the Lagrange theorem about increments, well-
known from elementary calculus, remains valid for polynomials over any real

closed field.

Proof. Let

P(b) — Pla)
b—a

Then Q(a) = Q(b) = 0. The proof of Proposition 2.2 reduces to showing

that there is £ € K such that a < £ < b and Q'(§) = 0. If @ = 0 then there

is nothing to prove. If Q) Z 0, then let &’ € K be the smallest element of the

set {x € K : 2 > a, Q(x) = 0}, which is non-empty (because it contains b)

QX) = (X —a) + P(a) = P(X).

and finite (because it consists of some zeros of a polynomial which does not
vanish identically). Then ¥/ € K, a < ¥V, Q(b') = 0 = Q(a) and Q(z) # 0
whenever x € K and a < = < /. By Proposition 2.1, there is hy € K such
that 0 < kg < (' — a) and, whenever h € K and 0 < h < hy, then

sgn(Q'(a + h)) = sgn(Q(a + h)) # 0
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and

sgn(Q'(V' — h)) = —sgn(Q(V' — h)) # 0.
Fix h € Ksuchthat 0 < h < hy. Thena < a+h < '—h < b'. Since Q(x) # 0
whenever x € K and a < x < ¥/, from (2.4) it follows that sgn(Q(V' — h)) =
sgn(Q(a + h)). Therefore sgn(Q'(b' — h)) = —sgn(Q’(a + h)) # 0, and so,
by (2.4), there is £ € K such that a + h < £ < b — h and Q’'(§) = 0.

3 Division with remainder for polynomials
over a ring

Proposition 3.1. Let P,S € K[X] be polynomials over a commutative
ring K. Suppose that deg P =p > degS =d > 0, so that

d
S(X)=> X4
v=0

where b, € K forv =1,...,d and by # 0. Then there is kg € {1,...,p —
d + 1} such that for every | € {ko, ko + 1,...} there is a unique pair of
polynomials Q, R € K[X] satisfying the conditions

(3.1) degR<d and bLP(X)=Q(X)S(X)+ R(X).
Proof. For k= 0,1, ... define successively the polynomials
Rie(X) = aro X% + ap 1 X%+t ap g1 X + aga,
such that Ro(X) = P(X), and whenever deg Ry_1 > d, then
Ri(X) = bRy 1(X) — aj_10X*1798(X).

The procedure terminates once Ry, is defined where k£ is the first £ for which
deg R, < d. Since p =dy > dy > -++ > dy,—1 > d, one has kg — 1 < p—d.
For every k =1,..., kg one has
WEP(X) = bERy(X) = b tago X ™4S(X) + b ' Ry(X)
= (b tageX ™™ 4 b 2a; o XS (X) 4+ b2 Ry(X)
== Qr(X)S(X) + Rr(X)

where

Qr(X)

k—1 do—d k—2 di—d di_o—d dip—1—d
= bO a070X 0 + bO a170X L + -4 bgak_zoX k=2 + ak_LoX k—17@,
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As deg Ry, < dand kg < p—d+1, it follows that for every I € {ko, ko + 1,...}
the conditions (3.1) are satisfied by Q = b *Qy, and R = b " Ry, .

In order to prove the uniqueness of ) and R, suppose that Q;, R; € K[X],
deg R; < d, and byP = Q;S + R; for i = 1,2 and some natural [. Then
(Q2—Q1)S = Ry — Ry, whence deg[(Q2—Q1)S] = deg(R1—R;y) < d = deg S.
It follows that Q1 = ()2, and consequently also Ry = R,.

4 Signatures as rectangular matrices

By an m-dimensional signature we mean a rectangular matrix

$10 S11 "t S12N
. S2,0 S21 -t 822N
s = . . .
Sm,0 Sm,1 """ Sm2N
with m rows and an odd number 2N + 1, N = 0,1,..., of columns such

that

(i) the entries s,,, p = 1,...,m, v = 0,...,2N, may take only three
values —1,0,1,

(i) Syp—1- 8w # —1 forevery p = 1,...,mand v = 1,...,2N (ie. a

succession —1,1 or 1, —1 never occurs in any row of §),
(iii) no two adjacent columns of § are identical,

(iv) for every p = 1,...,m either 5,0 = 5,1 = -+ = Syonv = 0 or 5, -

Sp2 .- Su2N 7é 0.

The set of m-dimensional signatures is denoted by S5,,. The number of
columns of an m-dimensional signature is called the length of the signa-
ture. The length of an m-dimensional signature is always an odd number
2N +1,N =0,1,.... A column of a signature s € S,, will be called even
or odd according as the index of this column belongs to {0,2,...,2N} or
{1,3,...,2N — 1},

4.1 Cancellation of rows

If s € S, m > 2, then the matrix §' obtained from § by cancelling a
row need not be a signature because it may not satisfy condition (iii). If
(iii) is not satisfied for &, then any succession of two or more adjacent
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identical columns (s.a..c.) of § contains an odd column. By (ii) and (iv),
this odd column of § is identical with both the adjacent even columns of §'.
Consequently, any s.a.i.c. of § contains an odd number of columns, and it
begins and ends with even columns. It follows that if every s.a.i.c. of § is
reduced to one column, then one obtains a signature §” € S,,_; of length
no greater than the length of s. Furthermore, the evenness and the oddness
of columns is not changed by the above described compression of §'.

The cancellation of several rows of a signature, and the related replace-
ment of the resulting s.a.i.c.’s by single columns, is a procedure similar to

the one described above.

4.2 Adjoining a special row

Let § = (Suu)p=1,....mw=o0,..2N € Sm be a signature of length 2N + 1, and let
(81,...,5n) € {—1,0,1}" be a sequence without any pair of adjacent zeros.
Then there is a unique signature §' = K(§;s1,...,8y5) € Spi1 of length no
smaller than 2NV + 1 having the form

51,0 51,1 S1,20—1 S1,2v 51,2041
: : : - : + :
@y =] 1 Lot b Lyoi L
Sm,0 Sm,1 Sm,2v—1 Sm,2v Sm,2v+1
_Sm,O S1 Sy Uy Sp+1
S12N-1 S1,2N
. L .
Sm,2N—1 Sm,2N
SN Sm2N
where u,, v =1,..., N — 1, are to be determined, and Ly, L, L and Ly

indicate places where some new columns can be put, if needed, in accordance
with the following three rules:

(i) If s1 - smo # 1, then Ly is not used. If sy - 5,50 = 1, then in Lj the
following block of two columns is placed:

51,0 51,0
Sm,0 Sm,0
0 S1

(i) If s, 8,41 # —1, then 0 # u, € {s,, 8,41} and L, and L} are not used.
If s, - 8,01 = —1, then u, = 0, in L, the column (s19,,. .., Sm2,S,)!
is placed, and in L} the column (s19,,. .., Smav, Su+1)! is placed.
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(ili) If sy - sman # —1, then Ly is not used. If sy - s;on = —1, then in
Ly the following block of two columns is placed:

S12N  S12N

Sm2N  Sm,2N
SN 0

It is easy to check that, using the scheme (4.1) and the rules described above,
one obtains a signature §' € S,,.1. Obviously, § is uniquely determined
by the given signature §' € S, of length 2V 4+ 1 and the given sequence

(51,...,8,) € {—1,0,1}" not containing any pair of consecutive zeros.

4.3 The mapping H from S,,, into 5,

Consider a signature § € Sy, of the form

S10 S11 .-+ S12N
~ Smo Smi1 --- Sm2oN
(4.2) §=|"m0 om m,
o0 Ti1 ... Ti2N
| "m0 Tm,l oo Tm2N]

where the length of § is an arbitrary odd number 2N + 1. Let D(H) be the
set of the signatures (4.2) belonging to S, and satisfying the following four

conditions:

(4.3) none of the upper m rows of § consists only of zeros, so that by (iv)
in each of the m upper rows every even element is non-zero,

(44) #{vr=1,...,N:5,2-1 =0forsome p=1,...,m} =N >1,
5) whenever pi,pe € {1,....m}, v € {1,...,N} and s,, 2,1
Spp,2v—-1 = 07 then Tur,2v—1 = Tps 201,

(4.6) if 1y < -+ <wnr,and {sg} = {rpom—1: v €{1,...,m}, sp0,,-1 =
0} for k= 1,..., N’ then the sequence s, ..., sy does not contain
any pair of consecutive zeros.

Conditions (4.3)—(4.6) imply that the upper m rows of § constitute a matrix
that consists of N'41 s.a.i.c. separated by the columns (s1.2,,-1, 52,20, -1, - - - »
Smoave—1), k= 1,...,N'. For every § € D(H) we construct the signature
H(s) € S, as follows.

STEP 1. We define the sequence s1,...,sy, 1 < N' < N, as in (4.6).
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STEP 2. We cancel all the m lower rows of § and in the resulting m x
(2N + 1)-matrix we replace every s.a.i.c. by one column, as described in
Section 4.1. We then obtain an m x (2N’ + 1)-matrix §' which is a signature
belonging to S,, and having length 2N’ + 1. The number N’ is the same as
in Step 1.

STEP 3. Using the rules described in Section 4.2 we construct the sig-
nature 8" = K(§';s1,...,8n/) € Spy1 of length 2N” 4+ 1 no smaller than
2N’ + 1.

STEP 4. In the matrix §" = K(§; s1,...,5nx) € Smy1 we cancel the m-th
row, and in the resulting m x (2N” 4 1)-matrix we replace every s.a.i.c. by

one column, as described in Section 4.1. The result is a signature belonging
to Sy, which we denote by H($).

5 The signature of a finite sequence of poly-
nomials

Let K be a real closed field, and Py,...,FP,, € K[X] polynomials of one
variable over I not all of order zero. For every u = 1,..., m define

{r e K:P,(x) =0} if P, is not identically zero,

N(Pu>:{®

if P, is identically zero.

Then #(U,_, N(F)) = N > 1. Let
U./\/'(Pu) ={zy,...,ay} wherez; <---<zyif N> 1.
pn=1

Let I = {r e K:2x < m}, [, ={r € K2, <z < x4} for
v=1..,N=1if N > 1 and Iy = {z € K : x, < z}. Then, for
every p = 1,...,m and v = 0,..., N, the set {sgnP,(z) : x € [,} is a
singleton. We denote this singleton by sgn P,(I,) and define the signature
SGN(Py, ..., P,) of the sequence of polynomials P, ..., P, not all of order
zero as the m x (2N + 1)-matrix

sgn Py(Ip) sgn Pl(xl) sgn P1(I1) ... sgn Pl(l'N) sgn P1<]N)
sgn P (lo)  sgnPa(z1) sgnPa(li) ... sgnPa(zy) sgnPa(ly)
Sgnpm(IO) Sgnpm(xl) Sgnpm(ll) sgan(xN) Sgan(IN)

It is easy to check that this matrix is an m-dimensional signature in the
sense of Section 4. The symbol SGN denotes the mapping from the set of
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finite sequences of polynomials over IC into the set of signatures defined in
Section 4 3.
If a sequence of polynomials P, ..., P, belonging to K[X] is replaced

by its subsequence P, P,,1<p <---<pu <m,orif we adjoin to

pio o L
the sequence P, ..., P, a polynomial P, such that P, is the derivative
of P41, then the matrices SGN(P,,, ..., P, ) and SGN(Py,..., Py, Ppi1)

may be obtained directly from SGN(P,, ..., P,,) by manipulations described
in Sections 4.1 and 4.2.

5.1

For instance, if in the sequence P, ..., P,, the last polynomial is cancelled,
then the elements of UZ:ll N (P,) constitute a subsequence z,,,...,T,,,
(N <N, z,, <--- < x,,,) of the sequence x1,...,zy of all elements of
UZL=1 N(P,) ordered so that z; < --- < xn. Then SGN(Py,. .., Py,_1) is the
(m —1) x (2N’ + 1)-matrix

sgn Py (—o0, z,,) sgn Py (z,,) sgn Py(z,,, x,,)

(5.1) sgn Py(—o00, z,,) sgn Py(z,,) sgn Py(zy,, T,,)

sgn Pm_l(—OO, xm) sgn Pm—l(xyl) sgn Pm—l(xypxug)

sgn Pi(z,,,) sgn Py (z,,,,00)
sgn Py(z,,,) sgn Py(z,,,,00)

sSgn mel(.'lf,/N,) sgn mel(xl/N/7 OO)
and one has
(—OO,$’V1) = Io U {ZL‘l} U ]1 Ju---u {l’ul_l} U Iyl_l if 1 < v,
(IV17xV2) = IV1 U {xV1+1} U ]V1+1 U---u {xw—l} U Il/z—l
if 1 +1 < wm,
(5.2)
('TVN/?OO) = IVN/ U {:BVN/-i-l} U [VN/+1 U---uU {ZZIN} U IN
if vy < N.

If some of these unions consists of more than one member, then all the single-

tons {x} } occurring in the union must be contained in N'(P,,) \Uz;_ll N(P)),

so that P,(xy) # 0 for p =1,...,m — 1, and sgn P, is the same on every

3If P1,..., Py € K[X] then SGN(P, ..., P,,) may be determined by means of the
theorem of Sturm ([W], Sec. XI.79), without computing the roots x1,...,zx exactly.
However, this does not influence our subsequent arguments.
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member of the union. Thus the decompositions (5.2) correspond to the
s.a.i.c.’s of the matrix §' obtained from SGN(Py, ..., P;,) by cancelling the
mth row, and hence (5.1) is equal to the matrix obtained from §" by reducing
each s.a.i.c. to a single column.

5.2

Suppose now that Py, ..., P,, P, € K[X] and %Pmﬂ = P, Z 0. Then,
following Section 4.2, one can construct the matrix SGN(Py, ..., Py, Pri1)
using only sgn Pm+1|UZL:1_/\/'(PM) and the matrix SGN(P,, ..., B,,). To see this,
consider the sequence y1, . . ., yn+ such that {yy,...,yn} = UZZT N(P,) and
y1 < -+ < yns. This sequence contains a subsequence x1,...,xy, N < N/,
such that {z,...,zx} = UTle(PM) and z; < --- < xy. Any of the sets
(=00, z1)U{@1}, {antU(zn, 00), {2, }U (20, 2ps)U{z0in} v =1,... N1,
may contain at most one element of the sequence y1, ..., yn/. Indeed, sup-
pose for instance that y,,, Yy € N (Ppi1) N ({2, }U (2, 1) U{xpi1}). Iy,
and y,» were distinct, then, by the Lagrange theorem, there would exist a
root of P, = aiXPerl between them, and hence in (z,, ,41). But this is im-

possible, because all the roots of P,, belong to the sequence x1,...,zy. Let
s, =sgnPpyq(z,), v=1,...,N.

From what we have proved above it follows that the sequence sq,..., Sy
does not contain any pair of adjacent zeros.
Following Section 4.2 we represent SGN(Py, ..., P,,, P,,+1) by the scheme

sgn Py(—o0, 1) sgn Py (xq)
: Lo :
sgn P, (—00, 1) sgn P, (z1)
—sgn P, (—o0, 1) s1
sgn Pi(x,) sgn Py (z,, T,41) sgn Py (x,41)
_ : L; : L} :
sgn Pm(xu) sgn Pm(-ruaxwrl) sgn Pm('rlﬂrl)
Sy Uy 31/+1
sgn Pl(xN) sgn Pl(l‘N,OO)
) : Ly :
sgn Pm(xN) sgn Pm(xN7OO)
SN sgn Py (2, 00)

The rules presented in Section 4.2 give the unique possibility of filling up
this scheme so that the result is an (m + 1)-dimensional signature. We are
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going to show that this last signature is equal to SGN(Py, ..., Py, Prt1)-
To this end, it is sufficient to express the results of the operations (i), (ii)
and (iii) from Section 4.2 in terms of SGN(Py, ..., Py, Ppi1).

(i) If sy -sgn P, (—o0,x1) # 1, then B%Pmﬂ = P,, does not vanish in the
interval (—oo, z1) because P,, #Z 0. Therefore if s;-sgn P,,(—o0, z1) # 1, then
P,,+1 does not vanish in (—oo, 1), and sgn Py, 11 (—00, 1) =sgn Py, (—00, 7).
The leftmost block in the scheme (4.1) consists in this case of two columns

and has the form

sgn Pj(—oo,x1)  sgn Pi(xy) sgn P (—o0, x1) sgn Py (x1)
sgn P, (—oo,z1)  sgn P, () B sgn P,,(—00, 1) sgn P, (1)
sgn Pm+1(—00, 351) S1 sgn Pm+1(_00, T1) sgn Pm+1(371)

If s1 - sgn Py, (—o00,21) = 1, then sgn P, 11(z) - sgn(a%PmH)(—oo,xl) =1
and therefore (—oo, £1)NN (P,,+1) # (. Consequently, y; < z;. The leftmost
block in (4.1) then consists of four columns and has the form

sgn Py(—o0, 1) sgn Py(—o0,x1) sgnPi(—oo,x1) sgn Pi(xy)

sgn Pm(—OO, 1’1) sgn Pm<_007 1’1) sgn Pm(—OO, 131) sgn Pm(xl)
sgn Py, (—o0, 1) 0 S1 $1

sgn P1<_Oovy1) sgn Pl(yl) sgn Pl(!/bﬂl?l) sgn Pl(x1>

sgn B, (—00, 1) sgn B, (y1) sgn B, (y1, 71) sgn B, (1)
sgn Pm+1(—oo,y1) sgn Pm+1(y1) sgn Pm+1(y1,$1) sgn Pm+1($1)

where the equality of the first m rows follows from the fact that (—oo,z1)N
N(P,) =0 for p = 1,...,m, and the equality of the bottom rows follows
from the fact that ((—oo,z1) U{x1}) NN (Prs1) = {1}

(ii) If s, - 8,41 # —1, then (z,,2,01) N {y1,...,yn'} = 0, and we take
Uy, = {Su, Sp+1} \ {0} without using L, L. The middle block in (4.1) then
consists of three columns and has the form

sgn Py(z,)  sgn Pi(2y, Tpy1)  sgn Pi(@,41)

sgn Py (z,) sen P (x,,x,41) sgn Pp(z,.1)
Sy Uy Sy+1

sgn Pi(x,) sgn Py (z,,T,41) sgn Py (z,41)

sSgn Pm(ajl/) sgn Pm(xlhmu-‘rl) sgn Pm(xu-i-l)
sgn Perl(xu) sgn Pm+1<x1/7 :CI/+1) sgn Pm+1 (xV+1)
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where s, = sgnP,,11(x,) and s,41 = sgn Py,.1(x,41) by definition, and
sgn Pr1(2y, yi1) € {sgn Py1(2,),sgn Pri1(x,11)}\ {0}. To see that this
last must hold, it is sufficient to recall that {z, }U(x,, z,+1)U{x,+1} contains
at most one element of N'(P,,41), and to show that if s, - 5,1 # —1, then
P,,+1 does not vanish in (z,, z,,1). To this end, notice that if sgn P, 1(z,)-
sgn Py,11(z,41) = 0, then P, cannot vanish in (z,, z,41) because #|({z, } U
(@0, Typ1) U{mupa}) DN (Prgr)] < 1 I sgn Py () - sgn P (7,41) = 1,
then P, 1 cannot vanish in (x,, z,,1) either because if (z,, x,41) VN (Pp41)
= {y} then

sgn Py (371/7 y) = sgn Priq (xu) = sgn Pm+1<xu+1> = sgn Pm(?/? 33l/+1> # 0,

whence P, (y) = (3% Prnt1)(y) = 0, by Proposition 2.1 and (2.4). However,
this last is impossible, because all the roots of P,, belong to the sequence
Ti,...,TN.

If s,-s,41 = —1, then u, = 0 and the interval (z,,x,,1) contains exactly
one element of N(P,41), say y;. In this case the middle block in (4.1)
consists of five columns and takes the form

sgn Py(x,) sgnPi(xy,2y41) senPi(z,,2,41) sgnPi(zy,z,11) sgnPi(x,41)

sgn P, (z,) sgn P (xy,xp41) sgn P (zy,2u41) sgn P (zy,2u41) sgn P (zy41)
Sv Sv Uy Su41 Sy+1
Sgnpl(l’u) Sgnpl(xuayl) Sgnpl(yl) sgn Pl(ylaxl/—‘,-l) sgn P1($u+1)

sgn Pm(xu) sgn Pm(xua yl) Sgn Pm(yl) sgn Pm(yla 331/+1) sgn PM(xv-&-l)
sgn Pry1(zy) sgn Pry1 (v, y1) sgn Py (yi) sgn Pyt (Y1, Tuy1) sgn Prga(241)

where the equality of the first m rows follows from the fact that the polyno-
mials Py, ..., P, do not vanish in the interval (x,,x,,1), and the equality
of the bottom rows follows from the fact that ({z,} U (x,, x,41)U{zy11}) N
N (Bpir) = {u}-

(iii) For the rightmost block in (4.1) the reasoning is similar to case (i).

The result of Section 5.2 may be summarized as follows.

Lemma 5.1. Let P, ..., Py, Poi1 € K[X], %P1 = P 20, and
sp=segnP(xg) fork=1,... N

where x1,...,xN s the sequence of elements of the field K such that

{z1,...,2,} = UN(P#) and x; <--- < zIpn.
pn=1
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Then the sequence sq,...,Sy does not contain any pair of successive zeros
and

SGN(Pl,...,Pm,Pm+1) :K(SGN(Pl,...,Pm);Sh...,SN)

where

K : {m-dimensional signatures of length 2N + 1}
x {sequences in {—1,0,1}" without any pair of adjacent zeros}

— {(m + 1)-dimensional signatures}

s the mapping from Section 4.2.

5.3 The L. Hormander division proposition

We shall use the following definition of the degree with respect to X, denoted
by degy P, of a polynomial P € R[X,Y7,...,Y,,]:

(a) if P is identically zero, then degy P = 0,

(b) if P is not identically zero, then degy P = d if and only if P(X, Y],
LY =00 an(Ya, ..., V) XF where ay € R[Y:, ..., Y] for k =
0,...,d and the polynomial a4 is not identically zero.

The polynomial agy € R[Y:,...,Y,] occurring in (b) is called the leading
coefficient of P € R[X,Y1,...,Y,,] with respect to X.

Proposition 5.2. Let R be a subring of a real closed field K, and let
Py,...,P, e RIX,Y1,...,Y,]. Let d, = degx P, and assume that 1 < d, <
dm foreveryp=1,...,m—1. Foreverypu=1,...,mleta, € R[Y1,...,Y,]
be the leading coefficient of P, with respect to X. For every u=1,...,m—1
fix 1, € N such that 21, > d,, — d,. Then, by Proposition 3.1, there are
unique polynomials Q1,...,Qm,R1,..., Ry € RIX,Y1,...,Y,] such that
degy R, < d, forp=1,...,m,

(5.3) ail“Pm =Q.,FP,+R, forp=1...,m—-1
and

2 o)
(5.4) 02 Py = Q-2 Py + Ry

Let H be the mapping from S, into S,, defined in Section 4.3. Finally,
suppose that y = (y1,...,y,) € K" and

H au(y) # 0.

Then

SGN(Pl('vy)v . 'aPm—l('>y)v aixpm('>y)le('7y)v . "Rm("y)) € D(}C)
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and

}C(SGN(PI(ay)7 ce Pm—l('vy)7 aiXPm('ay)aRl('ay% R Rm(a?/)))
= SGN(P(,9)s - Bl 9))-

The above proposition refines L. Hormander’s Lemma A.2.3 from the Ap-
pendix to [H3] stating that, for polynomials of one variable, SGN(P, ...,
P,_1, %Pm, Ry, ..., R,,) determines SGN(P,, ..., P,). In the proof of the
projection theorem for semi-algebraic sets, Lemma A.2.3 (or our Proposi-
tion 5.2) is applied in the situation where division is made in the ring of
polynomials of the variable X over the ring of polynomials of the variables
Yi,...,Y,. The assumption that [/, a,(y) # 0 then causes difficulties
mentioned in [H3] in the proof of Theorem A.2.2. The splitting discussed in

Section 6 below permits us to overcome these difficulties.
Proof of Proposition 5.2. Fix y € K™ such that

(5.5) [Tau)#0
pn=1
and let
(56) SGN(Pl(a 90)7 tet 7Pm71('7 :&)7 aiXPm(a :&)7 Rl('a g)? te 7Rm('7 yo))
_Sgnpl((_oovxl)ag) Sgnpl(xm:&) Sgnpl((xmxu-‘rl)ag)
Sgan,l((—oo,xl),Z}) SgnP{mfl<xuag) SgnP{mfl«xuaqurl)a:&)
= |sgn aiXPm((—OO,lj),g) Tocosgn %Pm(muag) sgn B%Pm((muaxu-i-l)ag)
sgn Ry ((—o0, 71),9) - sgn Ry(z,,7) sgn Ry (20, u11),9)
_Sgan((—OO,l'l),yo) o Sgan(xmg?) Sgan((xmqurl)ayo)
sg Py (241, 9) o+ sgnPi((zn, 00),9)
sgn mel(mll+17 :&) tor Sgh mel(($N> OO>7 Zj)
sgn %Pm(%ﬂ,@) ceroosgn B%Pm(($N,OO),ﬁ)
sgn Ry (Ty41,7) oo sgn Ry((vy, 00), )
sgn Ry, (241, 7)) ~osgn Ry ((ry,00),9) |
_81,0 ct S120-1 S1,2v 51,2041 ttt 812N ]
Sm—10 " Sm—120-1 Sm—-120v Sm—-12v+1 ' Sm—12N
= [Sm,0 e Sm,2v—1 Sm,2v Sm,2v+1 e Sm,2N
1,0 o Tov—1 1,20 12041 o T12N
| "m0 o Tmav—1 T'm,2v T'm,2v+1 o Tma2N
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Then conditions (4.3) and (4.4) are satisfied because degy P, > 1 for every
w=1,...,m. We are going to check that also conditions (4.5) and (4.6) are
satisfied. Indeed, whenever v =1,..., N and

sgn P, (x,,y) ifuizl,...,m—l} .
Sy op—1 = ‘ oy =0, =12 ...,
pozrl {Sgn o Pm(,9) if iy =m
for some py, po € {1,...,m}, then, by (5.3)—(5.4),
Tuyov—1 = s Ry, (2, 9) = sgn P (2, y) = sgn Ry, (24, Y) = Ty 201,

so that condition (4.5) is satisfied. Finally, by (5.3) and (5.4), in the present

situation for the sequence si, ..., sys defined in (4.6) one has
(5.7) sp =sgn P (z,,,y) fork=1,...,N',
the subsequence 14, ..., vy being characterized by the condition that v €

{v1,...,vn} if and only if 0 € {sgnPi(x,,9),...,s8nPn_1(z,,7),
2 Pp(x,,9)}. If for some k = 1,..., N’ both s; and s,;; were equal to
zero, then, by (5.7) and the Lagrange theorem, some z-root of % P, (2, %))
would belong to (z,,,%,,,,). But this is impossible, because by the charac-
terization of the sequence vy, ..., vy just given, every x-root of %Pm(x, Y)
must be one of z,,,...,x,,. Therefore condition (4.6) is satisfied.

Since conditions (4.3)—(4.6) are satisfied, the signature

§ = SGN(P1(7:&)7 e 'aPm—1<'7?3)7 Q%Pm('7§)aRl('7:&)7 e aRm(aﬁ))

belongs to the set D(H) C Sa,, defined in Section 4.3, and so H(s) makes
sense. Let us examine the results of the consecutive steps of the construction
of H(s) for this s.

Step 1. As already proved, the sequence si, ..., sy defined as in (4.6)
coincides with sgn P, (2,,,%), ... ,sgn P (2, 9).

Step 2. If in the matrix (5.6) we cancel all the m bottom rows, and next
in the resulting m x (2N + 1)-matrix we reduce every s.a.i.c. to a single
column, then we obtain an m x (2N’ 4 1)-matrix § which is a signature
belonging to S,, and having length 2N’ 4+ 1, where N’ is the same as in
Step 1. According to Section 5.1,

(5.8) & =SON(P(,1), -+, Pt ().

Step 3. By (5.7), (5.8) and by Lemma 5.1, if the matrix K(§'; s1,...,sn)
is constructed in accordance with the rules given in Section 4.2, then

K<SGN<P1(7§)7 ce 7Pm71('7:&)7 %Pm(>§)7 S1y-- ) SN’))
= SGN(P1(7:&)7 s 7Pm—1('7?j>7 B%Pm(ag)a Pm(7:&))

Step 4. In accordance with Section 4.3, in order to obtain H($) we have to
cancel in the matrix SGN(P (-, ), ..., Pu_1(-, 1), 2% Pm(-,9), Pm(-,¥)) the

Y (9X m
mth row and next replace each s.a.i.c. by a single column. According to
Section 5.1 we then obtain SGN(Pi(,9), ..., Pn-1(-,¥), Pn(-, 7)), and this

completes the proof of Proposition 5.2.
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6 Some splitting algorithms

Let IC be a real closed field and R a subring of K. Write y and Y instead of
(y1,---,yn) and (Y7,...,Y,). For every Py,..., P, € R[X,Y] and § € S,
define

Bpl """ vag:{yEICnSGN(Pl(7y)77Pm<7y)):§}

For fixed Py,..., P, define « = {p € {1,...,m} : degy P, > 1} and
B={pe{l,...,m}:degxy P, = 0}. If @ # 0, then let o = {ay,..., 4}
where 1 < oy < -+- < ap < m. If B # 0, then let 5 = {f1,...,05} where
1<p1 << B <m.1If 3#0, then the polynomials Py, ..., Ps do not
depend on X, so that Bp, _ p,,.s may be non-empty only if sg, o = 55,1 =
-+ =8g,9n for every A =1,...,[, and if this is the case, then

(6.1) Bp,.. . p:= BPQl ..... P,

N({y € K" sgn Pa,(y) = 55,0 = 51 = - = spy o}
A=1

=U,...,

.....

..........

Ly

(6.2) Bp,..., Pms_AUU(ALﬂBPL1 Prmeié)
edJ
where
(6.3) J is a finite set,
(6.4) Ae A (K;R) and A, € A,(IC;R) for every v € J,
(6.5) 1<m,<m and s, € S, for every. € J,

and the polynomials P,,, € R[X,Y|, v € J, p=1,...,m,, have the following
properties:

(6.6) 1 <degyx P, <d foreveryteJ andp=1,...,m,
6.7 #{p = 1,....m, : degx P, = d} < #{p = 1,...,m
degy P, = d} for every v € J,

(6.8) whenever v € J, theny € A, = (a,1(y) # 0) A -+ A (aym,(y) # 0)
where a,,, € R[Y] is the leading coefficient in the development of
P, € R[X,Y] with respect to X.
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Proof. The statement concerning the case when degy P, = 0 for every p
follows directly from (6.1). If max,—; __,, degy P, = d > 1, then for every u
consider the development

.....

d
PuX,Y) =) au(Y)X*
k=0

where a,, € R[Y] for k =0,...,d, and some of the polynomials a, ; may
be identically zero.
For py=1,...,mand v =0,...,d consider the polynomials

v

P (XY) =) au(Y)X*
k=0

belonging to R[X, Y], and the sets

Ao={yeK" :au1(y)=0for k=1,...,d},
A, ={yeK":sup{k=0,...,d:a,,(y) #0} =v} forv=1,....d

belonging to A, (K;R), some of which may be empty. Then

(6.9) forevery p=1,...,mthesets A,,...,A,q are mutually disjoint
and Uff:O A, =K",

(6.10) whenever y=1,...,m,v=0,...,dand A,, # 0, then P,(z,y) =
P,,(x,y) for every x € K and y € A,,,,

6.11) degy P,o=0for u=1,...,m,
gx Ly, 1%

(6.12) whenever p = 1,....m, v = 1,...,d and A,, # 0, then
degy P,, = v > 1 and in the development of P,, with respect
to X the leading coefficient a,, € R[Y] does not vanish on A, .

By (6.9) and (6.10) one has

BPI ~~~~~ Pm7§ = U ALVI ﬂ o ﬁ Amyl’m m BPl,ul ~~~~~ Pm,um;g

whence the conditions (6.2)-(6.8) follow from (6.1), (6.11) and (6.12).

Proposition 6.2. Let Py,..., P, € R[X,Y1,...,Y,] and define d =
max,—1,.md, where d, = degy P,. Assume that

dmw=d and d,>1 foreveryp=1,...,m.

Assume further that

Ac A, (K,R) and Ha#(yl, oy Ym) £ 0 for every (y1,...,ym) €A
pn=1
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where ay,...,a, € R[Y1,...,Y,| are the leading coefficients in the devel-
opments of Py, ..., P, with respect to X. For every y = 1,....,m — 1 fix
l, € N such that 21, > d —d,, and let Ry,..., R, € R[X,Y1,...,Y,] be the
remainders of allle, .l Py, a2 P, divided by Py, ..., Pp_1, 2P,

’ml

Finally, let s € S,,. Then

(6.13) ANBp,.ps= |J (ANBp 5
§eD(H)
length(8")<lI
F(')=3
where H : So, D D(H) — Sy, is the mapping defined in Section 4.3 and
l=14+2((m—-1d+ (m+1)(d—1)).

Proposition 6.2 constitutes a basic element of the proof of the projection
theorem for semi-algebraic sets sketched by L. Hormander in the Appendix
to [H3]. Let

k=#{p=1,...,m:d, =d},
d' = max{degy P, ... ,degy ;% P, degx Ri,...,degx Ry},
K =#{Pe{P,...,P,1, aXPm,Rl, ooy Ry} degy P=d'}.
In Proposition 6.2 it is important that
(i) either ' < d or (d' =d and k' < k).
It is also important that
(ii) the union in (6.13) is finite.

Proof of Proposition 6.2. Let us write y instead of (y1,...,¥,). By Proposi-
tion 5.2, one has

SGN(P1(79)7 .. 'aPm—1<'>y)7 %Pm('7y)7R1('7y)7 N ’Rm(’y)) € D(g{)
for every y € A, and
pm;ngﬂ {y € K" : SGN(Pi (-, y), ..., Pu(-y)) = §}
=AN{y € K":HSGCN(P(-,y), ..., Pno1( ), s P ),

’ ')
1% Pm,Rise ;. Rm3d

-----

It follows that

P — AN {y e K" : J—Cl(SGN(Pl(ay)a s aPm—l('ay)> %Pm(ay>7
Ri(,y),- - Rl y))) = 8}
where H; = H|p(gq) and D(H;) = {5’ € D(H) : length(s’) < 1}. Hence

.....

ANBp,,..pps = AN{y € K" : SGN(P1(-,9), - Praa(-,y), 2% P, 9),
Rl(',y) - R, y)) € 3G71(5)}
= U (Amel ..... Pr—1, aaxpm Ry,...;Rm; 5/)
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7 Proof of Theorem 1

In the present section, J denotes a finite set, ¢ is an element of J, and, for
every ¢, m, is a finite natural number. It is sufficient to prove Theorem 1
for | = 1. In this case P is the projection of '™ onto K" such that

P(z,y1,...,yn) = (Y1, .., yn) for every z,y1,...,y, € K.
In accordance with (1.1) each set belonging to A;4,(K;R) has the form

A= U ﬂ{(xayla s 7yn) € lCH_n : SgnPL,u(xayla S 7yn) = SL7}L}

ved p=1

where P, , € R[X,Y;,...,Y,] and s, , € {—1,0,1}. It follows that

(71) PA = U{(yb s 7yn) eK": EImGIC [Sgn R,u($7 Y- - 7yn) = Supu

ved

for every u=1,...,m|}
- U{(yl, .oy Yn) € K" ¢ the matrix SGN(P,1(-,y), ..., P.m, (-, y))
ved
contains a column equal to (s,1, ..., 5L7mL)T}
= U U BPp, 1. P,
€J 3€F,
where
F = {s € Sy, : length(3) < 142 degy P,
pn=1
§ contains a column equal to (s, 1,..., sLﬁmb)T}

is a finite subset of .S,,,.
For every d = 0,1,... and k = 1,2,... denote by By the family of all
the subsets B of K™ of the form

(7.2) B=|J(ANBr,..p.:s)

ved

such that J is a finite set and, whenever ¢+ € J, then A, € A,(K;R),
m, €N, 5 €8, P1,....,Pm € RIX,Y1,...,Y,], degx P, ,, < d for every
p=1,....m and #{p =1,...,m, : degx P,,, = d} < k. From (7.1) it
follows that

(7.3) whenever A € A11,(K;R), then PA € By, for some d and k.

If d =0, then all the polynomials of P, ,, occurring in (7.2) are indepen-
dent of X, so that Bp, , . p .5 may be non-empty only if §, consists of a
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single column, say (8,1, .-, S.m, ), and then

BPhl,..,,PL,mL;LéL = ﬂ U{(yh cee 7yn> e K" sSgn PL,u<y17 cee >yn) = Sl,,p,}

ved p=1

e A(K:R).

Therefore
(7.4) U Box = Au(K;R).
k=1

Furthermore, a subsequent application of Propositions 6.1 and 6.2 shows
that for alld =1,2, ...,
By = Bako—1 if ko > 1,

75 > ,
( ) Bd,ko = U Bdfl,k if kO =1.

k=1

If Ae A,11(K;R), then, by (7.3), PA € Byy, for some d =0,1,... and
ko =1,2,.... If d = 0, then PA € A,(K;R) by (7.4). If d > 0, then by
(7.5) there are ki, ..., kq € {1,2,...} such that

PA € By, =Baky-1=-=Bas1 = PA€Bi1p, = =Ba-1.1
= PAc Bd,Q’kQ == Bde,l

= PAe€ By, C A,(KC;R).
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