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Abstract

The PDO on R of the form P=0yM (01, . ..,0,)—L(01,...,0y)
is considered, M and L being square m X m matrices whose en-
tries are scalar PDOs on R™ with constant coefficients. It is proved
that

(i) the real parts of the A\-roots of det(AM (i) — L(i§)) are bounded
from above when £ ranges over R"

if and only if

(ii) P has a fundamental solution with support in Hy = {(zo, 1,
.o, xn) € RY™ 2 29 > 0} having some special properties ex-
pressed in terms of the L. Schwartz space O, of rapidly de-
creasing distributions.

Moreover, it is proved that the fundamental solution with support in
H, having these special properties is unique.
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1 Introduction and the main result

1.1 Rapidly decreasing distributions

By Theorem IX in Sec. VIL5 of L. Schwartz’s book [13], for every distribu-

tion 7' € D'(R™) the following two conditions are equivalent:

(1.1) Txp e S(R") for every p € D(R"),

(1.2) for every k € Ny there is my € Ny such that T = Z| 0%F o
where, for every multiindex a = (ay, ..., a,) € Ny of length |a| =
o + -+ a, < my, Fi, is a continuous function on R™ such that
sup,cgn (1 4 |2))¥| Fro(z)] < 0.

a|<my

In the above 0% = 0" ...0%" where 0y,...,0, are partial derivatives of
the first order not multiplied by any factor. Each of the conditions (1.1),
(1.2) is satisfied if and only if the distribution 7" is rapidly decreasing, where
the definition of rapid decrease, due to L. Schwartz, refers to the notion of
boundedness of a distribution. The space of rapidly decreasing distributions
on R is denoted by Or(R™). From (1.2) it follows that

(1.3) whenever T € Op(R") and ¢ € C;°(R"™), then T € OL(R").

It is visible from (1.2) that Oy (R") C S'(R™), so that the Fourier trans-
form FT" makes sense for every T' € O (R™). By Theorem XV in Sec. VIL.8
of [13],

(1.4) FOL(R") = Oy (RY),

where O,/ (R™) denotes the space of infinitely differentiable slowly increasing
functions on R™. Recall that ¢ € Oy (R"™) if and only if ¢ € C*(R") and
for every a € Nfj there is m, € Ny such that

sup (1 + [£])7"*[0%p ()] < oo.

¢eRn

1.2 The main result

Denote by M,,w,, the set of m x m matrices with complex entries. Let
M(0y,...,0,) and L(0y,...,0,) be PDOs on R™ with constant coefficients
belonging to M,,x.m,. In other words, M(dy,...,0,) and L(d,...,0,) are
m X m matrices whose entries are scalar PDOs on R™ with constant complex
coefficients. If we replace each 0, by i€, where ¢ is the imaginary unit and
& € R, then M(0y,...,0,) and L(0y,...,0,) will change into matrices
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M(i&, ..., i&,) and L(i&,. .. ,1&,) whose entries are complex polynomials
of n real variables &, ...,&,.

Our object of interest will be the differential operator
P =0M(01,...,0,) — L(01,...,0,)

on RY" = {(xg,21,...,2,) : , € R for v = 0,...,n}, and the associated
mxm matrix AM (i, . .., i&,)—L(i&1, . . ., &,) whose entries are polynomials
of 14+n variables, A € Cand &, ...,&, € R. Every M,,«.,-valued distribution
N on R such that

PN =90 ® 1,uxm

is called a fundamental solution for the operator P.

Let O4(R™™; M,,»m) be the space of m x m matrices whose entries are
scalar distributions on R belonging to O (R'™). For every fixed A € C
let e_y be the function on R given by e_y(xg, 21, ..., 2T,) = exp(—Azq)
for (zg,x1,...,2,) € R For ¥ € D(R), denote by ¥y the function on
Rt defined by 9o(zg, 21, . .., x,) = 9(0).

Theorem. Let P = 0yM (01, ...,0,)—L(04,...,0,) be the above differential
operator on R with constant coefficients belonging to M,,sm. Let

wo =sup{Re A : A € C and there is (&1,...,&,) € R"
such that q(X\,i&, ... ,i&,) =0}

where
q(A\, iy, ..., 1&,) = det(AM (&, . . ., i&,) — L(i&q, . . ., 1&,)).
Then the following two conditions are equivalent:
(i) wo < o0,

(i) the differential operator P has a fundamental solution N with sup-
port in Hy = {(xo,21,...,2,) € R : 2y > 0} such that 9yN €
OL(RY™™: Myysm) for every ¥ € D(R).

Furthermore, if (i) and (ii) are satisfied, then the fundamental solution N
as in (ii) is unique and satisfies

(iii) wp = inf{ReX : X € C, e \N € OL(R™"; M,,xm)}, and e_yN €
OL(RY™™; Myy,sm) whenever Re A > wy.
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1.3 Remarks

Condition (i) can be called the Petrovskii condition because it first ap-
peared in I. G. Petrovskii’s paper [9]. Namely, in [9], in the footnote on
p. 24, it was conjectured that, if M(0y,...,0,) = Lyxm, then (i) is equiv-
alent to a certain formally weaker condition also concerning the A-roots of
det (AL psm — L(i&1, . . ., i€,)). The validity of this conjecture was proved by
L. Garding in [3]. I. G. Petrovskii noticed the significance of smooth slowly
increasing functions for the theory of evolutionary PDEs with constant co-
efficients. L. Schwartz explained in [11] how the results of Petrovskii may
be elucidated by placing them in the framework of rapidly decreasing dis-
tributions and smooth slowly increasing functions. (Condition (i) was not
mentioned in [11]; notice that [11] was earlier than [3].)

L. Hormander proved in [5] that if ¢ is a polynomial of 1 + n variables
with complex coefficients, then the following two conditions are equivalent:

()" there are constants A € |—00, 00| and 7 € |0, o[ such that

inf{Re F'(C1,...,G) : (Ciy---,Cn) € Bigyignrt <A

for every (&1,...,&,) € R™ and every function F' holomorphic in the
ball

Bi&,---,ifn;T = {(Cla ceey CN) eC": Z |CV - Zf,,|2 < TQ}
v=1

such that q(F(Cl, ey Cn), Ch ey Cn) =01in Bi£1,...,i£n;r7

(i1)* the differential operator q(dy, 1, . ..,0,) has a fundamental solution
with support in H,.

The equivalence (i)*<(ii)" was reproved in Sec. 12.8 of [6]. The fundamental
solution occurring in (ii)* need not be unique. It is non-unique if (i)* holds
and the boundary of H, is characteristic for ¢(9y, 01, ..., 0y,). Obviously (i)
implies (i)*. Furthermore, as indicated in [5], the operator dy — (9, + 1)?
satisfies (i)" but does not satisfy (i). Therefore condition (i) is essentially
weaker than (i).

In [5], the largest power of A in g(A, i1, .. .,i&,) is multiplied by a poly-
nomial of &;,...,&, which, in contrast to the assumption (5) in Sec. 3.10
of [R], may vanish for some (i,...,&,) € R™. Similarly, in our Theorem
it is allowed that for some (&1,...,&,) € R™ the matrix M (i&,...,i&,) is
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not invertible. It follows that, for some fixed (1,...,&,) € R", the ma-
tricial differential operator dyM (i1, ... ,i&,) — L(i&y, ... ,1&,) may repre-
sent an implicit ordinary differential-algebraic system whose fundamental
solution with support in [0,00[ is an M, x,-valued distribution on R not
equal to a function. See [7], Sec. 6.4. Therefore it should not be expected
that in our Theorem the fundamental solution is a function of the vari-
able zo with values in Op(R™; M, ). However, if (i) is satisfied and for
every (&1,...,&,) € R™ the matrix M (i&,...,i&,) is invertible, then the
restriction to H, of the fundamental solution N satisfying (ii) belongs to

([0, 00[; O4(R™; Mysm)). See [8].

2 Existence of a fundamental solution satis-
fying (ii) and (iii
2.1 Application of the Tarski—Seidenberg theorem

We are going to prove that if (i) holds, then the differential operator
OoM(O,...,0,) — L(01,...,0,) has a fundamental solution N satisfying
the conditions (ii) and (iii). So, suppose that (i) holds and let

N = {(Uagm s 7£n) € R2+n : CI(O' +2.£0ai517 s aign) = O}

Then N C {(0,&,...,&) € R**™ 1 0 < wp}, and hence, by Theorem A.3
from the Appendix to [14] or by Theorem 3.2 of [4]*), there are ¢, u, i’ €
10, oo[ such that whenever o € Jwy, oo[ and (&, . . .,&,) € R*™™, then

(2.1)  |q(o + &, i&1, . .., i&)| > c(dist((o, o, - - -, &n); N
(L (0% &+ )T
> c(0 —wo) (1 + |o + iko| + (€2 + -+ + €))7+,

If (A,&) € C x R™ and Re A > wy, then
(/\M(Zfl, <o an) - L(Zfl, S 7i§n))_1
= (Q()‘7 Zfla s an))_l AdJ()\M(Zfl, s 7Z€n) - L(Zgh s 7Z£n))

where the entries of the matrix Adj(AM (&1, ... ,i&,) — L(i&, ... ,i&,)) are
polynomials on C x R™. Therefore, by (2.1), there are C' € |0, 00[ and k €
10, oo[ such that

*)In accordance with the idea of L. Hérmander, these theorems are deduced from the
Tarski—Seidenberg theorem about projections of semi-algebraic sets.
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(2.2)  AM(i&y, ... i&) — L(i&1, .- i60)) " | Moo
< C(ReX —wo) (1 + Al + &))"

for every (), &) € C x R™ such that Re A > wy.

2.2 The slowly increasing functions ]/\7; and the rapidly
decreasing distributions N,

For every o € |wp, 0o define the M,,y.,-valued function ]/\f7 on R by

(23) ]/\[;(507 e 7571) = ((U + ZgU)M@gl? e 72571) - L(7’§17 e aig’n)>_1
= (q(o + &, &1, ... ,i,)) P Adj((o +i&) M (i, . . . ,i&,) — L(i€y, . . . ,i&y))
for (&,...,&) € RY™. Then, for every multiindex a € N7,

aa]/\[;(&)’ s 7571) = (Q(J + 7;507 igla s 7i£n>)_1_|a|Pa(0—> 607 cee 7571)

where P, is an m X m matrix with polynomial entries. Consequently, (2.1)
implies that

(2.4) N, € Oy (R*™™: M) for every o € Jwg, 0ol
Let
(2.5) N, = F'N,

where JF denotes the Fourier transformation on R'*". From (1.4) and (2.4)
it follows that

(2.6) N, € OL(RY™™ Mysn)  for every o € Jwy, 0o
Furthermore, from (2.3) it follows that

(2.7) if 0 € Jwp, oo[ then N, is a fundamental solution for the differential
operator (o + 0o)M (01, ...,0,) — L(Oy,...,0y).

Let e, be the scalar function on R'*" defined by e, (o, . . ., ¥,) =exp(owg).
Take 0 € |wp, o[, and consider the distribution e, N, € D’(R”” Msim)-
By the Parseval equality, for every ¢ € D(R'™) one has

< aNa>90> <N076090 <N0760‘:0 >

//6090 o —E)

RI«H’L

(0 + i) M (i&y, . .. i&,) — L(i&y, ... ,i&,)) " dEy . . . dEp.
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For every ¢ € D(R™) the Fourier integral

@(C(h LR C’n) - / . / €_izs:0mucug0(x0, R ,l'n) dl‘o e dxn

R1+n

makes sense for ((p,...,(,) € C™ and defines the holomorphic extension

of @ from R¥™ onto C**". This holomorphic extension satisfies

@(CO? s 7C7’L) = {5({0 + iO', Cla s 7Cn)
Consequently, whenever ¢ € D(R'™) and o € Jwy, o[, then

(28)  (esNorg) = (2m) 1" / - / R

R1+n

(o +i&)M(i&y, . .. i&) — L(i&, ... ,i&,)) HdE . . . dE,.
An integration by parts shows that whenever ¢ € D(R*") and [ € N, then
(29) (A+l6—iol +1&al" + - +1&])E(—& + i, —&1, ., =)l

< (lellmon + 3 1050l g ) exp(Ho(o))
v=0
for every o, &, ...,&, € R where

(2.10) H, (o) =sup{ox : (zo,...,2,) € supp ¢}.
Furthermore, by (2.2), there are C, k € ]0, oo[ such that
(2.11) (o + &) M ik, . .. &) — L(iy, -, 360)) ™ M0
< Co —wo) (1 + |6 —io] + [&a] + - + &))"

for every o € |wp, 0o] and &, ..., &, € R. From (2.8)—(2.11) and the Cauchy
integral theorem it follows that

(2.12) the distribution e, N, € D'(R™"; M) does not depend on o
provided that o € |wp, 00|,

(2.13) lim {e,N,, ) = 0 whenever ¢ € D(R"™) and supp ¢ C R\ H,.
2.3 The fundamental solution N

Thanks to (2.12) we may define the distribution N € D'(R*"; M) by
the equality

(2.14) N =e,N, for every o € Jwy, 0.
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From (2.13) it follows that

(2.15) supp N C H,.

For every o € R let

(2.16) Se = ((6 4+ 00)M(01,...,0n) — L(O1,...,00))(0 @ Lynsm)-
Then S, = D'(R™™; M,,xm), supp Sy = {0}, and

(2.17) S, =e_,59 for every o € R,

because whenever ¢ € D(R'™), then

(€50, ) = (S0, e-0¢p)
= [(=00M(=0,...,=0,) = L(=01,..., =0n))(e—s9)](0)
= [((0 = )M (=01,...,=0,) = L(=0h,...,=0,))¢](0)
= (S5, )

From (2.7), (2.14) and (2.17) it follows that whenever o € Jwy, 00|, then

PN == (80M((91,,8n) - L(@l,,ﬁn))]\f
= SO * N = (eo'Sa') * (ea'No') = 60-((5 ® ILm><m) =0® ILm><m>

proving that
(2.18) N is a fundamental solution for the operator P.

Above we have used the fact that whenever T, U € D' (R M,,xm), 0 € R,
and one of T\, U has compact support, then e, (T’ U) = (e,1) * (e,U). This
is true under the additional assumption that T, U € Li (R'*™; M,,x.,), and

loc

this case implies the general assertion by regularization.

2.4 Properties of N

If ¥ € D(R) and o € Jwy, oo[, then Yye, is bounded on R together with all
its partial derivatives, so that, by (1.3), 9gN = (o€, ) Ny € O (R*™™; Miym)
because N, € O (R™"; M,,».,). Therefore

(2.19)  whenever ¥ € D(R), then 9N € O (R™™ M,,51m)-

By (2.15), (2.18) and (2.19), N has all the properties specified in (ii).
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It remains to prove that N also satisfies (iii). To this end, take A € C
such that Re A € |wg, 00[. Let 0 = %(wo + Re ). Then e_y\N = e, N, €
OL(RY™™; My,5m) because N, € Op(R™™: M, .m), supp N, C Hy, and e,
is bounded together with all its partial derivatives on the set {(zo,...,z,)
eR" gy > —1}.

Now, to show (iii), it remains to prove that
(2.20) if A\ € Cand e_yN € OL(R"™™; M,;,xm), then Re A > wy.

So, suppose that A € C and e yN € OL(R™"; M,,y.,). Take any o €
[Re A\, 0). Since e)_, is bounded on {(zg,...,z,) € R : 2y > —1} to-
gether with all its partial derivatives, from (1.3) it follows that e_,N =
ex_o(e_AN) € OL(R™™; M,,»n). Furthermore

Sek(e_oN) = (e_550)*(e_oN) = e_s(So*N) = e_,(6®@ Linsm) = 0@ Lppsem-
Let ¢ = F(e_,N). Then ¢ € Op(R™™; M, 51n) and
((U + Z&))M(lfb cee alfn) - L(lfl, ce 7Z€n) : ¢(§07 cee 7571)

- [9:(50 * (G—UN))](&% cee 7571) = :H-mxm

for every (&, . . .,&,) € RY™. This implies that for every (&, ..., &,) € RM™
the matrix ((o + &) M (i&, . .. ,1&,) — L(i&, .. .,i&,)) is invertible, so that
q(o + 1€, &1, . .. ,1&,) # 0. Since the last is true for every o € [Re A, 00), it
follows that Re A > wy, proving (2.20).

3 Uniqueness of the fundamental solution
satisfying (ii)

3.1 Some general associativity relations for convolu-
tion

In what follows, convolution * will occur only in the following circumstances:
(a) @+ where p, ) € D(R™),
(b) T * ¢ where T € D'(R*™"; M%) and ¢ € D(R'™),

(c) S*T where S,T € D'(R'™™; M,,+.»,) and one of the distributions S, T
has compact support.
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In (b) the convolution is compatible with multiplication of matrices by
scalars. In (c) the convolution is compatible with multiplication of matrices

by matrices. We shall use the identities
(3.1) Sx(Txp)=(S*«T)xp=(Sxp)xT

whenever ¢ € D(RY™), S, T € D'(R"™; M,;,xm), and one of S, T has com-
pact support. See [12], the formulas (II, 7;2), p. 152, and (II, 7;9), p. 168.
However the advanced theory of [12] is not necessary to prove (3.1) in our
case of M,,«m-valued distributions. From (3.1) it is easy to deduce that

(3.2) (S*T)x (px ) = (Sx )+ (T 1)

whenever ¢, € D(R'™), ST € D'(R*™"; M,,«m), and one of S, T has
compact support, where it is important that S * ¢ and T % 1) are functions.

3.2 N, as a left-side fundamental solution
Let S, € D'(R"™™; M%) be defined by (2.16). Then supp S, = {0}.

Lemma 3.1. If (i) holds, o € Jwy,00[ and N, € O (R™™; M) is de-
fined by (2.5), then

(33) Ny * SO' =0® Lnsxm-

Proof. By (1.4) the equality (3.3) is equivalent to the equality

(33)/\ N0(€07'--7§n) '30(507--'7571) = I]-7n><m
for every (&,...,&,) € R where " denotes the Fourier transformation

on R and

So(€oy. .y 6n) = (i€ + O)M(iEy, . . . i&) — L&y, . .. ,i&y).

The meaning of (3.3)" is exactly this: whenever (&,...,&,) € R'*", then
Ny(&o, - - -, &) is the matrix inverse to S, (&, ..., &,). The last is equivalent
to the definition (2.3) of N,.

3.3 Reduction to an associativity relation for convo-
lution

Suppose now that (i) holds, and let N be a fundamental solution satis-
fying (ii). Fix ¢ € Jwg, 00[, and define N, by (2.5), and S, by (2.16).
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The uniqueness of N is a consequence of the equality e_,N = N,. Since
(OoM(01,...,0n) — L(O1,...,0n))N =6 ® Ly, it follows that

Se *(e_eN) = (0 + )M (D1, ...,0,) — L(01,...,0,))(e_sN)
= M(Or,...,0n)[ce_oN + (Ooe—_s)N + e_;00N]|
+e oL(01,...,0,)N
=e_o (oM (Dy,...,00) — L(Or,...,0,))N
=€ (0 ® Lixm) =60 ® Liysm.

Hence
Ny = N, * (Sy * (e_sN)).

On the other hand, by Lemma 3.1,
e_oN = (N, S,)*(e_,N).

Therefore the proof of the uniqueness of N reduces to the proof of the
equality

(3.4) (Ny % Sy) % (e_4N) = Ny * (Sy * (e_5IN)).

The associavity in (3.4) is not obvious because from among the three factors
Ny, Sy, e_,N only S, has compact support.

3.4 Proof of (3.4) by the method of C. Chevalley

We shall prove (3.4) following the argument of C. Chevalley from the proof
of Theorem 2.2 on pp. 120-121 of [2]. This argument is based on (3.2) and
the Fubini theorem. Notice that our *x will always denote the “classical”
convolution (where one factor has a compact support), and not the “gener-

alized” convolution of C. Chevalley. We shall use the following lemma.

Lemma 3.2. Suppose that ¢ € D(R'™), N € D'(R"™™; M%), and 9gN €
OL(R™™: M,y sm) whenever 9 € D(R). Then N x o€ C®°(R; S(R™; Myxm))-

Proof. It is sufficient to prove that (N * ¢)|_gaxrr € C*([—a,a]; S(R™;
M xm)) for every a € ]0,00[. So, take a,b € ]0,00] such that suppp C
[—b,b] x R™, and ¥ € D(R) such that 9 =1 on [—a — b,a + b]. Then

(V * ‘P)‘[—a,a]xR" = ((JoN) * <P)|[—a,a]an-

Since Yo N € Of(R™™; M%), by (1.1) one has (JgN)xp € S(R'™"; Myysim),
and a fortiori ((JoN) * ¢)|[—a,q)xrn € C®([—a, a]; S(R™; Myxm)).
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Since the set {1 * @9 * 3 : ; € D(RY™™) for i = 1,2,3} is dense in
D(R'™™), (3.4) will follow once it is proved that

(3.5) [(No#Sq)*(e_oN)]¥[15pakps] = [No*(Se*(e—oIV))*[01%p2% 03]

for every ¢1, 9,3 € D(R'™™). To prove (3.5), define the M,,x,-valued
functions on R*" by

f:Na*Qpla 9250*5027 h:(e—UN)*SO?)'

Then, by (1.1), Lemma 3.2 and the equality h = (e_,N) * (e_se,3) =
6—cr(]\]' * (60903))7
f € SR M), g€ DR™™ M),

(3.6) h e C®(R; S(R™; Myysm))-

Furthermore, since supp N, C H,, supp S, = {0}, and suppe_,N C H,, it
follows that there is b € R such that

(3.7) supp f,supp g,supp h C [b, oo[ x R™.
From (3.6) and (3.7) it follows that for every (zo,...,z,) € R the mul-

tiple integral

// fvo, . v0)g(ug — vo, .oy ty — V) (Lo — Ug, - - .y Ty — Up)
R1+nXR1+n
dvg . ..dv,dug . . . duy,

is absolutely convergent. Consequently, (f*g)*h = f*(gxh) by the Fubini
theorem. This implies (3.5) because

[(No % S5) * (6o N)] * 1 % @ @3] = (f * g) x h

and
[No # (S5 (6o V)] # o1 % 02 % p3] = [ x (g % h),
as may be deduced from (3.2).

4 Proof of (ii)=(i)
4.1 The distributions JyN (¢ ® )

Take N satisfying (ii). Fix a,b such that 0 < a < b < oo, and ¥ € D(R)
such that ¥ = 1 on [—b, b]. For every ¢ € D(R) consider the mapping

T(¢) : DR") 2 ¢ = (DN, ® ¢) € M-
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Obviously, the correspondence ¢ +— T(y) is linear. Since JoN € O (R
M,scm), from (1.2) it follows that for every k € Ny there is my € Ny such
that

(4.1) PN = > o+ 05" Frpa

pt|al<my

where every Fy.,, is a continuous M, ,,-valued function on R = {(¢, z)
€ R x R"} for which

sup (14 [t + |x\)k]Fk;p7a(t,x)| < 00.
(t,z)eRI+n

Consequently, whenever ¢ € D(R), then

(4.2) T(p)= > 002" froag

|| <my,

where

oosel@) = 30 [ (00700 Pt ) .

p<mp—|al

It follows that, whenever |a| < my, ¢ € D(R), and « € R”, then

(43)  |fimo(@)] < Ci Z/ 2 p(O)I(1 + [t] + |])* dt

p<my—|a| 7 SUPPY

< D1+ |z) " sup{|Fp ()| : p = 0,...,my, t € R},
where Cy, Dy, € 10, 00[ depend only on k. In particular this shows that
(4.4) T(¢) € OL(R™, M) for every o € D(R).

Since N is the fundamental solution for 9yM (04, ...,0,) — L(O1,...,0n)
with support in H,, and J = 1 on [—b, b], it follows that

(4.5) T(p) = 0 whenever supp ¢ C |—00,0],

(4.6) M0y, ..., 0n)(T(=00p)) — LBy, -, 0n)(T(#)) = ¢(0)(0 © Lypscm)
for every ¢ € C%, (R) where ¢ is the Dirac distribution on R™.

In the subsequent lemmas it will be tacitly assumed that (ii) holds and
N, a,b, 9, T are fixed. For every ¢ € D(R) denote by f(g@) the image of T'(¢p)
under the Fourier transformation on R”. Then f(gp) € Oy (R™; Myysm), by
(4.4) and (1.4).

*) After introducing the topology in OF(R™; My xm,), it is possible to prove that the
mapping D(R) 5 ¢ — T(p) € Op(R™; My, xm) is a vector-valued distribution. However
this is insignificant for the present proof.
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Lemma 4.1. There are py,my € Ng and C € ]0, 00] such that

IT(©)(E) s < C(L+IEN™ sup{|O5(t)] : p =0, ,po, a < t < b}
for every £ € R™ and ¢ € C’ﬁjb] (R).

Proof. If in (4.1) we take k > n, then, by (4.2) and (4.3),

T(p)= > OO0 frayy for every o € Cpoy(R)

|| <y

where

| ool @riaty < Dsup{|88p(t)] : p = 0..... .y, a <t <b)

for every a with |a| < my, and every € C27(R), with D € ]0, oo[ depend-
ing only on k. Consequently, whenever ¢ € C7), (R), then

1T (D)) < X+ EN™ 196 (E) | e for every € € R

for some g, € Cy(R™; M,y x1m) with
sup 190 (E) | Mt < Csup{|Ogp(t)] : p=0,...,m, a <t < b}
e n

for some C' € 0, co[ depending only on k.

4.2 An inequality of Chazarain type

Lemma 4.2. There are a € R and b € ]0, 00[ such that whenever (&) €
C x R™ and
Re A > a+ blog(1 + |\ +€]) ¥,

then the matriz AM (i€) — L(i€) is invertible, so that q(\,i&) # 0.
Proof. From (4.6) it follows that
(4.7) Mi)T(=009)(€) = LEET(#)(€) = £(0) L

for every ¢ € C7% ;) (R) and § € R". Take ¢y € C7% ;) (R) such that o =1
on [—a, a]. Following J. Chazarain [1], p. 394, consider functions of the form

*) This inequality and its proof are similar to the inequality (1.2) on p. 394 of [1]
and the argument on p. 395 of [1]. There is however an important difference. In [1] the
inequality (1.2) does not involve ¢ and determines the “logarithmic region” A C C such
that for every A € A an abstract operator Q(\) = A"A,,, + --- + AA; + Ay is invertible.
In our case the inequality involves £ but the operator Q(\) is replaced by the polynomial
q(A,1€), and Lemma 4.2 is not the final step of the argument.
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@ = e_\po where X\ ranges over C. By (4.5) and (4.7), for every (\,§) €
C x R™ one has 15000 € C[‘i’b} (R) and

(AM (i) — L(i€))T (e-x¢0)(€) = Lynscm + M(if)f<e—)\]1[a,b}80900)(5)'
This implies that if

1M ()T (e-2 101 0020) ()3t < 1
for some (\,§) € CxR™, then the m x m matrix AM (i€)— L(i€) is invertible.
Therefore, by Lemma 4.1, it is invertible for every (A, &) € C x R" such that
(4.8)  sup{|dE(e™MBoo(t))] :p=0,...,po, a <t < b}
M GE My (L + [ED™ < O

Since M (i) is a matrix with polynomial entries, there are K € |0, oo and
k € Ny such that

(4.9) | M (56| p,rn < K(L4[E))F for every € € R™.

Since sup{|dho(t)| : p=1,...,po+1, a < t < b} is finite and sup, <, [e~|
= e~ 2ReX wwhenever Re A > 0, there is L € ]0, oo[ such that
(4.10)  sup{|9F (e Dowo(t)] :p=0,....po, a <t < b}
< Le™RXM1 4 |A\)P  whenever Re ) > 0.
By (4.8)—(4.10), the matrix AM (i€) — L(i€) is invertible if Re A > 0 and
e AL+ A1+ €)M < (CKL)™,
and therefore if

Re) > a 'log(CKL+ 1) +a ' (k +mgo + po) log(1 + |A| + [€]).

4.3 The Chazarain type inequality implies (i)

The implication (ii)=-(i) is an immediate consequence of Lemma 4.2 and
the following
Lemma 4.3. Let p be a polynomial of 1 + n variables with complex coeffi-
cients. Suppose that there are a € R and b € ]0, co[ such that
(4.11)  ReA < a+blog(l+ |+ [¢])

whenever (X, §) € C x R™ and p(\, &) = 0.

Then
sup{Re X : (A, §) € C x R", p(\,§) =0} < 0.
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The proof follows the scheme due to L. Garding and L. Hormander. Let

o(r) =sup{Re A : XA € C and there is £ € R" such that
[X*] +1€7] < 5r* and p(X,€) = 0}

Then, by (4.11),
(4.12) o(r) <a-+blog(l+r) forevery r € [0,00].

Following an idea of L. Hérmander (presented in the Appendix to [6]),
the Tarski—Seidenberg theorem is used to show that there is a polynomial
V(z,w) (not vanishing identically) of two variables such that V(r,o(r)) =0
for every r € [0, 00[. Then, as in L. Garding’s proof of the Lemma on p. 11
of [3], the Puiseux expansions of the w-roots of V(z,w) for large |z| show
that (4.12) is possible only if sup{c(r) : r € [0, o[} < 0.
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