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Abstract

This work aims to prove the convergence in the space L? of an iterative algorithmic
method proposed by Kozlov et al. [Comput. Maths. Math. Phys. 31 (1991) 45] for the
reconstruction of solutions to a particular type of ill-posed Cauchy problem associated
with the Helmholtz equation on an infinite strip R®.

1 Introduction

Kozlov and Maz'ya [4] proposed an alternating iterative method to solve Cauchy prob-
lems for general strongly elliptic and formally self-adjoint systems. From the theoretical
aspect, the method is based on solving successive well-posed mixed boundary value prob-
lems by using the Cauchy data as part of the boundary data. In [3] a convergence of the
alternating method was proved for problems described by elliptic, symmetric and coercive
operators. In this work, we consider the following inverse Cauchy problem for the Helmholtz
equation in an infinite “strip”, Q C R3.

Au+k*u=0, inQ,
u(p, 2) = g(p) onT,
dzu(p,z) = h(p) onT,
u(-,z) € I*(R)  z€ (0,d).

Recently, the Cauchy problem associated with the Helmholtz equation in a strip has been
considered in [9]. Here k& > 0 is wave number [9], and the exact data g,h in (1) are from
the class L? such that there exists unique solution u € H?(Q) to the problem (1). In this
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2 E. Altuntac

problem, the Cauchy data are given at the subset I' C 99 (figure 1). The primary purpose
of this alternating method is the reconstruction of appropriate solution to the problem (1)
at the subset I'g C 9 (figure 1).

It has been shown in [4] that the convergence of the method holds for any initial ap-
proximation data h%(p) € L? (Ty). However, it is possible to give more particular case of
this requirement as is seen in this study. Here, we present the solution of this Cauchy prob-
lem explicitly and show the ill-posedness of the problem by this solution. Additionally, we
present a new convergence proof for the iterative algorithms. The key of the proof is simply
based on convergence of the compounds ¢g™(p) and h"(p) forming the iteration data u™(p, z).
To this end, besides of the solution, we also obtain the necessary estimations arising from
the alternating method.

X A

Figure 1: Geometry of the problem

The work is organized as follows. In section 2 we present the spaces and notations, and
the ill-posedness of the problem (1). The alternating method is applied to the problem (1)
in section 3. Moreover, still in section 3, convergence of the method is discussed.
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2 Notations and definitions

We have Q = R? x (0,d) C R®, d > 0. First two spatial variables will be denoted by
p = (z,y). According to this notation the boundaries are I'o = {(p , 0) : p € R? } C 99
and ' = {(p,d): peR?} C I0.

As usual, H(Q) denotes the first order Sobolev space of real-valued functions in Q.
The space of traces of functions from H'(Q) on I'g is denoted by H'/?(Ty). This space is
equipped with the norm

fullnraqeyy = (Jo 0 + 6N 0)dE)

where [£]2 = &2 + &2, and for &p = 513[: + §2y, the Fourler transformatlon of the function
u(p, z) with respect to the variable p is U(¢, z) = 5= [5. u(p, 2)e ™ *dp.
In order to show the ill-posedness of the problem (1), let us find the solution of the
problem. Since u(-,z) € H'(R?) for z € (0,d) and g,h € L? we can apply to them the
Fourier transform with respect to variables p € R2. Thus

..(&2) = (¢ | k)9(¢,2), €€R?z€(0,d)
a(e.d) = 3(¢). £k 2)
a.a(¢, d) = h(e), € € R2.

The solution of this problem is

sinh ((d = 2)/n(©))

(€, 2) = §(€) cosh ((d = 2)v/n(€)) — h(€)

where 7(€) = |£|? — k2. Tt follows from here that

o) =5 [ [atycosh (a2 n@D—ﬁ@fmh«d;:)"@D do . )

Ill-posedness of the problem (1) can be seen from its solution (4). Boundedness of
u(+, ) in the L*—norm implies the rapid decay of h(¢) as & — oo. Specifically, for A(z) =
1

————, a case of (3) can be presented as an operator equation when h(p) =0
C0$h<d 7;(5))

A(2)a(g,2) = A, d) |
A\(z) : @(A\(z)) C L*(Ty) — L*(Ty). However, the operator A\(z) is merely bounded for

kd < %. For details see Theorem 3.1 , [9] , and [10]. A well-posed system from this Cauchy
problem (1) is obtained by an alternating method which is presented below.
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3 Application of the alternating method

The Cauchy problem (1) cannot be solved numerically by using a direct approach, such
as the Gauss elimination method, since this problem is ill-posed. Instead we use a numeri-
cal method proposed by Kozlov et al. [4] for Cauchy problems associated to linear, elliptic,
self-adjoint and positive-definite operators. By this method, our objective is to reconstruct
traces of the solution of an elliptic equation in the region I'y C 992. To do so, we successively
solve on each step Dirichlet-Neumann or Neumann-Dirichlet boundary value problems. For
Lu = Au + k?u, the method substantially consists of the following two algorithmic steps:

Step-1: The approximate solution u>"~1(p, 2) € Hl(Q) for n > 1 solves the following mixed
boundary value problem,

Lu®=1 =0, in Q,

u2=1(p, z) = g(p) on I, (5)
h*"=H(p) = 0.u*" "1 (p, 2) = 0:u""*(p,z)  on Iy.

277,71( 2n71(

in order to determine u p,2z) in Q and w p,z) on Iy.

Step-2: The approximate solution u?"(p,z) € H'(Q) for n > 1 is constructed, and the
following mixed boundary value problem

L'U;2n = O in Q,
u?™(p, z) = u?""Y(p, 2) on Iy, (6)
h?"(p) = 0,u*™(p,2) = h(p,2) onT,

is solved in order to determine u?"(p, z) in Q and 9,u?"(p, z) on the boundary Ig.

The mixed boundary value problems (5) and (6) are solvable in H'(Q2) provided that k?
is not an eigenvalue of the Laplacian operator A, see [5].

In order for initiation of the procedure, let us consider the case of n = 1. Thus for
a specified initial approximation h°(p) on T, u'(p,z) € H*(Q) solves the following mixed
boundary value problem,

Lu' =0 in Q,

ul(p’ Z) = Q(P) on I, (7)
ht(p) = 0.uM(p,z) = h°(p) on Ty.

By this problem we obtain u!(p, z) in ©, and u!(p, z) on the boundary T'.
Theorem 3.1. For dk < %; If the given data (g,h°) € (LA(T) x L*(T'y)), then solution of
the problem (7) is

cosh (z 77(5)) - smh( )
cosh (d n(f)) \/T)COSh (dF)

w2 = 5= [ e a9)
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and this solution is unique and continuously dependent in L*—norm on the given data g and
hO, as follows:

2
et 122 0 < 20K (Ilgl320y + 18132, -

Proof: After applying the Fourier transformation to the problem (7), its solution reads

M @ sinh ((d —z) n(f))
cosh (d\/@) \/@COSh (d\/@>

where 1(¢) = |¢|> — k2. In order to obtain the continuous dependence of the solution with
respect to L?-norm on the given data, we have to consider

ul(g,z) = §(6)

(9)

320y = T[22y = /Hu )22 eydz,

where

ey = [ e = [ e e+ [ ) = 1)+ 1k

Considering (9), the first integral

[1(k):/ E]\f)cos (z 777(5)) o ( sin ( (d — 2)
l€l<k cos (d\/T(E)) —n(&) cos(

2

de.

_ cos (z —n(f)) ’ — sin ((d—z) _77(5))
S2/£<lc g(f)cos (d 77)(5)) ngr2/|€I<k s n(&) cos( \/7))

In the interval (0,7/2), the function cos( ) is decreasing while sin(z) is increasing. So

that, for [¢] < k and 0 < (d — 2)y/n() < dy/n(- sm( 77(5))‘ < |sin(dk)| and
‘cos (d\/ )‘ > |cos(dk)| . Also, for z € (0,7/2), | cos(x)| < 1, then we have

1 . |tan dk|
Ii(k —_— 2d hO(€)|%d
{09 <2y [ @ Pae 2R [ i coac

On the other hand,
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- [ o (VI@) o sinh (@ = 2)vatE)
2 l¢1>k cosh (d 77(5)) V/1(€) cosh (d\/@)

Gt 2/ ﬁa(g) sinh ((d —2) n(§)>
|&|>k \/@cosh (d\/@)

For |¢| > k and z € (0,d), sinh ((d— 2) n(g)) < sinh (dm) and cosh (zm) <
cosh (d\/@) . So that,

_fen (ay®) [
Iy(k) <2 G(&)|?de + 2 hO(&))? | ———2| d¢,
(h) < /.m'g“)' N /|£|>k| ©)| = ¢

for €] > k.
Since for d,z > 0, tanh(dz) < dz, then

L(k) <2 /W §(6)Pde + 20 / IR0 (€)[2de

[€1>k

For C = max{1 } and Cy = max{d?, Itan]jﬂ}? we obtain

1
’ Jcos? (dk)|
et 32y < 2 (CallgliZaqey + Colh ey ) -

it follows that for K = max{C1, Cs},

et 12 gy < 25 (g3 cry + 1A 3y ) -

Hence,
L d
et 13y = / et 2) 2 reydz < 24K (Nlgl2aey + 1AW cry) ) - (10)

which is the desired conclusion.
[ |

We have analyzed the existence and continuous dependency of the data for the boundary
value problem (7). The same estimation can also be obtained by replacing I with I'y.

Now, let us analyze the boundedness of u(")(p,0). To do so, we inherently address (9).
So,
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1 __ tan (d\/—n(é“))

ul(€,0) = §() ———— —ih0() ——~ , forlg| <k (11)

cos (ch/T({)) =n(¢)

’T(f 0) = A(g); _ ﬁ(g)mnh(dn({)
Y cosh (d\/n(f)) n(€)

If we multiply both sides of (11) and (12) by \/—n(€) and /n(€) respectively, then we have

, forlé| > k. (12)

Wl (€,0)/—1(€) = G(E)/—n(6) ——————— — ihO(&)tan (dy/—n(€) ), 13
(€ 0V=0(E) =3O V=6 — (o) (&)tan (d/=n(©)) (13)

and

W€ 0)v/n(E) = V() ~ W0(§)tanh (dy/n()). (14)

1
cosh (d \/@ )

By this construction of u!(p, z) on the boundary I'g, one can see that the boundedness of
the specified data h%(p) in L*—norm is provided by the restriction of dk € (0,7/4). In the
following Lemma, for smooth enough functions g(p), we show that the norm |Ju!(p,0)|| /2
is bounded under this restriction.

Lemma 3.2. For 0 < dk < n/4; If the given data (g,h°) € (H*(T') x L*(Iy)), then
ul(-,0) € L*(R?), and the following estimation holds for Cy = maz{1, Wl(dk)\}v

ot 0) ey < 2 (Callgleqry + 100 132(r) (15)
Proof: In the same manner with the Theorem (3.1), one can easily find the constant
Cy = max{1, m}, such that (15) holds.

So far, we have analyzed the solution u!(p, 2) over £ and more particularly trace of it on
the boundary T'g. However, we are interested in this analysis for u™(p, z), for n > 1. To this
end, the convergence of h™(p) on the boundary Ty is necessary. We can define the sequence
of Neumann condition emerging from the boundary value problem (6).

9.u%"(€,0) = h(€)

- gt _ 72n
W — 3> 1(€)/n(€) tanh (d@) _he). (16)

Here, Dirichlet condition g2"~1(¢) := 42"~ 1(£,0) can easily be obtained solving the former
boundary value problem (6). Considering the Fourier transform to the problem, we obtain
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(d—2)v/n©)

e o _a smh(
u"m (€ 2) = 9(8) \/T)COSh(dF)’

cosh (21/n(€)) -
(d n(f))

cosh

and hence

1
a2n—l ’0 — —h =
(€0 =9 cosh (d\/n(g)) (&)

If we plug the formula (17) into (16), then one gets

I . .. ) R tanh (dr)
72 (g)_h(@ws}l(dm+ 2tk (4/n(©)) - F(EVE) — >~ (/D) (18)

As an immediate consequence of this tiny analysis, we can give the following Lemma.

Lemma 3.3. For the specified initial data h°(p) € L*(R?), if the formula (18) is valid for
anyn=1,2,3- -, then the following formula also holds for any n =1,2,3 - -,

721 (€) = RO(€) tanh®" (dy/n(€) ) +

e )
o (i) e (769). (19

Proof: We prove the formula (19) by the method of induction.
For n = 1, equation (18)

h2(€) = hO(€) tanh? (d\/@) + o (Z(f/)%) Coif()w@) tanh (d\ﬁ )

Thus formula (19) is true for n = 1. Now, let us assume that the formula (19) is valid for
n — 1. That is,

Fon=2(6) — RO(E) tanh® 2 (dy/(@)) + S = (a7 -

cosh (d\/T) J=1

g 5 () &
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Since (18) is true for any n, including (20) inside (18), we get

B2 (€) = RO(€) tanh2" (dﬁ ) Ztanh2j 2(d\/7 )

(€
cosh ( )

QNG 2j-1
——= =% tanh® " (dv/n( (21)
cosh (d\/ ) Z ( )
This shows that formula (19) is valid for any n = 1,2, 3....
|

Of course, the convergence of u™(p, z) depends on the reconstructed data h™(p). Thus,
it should be expected that the data h"( ) is convergent. Since we are interested in the
reconstruction of the approximate solution on the boundary I'g, A™ should converge to the
exact data defined on the boundary I'g. Let us recall (3) to investigate this convergence. It
follows that for 0,u(&, z) where £ € T,

0.6, 2)|eer, = h(E) = ~G(E)V/n@ sinb (d/(E)) +F(€) cosh (4y/n(@) . (22)
For €| < k;

E2n(§) _ (_1)7@0(@ tan2" (d /—77(5)) Z_: (z tan (d\/ 7))2] 2

cos (dﬁ 9);

by considering the value of two finite sums above, we obtain
P20 (€) = (—1)"R°(€) tan2" (d\/ ) +R(E) cos (d\/—n(g)) [1 +(—1)™tan®" (d\/—n(g))} -

~ig(€)v/=n©sin (dy/=n()) [1+ (~1)" tan® (d/=0(E) )|

which is in other words
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B2 (€) = (—1)"h°(&) tan®" (dy/=n(€)) + {h(&) cos (d/=1(&) ) -

—ig()v/=n(©sin (av/=n(&))} [1 + (~1)" Mtan®" (dy/=n(©)) | (23)

On the other hand, for [£| > k;

727 (€) = RO(€) tanh?" (d\/@) Ztanth (d\/@)—

cosh d\/i) J=1

cosh (dr);t uh? (\/@>’

again, in the same manner of above one can easily get

R21() = RO(&) tanb>" (dy/n(€) ) + {h(&)cosh (dv/n(&) )

—g(&)V/n(©sinh (d/n(€))} 1 = tanh® (ay/n(©))] (24)

For |¢] < K,

(€)= h() = (—1)"R(E) tan® (dy/=(@)) -
—(=1)"{h(§) = (&) V=n(©)sin (dy/=n(©) ) } tan®" (dv/=n(©))

thus

~

R20(€) — h(€) = (—1)"RO(€) tan2" (d\/—n £) tan2" (d\/—n ) (25)
where ﬁ(f) = —ig(&§)\/—n(&) sin (d\/—n(ﬁ)) + h(€) cos (d\/—n(f)), for |¢] < k. On the

other hand, for |£| > k, we have

~

121(€) = h(§) = hO(€) tamb®" (dv/n(8) ) -

—{h(€) cosh (d\/i) (€)7/n(€)sinh (d\/@)}tanh% <d\/@) )
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and thus

F27(€) — h(€) = (&) tank®™ (dy/7{€)) — h(e) tamh®" (d/7(®)) (26)
where h(€) = ~§(€) /@) sinh (dy/5@)) + (e) cosh (/7)) . for |¢] > k.

The main result of this work can be formulated as follows;
Theorem 3.4. For dk € (0, 7). If h, h° € H'?(Ty), then ||h®™ — k|2 — 0 as n — .

Proof: Again we have to consider
) <G = [ @ —h@rag [ e - horag
1€l<k [€1>k
< [, [ (av=0)
[€|<k

h()| [tan® (dy/=n(E)) H aes
#f e frame (av@) e e (@) | o

In the name of simplicity let us set

09 = g 126 e (/=08 1+ [ e (/=) |
and
L(k) = [ Uﬁo(g)‘ [tanh®" (dy/n(©))| + ‘2(5) [rann?” (d\/@)” de

Since sup(o,x/4)| tan(x)| = 1, thus

L(k) < /§|<k Uho ’ ‘tangn (d\/T(g))’ + ‘Z({) ‘tan271 (d\/T(f)) ”2(15

The function tan(z) is decreasing in this interval. So that, this last inequality can also be
written as follows;

B <t @) [ (|ﬁ°<f>| n |ﬁ<s>|) d. (27)

1€l<k

For a § € (0,7/4), let us set t, = supggp<x/4—s | tan>"(dk)[>. By this setting one can see
that as n — oo, t,, — 0. In the same manner, the following inequality also holds for || > k;

In( /€I>k Uho HtanhQ" (dﬁ)‘ (e ‘tanh% (d\/@)‘rdg
32/§>k “ho ’ ‘tanhQ” (d\ﬁ ‘ ‘tanh% dﬁ)‘]
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2

|tanh?" (d(1 + |¢2))]” | d¢

) 2/f>k “EO@)’Q [tanb®” (d(1 + [¢[%)[* + ‘3(5)

_ 206\ [2 o [tanh™ (d(L+[E) P = o 2y | tanh™ (d(1 + [¢]%)) |
2/£>k [Ih @@+ ateD + RO+ [€]%) =GR dg.

In order to estimate I»(k) we are going to estimate the maximum value of the function
_ [tanh® (d(1+[¢]%))|

F(¢) = e on the set {€ € R? : |¢] € [k,00)}. Let us rewrite this function;
n an 2

F¢) = a hd(l(ff;tf' )l . Maximum value of the function F'(£) can also be obtained study-

ing on the function F(z) = ‘tan};w If we evaluate the derivative of the last function and
set it to zero, then we get

sinh(2z,,)
— 28
n S, (25)

here n — oo as z,, — oo. There exists unique solution x,, for each n € N. The equation

(28) can not be solved explicitly. So that, it is necessary to reform the function F(z) with

2 tanh(p) that

respect to a,, for estimating F(x,,). It follows from the identity tanh(2p) = Trtanh?(g)

cosh(2¢) — 1
sinh(2¢p)

\/1+sinh?(2p) — 1

sinh(2¢p)

tanh(p) =

This identity can also be defined with respect to (28) as follows

V14422n? -1

tanh(z,) = 5
Tpn

Thus, the maximum value of F(z) for each n € N is

Flay) - WIFIRZ -1 (Ve +1-2%) »

T (22,m)" 2z,
' ' e i S 1 1 1\
g Flam) = e o 2 ~ e, (Vi T e

< fim 2 14 1 r\" i - 1+174xnn "
im — —— — —— ) = lim — -
T noo Xy, 8x2n2  2x,n n—oo Iy, 8x2n?

1Here, we have used a basic result of the Taylor expansion which is v/1+ 22 < 14 %




An alternating method for a Cauchy problem for the Helmhotz equation 13

n—4z2n?

81% n2 8xpmn

1 1 T—4donpn

nee In 1-4z,n
—4dx,n

which together with the sequence emerged from (27) gives the desired result.

4 Conclusion

In this work, we have used an alternating method proposed by Kozlov & Maz’ya (1989)
for solving a Cauchy problem for the Helmholtz operator which is defined on an infinite
“strip” 2 C R3. Besides of where our problems is defined, another challenging side of this
work is that non-coercivity of the Helmholtz operator. In Marin et al. (2003) [6], it was
shown that if the operator is coercive, then the method is convergent. In this paper we show
that the method may also be convergent for certain problems with non-coercive operators.

It is known that Cauchy problems for elliptic equations are ill-posed [2], i.e. the solution
does not depend continuously on the boundary data. By the alternating method applied to
this problem, we have solved successive well-posed boundary value problems.

Note that, for solvability of the problems (5) and (6), it is sufficient that the specified
data hO(p) is the class of L?(T'y) . However, for the convergence of the method, it is necessary
to take h%(p) from the class H/2(T'y).

A number of numerical methods have been proposed to solve the problem. Marin et
al. [6, 7, 8] have solved the Cauchy problem for the Helmholtz equation by employing the
boundary element method (BEM) in conjunction with iterative algorithm.
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